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Abstract

We study universal displacement fields in three-dimensional linear strain-gradient elasticity. Following
the approach of Yavari et al. [2020], we extend the method to the Toupin—Mindlin first strain-gradient
elasticity. For each material symmetry class, by requiring the equilibrium equations to hold for any
material in that class in the absence of body forces, we derive the corresponding universality constraints
on the displacement field and obtain the complete set of universal displacements. Using the full symmetry
classification and compact matrix representations of the elasticity tensors [Auffray et al., 2013, 2019],
we give explicit characterizations for all 48 strain-gradient symmetry classes, including centrosymmetric
and chiral classes. For several high-symmetry classes, the strain-gradient universality constraints do not
impose restrictions beyond the classical ones, so the universal displacement families coincide with those
of classical linear elasticity (e.g., the isotropic classes SO(3) and O(3)). For lower symmetry classes,
the strain-gradient universality constraints can be stricter than their classical counterpart: the universal
displacement fields form a proper subset of the classical universal displacements, obtained by imposing
additional higher-order differential constraints that eliminate some of the classical families.

Keywords: Universal deformations, universal displacements, linear elasticity, strain-gradient elasticity,
anisotropic elasticity.
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1 Introduction

A universal motion, whether a deformation in nonlinear elasticity or a displacement in linear elasticity,
is one that can be maintained in the absence of body forces for all materials within a prescribed class.
Equivalently, a universal motion can be realized by applying only boundary tractions, independently of
the specific constitutive choice within that class, for example homogeneous compressible isotropic solids or
homogeneous incompressible isotropic solids. In nonlinear elasticity, universal deformations have served as
a source of exact solutions that are valuable both for experiments and for theory, see, for example, Rivlin
and Saunders [1951], Tadmor et al. [2012], Goriely [2017].

The systematic study of universal deformations was initiated in the seminal works of Jerry Ericksen [Erick-
sen, 1954, 1955], motivated in part by the earlier exact solutions of Ronald Rivlin [Rivlin, 1948, 1949a,b]. For
homogeneous compressible isotropic hyperelastic solids, Ericksen [1955] showed that universal deformations
must be homogeneous. The incompressible isotropic case is substantially more subtle, as internal constraints
introduce additional structure and the resulting classification problem is significantly more complex [Sacco-
mandi, 2001]. In his celebrated analysis, Ericksen [1954] identified four families of universal deformations
for incompressible isotropic solids beyond isochoric homogeneous deformations. A fifth family was later
discovered independently by Singh and Pipkin [1965] and Klingbeil and Shield [1966], and it provided a
counterexample to Ericksen’s conjecture that constant-principal-invariant universal deformations must be
homogeneous [Fosdick, 1966]. The question of whether further inhomogeneous universal deformations with
constant principal invariants exist remains open.

Ericksen’s universality framework has been extended in multiple directions, including inhomogeneous
isotropic elasticity, anisotropic elasticity, isotropic and anisotropic Cauchy elasticity, Cauchy elasticity with
inextensible fibers, anelasticity, and implicit elasticity [Yavari, 2021, Yavari and Goriely, 2021, 2022b, 2016,
Goodbrake et al., 2020, Yavari, 2024a, Motaghian and Yavari, 2026, Yavari, 2025, Yavari and Goriely, 2024,
Yavari et al., 2025]. In linear elasticity, the analogue of universal deformations is the concept of universal
displacements [Truesdell, 1966, Gurtin., 1972, Yavari et al., 2020]. A systematic classification of universal
displacements in compressible anisotropic linear elasticity for all eight symmetry classes was carried out in
[Yavari et al., 2020]. One conclusion of that analysis is that the admissible space of universal displacements
depends explicitly on the symmetry class, with larger symmetry groups admitting larger spaces of universal
displacements. Related extensions include inhomogeneous linear elasticity, linear anelasticity, linear Cauchy
elasticity, and linear elasticity with inextensible fibers [Yavari and Goriely, 2022c,a, Yavari, 2024b, Yavari
and Sfyris, 2025].

The objective of the present work is to extend the universality program to linear strain-gradient elasticity.
We focus on the Toupin—Mindlin first strain-gradient theory and seek to identify all universal displacement
fields in three dimensions for each material symmetry class. Our analysis follows that of Yavari et al. [2020]:
within each symmetry class we require the strain-gradient equilibrium equations, in the absence of body
forces, to hold for arbitrary choices of the independent elastic constants. This requirement imposes differential
universality constraints on the displacement field. By carrying out this procedure across the full symmetry
classification, including centrosymmetric and chiral classes, and by using compact matrix representations of
the elasticity tensors [Auffray et al., 2013, 2019], we obtain explicit class-by-class characterizations and, in



particular, determine when the strain-gradient universality constraints introduce restrictions beyond those
of classical linear elasticity.

While the presence of strain-gradient terms suggests additional constraints, it is not evident a priori
how these constraints affect the structure of universal displacements. The associated universality PDEs are
higher-order and strongly coupled, and there is no guarantee that classical universal families persist or that
a complete classification is possible. The present work shows that a complete classification can be carried
out across all symmetry classes and determines when the strain-gradient universality constraints introduce
additional restrictions on the admissible displacement families.

This paper is organized as follows. In §2 we outline the required results in classical linear elasticity
following the approach of Yavari et al. [2020], and we summarize the corresponding universality constraints
and universal displacements for each symmetry class. These results serve as the point of departure for the
subsequent strain-gradient analysis. In §3 we review the strain-gradient equilibrium equations and derive,
for each symmetry class, the corresponding universality constraints, leading to a complete classification of
universal displacement fields within the Toupin—Mindlin first strain-gradient theory. Conclusions are given
in §4.

2 Classical linear elasticity

In this section we review the main findings of Yavari et al. [2020] on universal displacements in classical
linear elasticity. A universal displacement field is one that satisfies the equilibrium equations, in the absence
of body forces, for every material within a prescribed class. This requirement yields a system of partial
differential equations (PDEs) for the displacement field (the universality constraints), which we summarize
below for each of the eight symmetry classes.

2.1 Triclinic class

For the triclinic class, there are 21 independent elastic constants. The corresponding universality constraints
are
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Solving (2.1) and (2.2) one concludes that the only universal displacements in the triclinic class are homo-
geneous displacement fields.

2.2 Monoclinic class

For the monoclinic class, there are 13 independent elastic constants. A subset of the universality constraints
coincides with (2.1), and its general solution can be written as

u1 (1, x2, x3) = cx1 + U1 (w2, 3) ,
ug (1, T2, x3) = cxo + Uo(x1, 23) , (2.3)

us(x1, T2, 23) = cxy + Uz(xy,x2) .



The remaining universality constraints are
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These constraints imply that the universal displacements in the monoclinic class are a superposition of a ho-
mogeneous displacement field and the one-parameter inhomogeneous displacement field (czoxs, —cxi23,0).

2.3 Orthotropic class

In this case there are 9 independent elastic constants and the universality constraints read
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Solving these PDEs, one concludes that universal displacements are a superposition of a homogeneous dis-
placement field and the following three-parameter inhomogeneous displacement field: (axox3, o123, A3T122).

2.4 Tetragonal class

In this case there are 6 independent elastic constants and the universality constraints read
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Solving these PDEs, one concludes that universal displacements are a superposition of homogeneous dis-
placement fields and the following inhomogeneous displacement field:

W (21, 22, 23) = 12273 + Caw173,

uy™ (21, 02, T3) = —ComaTs + C3T1T3 , (2.8)

Ugnh(ml’ﬂ«"mx?)) = g(w1,22),

where ¢1, co, c3 are constants and g(x1,x2) is an arbitrary harmonic function.

2.5 Trigonal class

For the trigonal class, there are 6 independent elastic constants and the universality constraints are
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Solving these PDEs, one concludes that universal displacements are a superposition of homogeneous dis-
placement fields and the following inhomogeneous displacement fields:

inh
ul (21, T2, T3) = @123T1T223 + G1221T2 + A13T1X3 + A23T2T3
inh o 1 2 2 b
uy" (21, T2, 23) = 5(012 + a12323) (2] — x3) + bi3x123 — a13T273, (2.10)
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2.6 Transversely isotropic class

In this case there are 5 independent elastic constants and the universality constraints read
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Thus, one concludes that the universal displacements are written as

u1 (21, T2, 73) = c101 + 2% + cxow3 + x3 hi(x1,22) + k1 (21, 22)
ug (21,22, x3) = —cox1 + c1e — cx1x3 + x3 ho(21, T2) + ko(x1, 22) (2.12)
u3(w1, T2, 3) = c3x3 + Usz(w1,22),
where
&(xo +ix1) = h1(21, 22) + T ha(z1, 22) , (2.13)
n(ze + ix1) = k1 (z1, 22) + 1 ko (21, 29)

are holomorphic functions, and w33 is an arbitrary harmonic function.

2.7 Cubic class

For the cubic class there are 3 independent elastic constants. The universality PDEs are
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The universal displacements are of the following form:

a
uy (21, T2, T3) = 5301(50% - 333) + c1z123 + iz + dixy + g1(z2, x3) ,

a
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a
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where g;, ¢ = 1,2, 3, are arbitrary harmonic functions.

2.8 Isotropy class

For isotropic solids the universality constraints read
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Subtracting the third and fourth equations we obtain Aus = 0, while subtracting the fifth and sixth equations
one finds Auz = 0. By adding the first two equations we find

82’M3 82u2 8211,1
=0. 2.18
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Adding the third and fourth equations we obtain
2 2 2
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Each of the above equations (2.18)—(2.20) is one of the components of the vector grad o divu (with compo-
nents u; ;;); the first corresponds to j = 1, the second to j = 2, and the third to j = 3. This provides an
alternative path to the argument of Yavari et al. [2020] for establishing that

Au=0, gradodiva =0, (2.21)

for the classical linear isotropic elastic case.



The validity of these equations implies (in a similar vein with Yavari et al. [2020]) that the universal
displacement fields can be expressed as a superposition of homogeneous displacement fields and a non-
homogeneous one, which is the divergence of an antisymmetric matrix with components that are solutions
of a Poisson’s equation. In Cartesian coordinates one has

up = Oa + 98 + Co +k
te 81‘2 6$3 3 ! b
O oy ¢
__ba oy ¢ k 2.22
2 8.’171 +8x3 +3$2+ 2 ( )
0B oy ¢
= L Cus+k
s 83}1 (91'2 + 3I3+ 3

where a(x1, x2,x3), 8(z1,z2,23), and y(z1, 22, 23) are arbitrary functions.

3 Linear strain gradient elasticity

Linear strain-gradient elasticity extends classical linear elasticity by allowing the strain energy density to
depend not only on the infinitesimal strain, but also on its spatial gradient, thereby introducing intrinsic
material length scales and higher-order stresses. The nonlinear strain-gradient theory was formulated by
Toupin [1962]. Linear versions of this theory, in three equivalent forms, are given in [Mindlin, 1964], and
their equivalence is proved in [Mindlin and Eshel, 1968]. Closely related linear couple-stress formulations,
emphasizing curvature measures and additional stress quantities, are given in [Mindlin and Tiersten, 1962].
Formulations in which the strain energy depends on the gradient of the rotation are also given in [Aero
and Kuvshinskii, 1961, Toupin, 1964]. More recent work includes analytical solutions in isotropic strain-
gradient elasticity [Enakoutsa, 2015, Tesan, 2013, Iesan and Quintanilla, 2016], Green tensors and regularized
fundamental solutions for isotropic first strain-gradient elasticity [Lazar and Po, 2018], and comparisons with
experiments for the isotropic linear strain-gradient case [Lam et al., 2003]. Fundamental questions related to
positive definiteness and strong ellipticity are studied in [Lazar et al., 2022, Eremeyev and Lazar, 2022]. In
particular, Lazar et al. [2022] specialize the Toupin—Mindlin first strain-gradient theory to cubic and isotropic
materials, derive the corresponding gradient-elastic constants and characteristic lengths, and compute them
for selected materials. A brief summary of these results is also given in [Lazar and Agiasofitou, 2023].
A broad overview of gradient elasticity formulations, including length-scale identification and numerical
implementations, is provided in [Askes and Aifantis, 2011].
In gradient elasticity, the balance of linear momentum in the absence of inertial and body forces reads
[Mindlin and Eshel, 1968]
Oik,i — Tijk,ij = 0. (31)

The constitutive equations for the Cauchy stress o and hyper-stress T are written as

it = Cikimeim + Mikimn€im.n , Tijk = Mimijk€im + Aijkimn€im.n » (3.2)
where e, = %(ul,m + Upm,) is the strain tensor of linear elasticity. These correspond to the following
quadratic elastic energy density

1 1
W:§e:C:e—|—e:M:Ve—|—§Ve:A:Ve. (3.3)
The elasticity tensors C, M, and A have the following symmetries
Cijim = Cjitm = Cimij , (3.4)
Mijkim = Mjikim = Mijikm (3.5)
Aijklmn = Ajz’klmn = Almnijk . 3.6

The tensor A has 17 symmetry classes [Auffray et al., 2013, Table 1, p. 1205], the tensor M has 29 symmetry
classes [Auffray et al., 2019, Theorem 3.5, p. 203], and the classical elasticity tensor C has 8 symmetry
classes [see, e.g., Forte and Vianello, 1996].



All symmetry classes of strain gradient elasticity are defined as [Auffray et al., 2019]

GL=GaNnGumNGe, (3.7)
where
GC = {Q € 0(3) : QiijkaquTCopqr = Cijk:l}u (38)
GM = {Q € 0(3) : Qiijkaquers Mopqrs = Mijklm}a 9)
Ga = {Q € 0(3) : QiOijquQlTQmsthAOqu‘st = Aijklmn} . (3.10)

In total there are 48 symmetry classes defined in [Auffray et al., 2019].

In the two-dimensional setting, the explicit matrix representations were derived by Auffray et al. [2009]
for the sixth-order tensor and by Auffray et al. [2015] for the fifth-order tensor. The role of centrosymmetry
in the fifth-order coupling tensor was emphasized by Lakes and Benedict [1982] and Lakes [2001], who
noted that this tensor vanishes for centrosymmetric microstructures and may be nonzero otherwise. In three
dimensions, an explicit isotropic form of the sixth-order tensor was given by dell’Isola F et al. [2009], and
the fifth-order tensor was examined for specific cases by Papanicolopoulos [2011]. A general framework for
counting and classifying the symmetry classes of the fifth- and sixth-order tensors was developed by Olive
and Auffray [2013, 2014]. Finally, complete expressions for the sixth- and fifth-order tensors, including their
full symmetry classification, are given in [Auffray et al., 2013, 2019).

The subdivision of three-dimensional strain-gradient elasticity into 48 classes by Auffray and co-workers
is based on requiring the least symmetric triplet (C, M, A) of physical symmetry classes to be compatible
with the material symmetries. It is worth noting that a classification based on plane symmetries has only
recently been proposed [Quang et al., 2021].

Universal displacements satisfy the equilibrium equations, in the absence of body forces, for any mate-
rial within a prescribed class. Considering arbitrariness of the classical elastic constants, one recovers the
universal displacements of classical linear elasticity [Yavari et al., 2020]. When additional elastic constants
are present, one expects further universality constraints beyond those of the classical theory. Consequently,
for a given symmetry class, the set of universal displacements may be a proper subset of the classical one.
This possibility is examined carefully, class by class, in the following sections. The matrix representations of
M and A in §3 are taken from Auffray et al. [2013, 2019], who provided the complete matrix representation
and full symmetry classification for strain-gradient linear elastic solids.

General strategy: To obtain the universal displacements, we first use the independence of the material
constants in the classical linear elastic part, which yields potential universal displacements from the known
results of linear elasticity [Yavari et al., 2020]. For these potential universal displacements, we then examine
whether the independence of the material constants associated with the fifth- and sixth-order tensors of
strain-gradient elasticity [Auffray et al., 2013, 2019] imposes additional constraints. When this occurs, we
report the resulting simplifications; otherwise, we simply report the additional constraints.

3.1 Triclinic classes

Triclinic classes are the richest material classes in terms of the number of independent elastic constants. There
are 300 independent elastic constants for the triclinic 1 class and 192 for the Z$ class. For both classes, the
elasticity tensor C has the same form as in the triclinic class of classical linear elasticity. Therefore, we
examine whether the classical universal displacements also satisfy the additional universality constraints
imposed by the independent elastic constants of the generalized elasticity tensors A and M.
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3.1.1 Triclinic class 1

The tensor Azc has 171 independent components; it is an 18 x 18 symmetric matrix of the form

A5 pEs) o5 ps)
BeS) s pes)  (15)
Az (x) = : (3.11)
C25) p@5 p[g@as)  r(1s5)

pus) (s s s

where A%, E(15) {15 ¢ prs(5), B9, 029 F(5) ¢ M(5), DI®), G159 115 ¢ M(5,3), and J© €
M#(3). Here, M*(n), M(n), and M(n,m) denote the sets of symmetric n x n, all n x n, and all n x m
matrices, respectively. The tensor M; has 108 independent components; it is a 6 x 18 matrix of the form

A5 a5 G515 o)

EG)  FG) GG g®
M (x) = ; (3.12)
e Je gG) LG

e NG 56 pe)

where A0%), BU5) G(19) ¢ A1(3,5), DO € M(3), E®, F®, GO, [6), J6), K6, 116), N®),06) € M(1,5),
and H®) LG P®) ¢ M(1,3). The remaining 21 components stem from the classical form of the elasticity
tensor C for the triclinic class (Hermann-Maugin symbol 1 [Haussuhl, 2007, Newnkam, 2005]), giving a total
of 300 independent components in this case. From the classical linear elastic part we obtain the universality
constraints (2.1) and (2.2). Thus, the only potential universal displacements are homogeneous displacement
fields.

The universality constraints corresponding to the fifth-order tensor are as follows (third-order PDEs):

63U1 - 83u1 - 83’&1 - 63U1 o
Ox3 Ox10x3 9220wy 0x30rs
Puy Pu Puw Puy Puyg 0
0x30x3  Ox3  Or10790r3  Ox1023  Ox3
Bus . PBPusg B s B s —0
Or10x3 023  Or0x3  O0x10w2023 (3.13)
63UQ o 83’MQ - 83uQ o 83UQ o 8311,2 - 83U2 o '
Or?0xy  Ox3  0x30z3  Ow20x3  Ox3  Ox3dws
63U3 83’&3 8%3 83U3
= = = =0,
0x1023 0z O0x1023 02309
83U3 o 83’&3 - 6%3 o 6%3 - 83U3 -0
Or?0xs  Ox30xs  Oxi  Ow10x20x3  Owe0x3
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The universality constraints corresponding to the sixth-order tensor are (fourth-order PDEs):

841,61 - 64U1 - 64U1 o 84U1 - 84’&1 -
ot 0x30ze  Ox30xs  Oxs  Oxdoxd
84U1 - 84U1 - 8411,1 - 84’&1 o 84’&1 -
Or10x3 011023013  Ox30x3  Oxy  O1107202%
84U1 - 84U1 - 64’111 - 84U1 o
Ora0z3 023013  0x30x90x3 03013
Ouy _ O'uy _O'uy Oy Owy
0x30zy  0230r3  Oxt  0x3023  0x30x90x3
84’&2 - 84UQ o 84UQ o 84U2 - 84U2 o (3 14)
Or30xs  Ox10x3  Oxy  0x30x3  Ox30x3 ’
84’&2 _ 84’&2 _ 84UQ _ 84UQ -0
Ox10x3 01023013 01022023 O ’
84’&3 - 84U3 o 84U3 o 84’&3 - 84U3 -0
Or30xy 023022  Oxf 023022 Ox30xy
84U3 - 84U3 o 8411,3 - 84U3 - 84U3 o
Or10x30x3  Ox30r3  Ox30x3  Ovy  Ox10x3
Oug _ Ous 0wz Owy _ Olus
Or10x3  O0xi 011012072 023012073 00075

Third-order universality PDEs are associated with the matrix My, while fourth-order universality PDEs are
associated with the matrix Azs. The additional PDEs induced by M; and Az are therefore of third and
fourth order, respectively, and are satisfied trivially by any homogeneous displacement field. Thus, one has
the following result.

Proposition 3.1. The only universal displacements in triclinic 1 class linear strain-gradient elastic solids
are homogeneous displacement fields.
3.1.2 Triclinic class Z§

Tensor Azg has 171 independent components and has the same form as that of class 1. Tensor Mg is
null. Tensor Czg has the same form as that of class 1, with the only difference that it corresponds to the
Hermann-Maugin symbol 1. Since the triclinic Z§ class is obtained from the triclinic 1 class by setting
Mz: = 0, the following result follows immediately.

Proposition 3.2. The only universal displacements in triclinic Z$ class linear strain-gradient elastic solids
are homogeneous displacement fields.

Table 1: Summary of universal displacements: Triclinic classes.

Symmetry class

Universal displacement family

Triclinic class 1

Homogeneous displacement fields

Triclinic class Z§

Homogeneous displacement fields

3.2 Monoclinic classes

For the monoclinic classes Zg, Zs ® 75, and Z; , the matrix C has 13 independent elastic constants and
coincides with that of the classical monoclinic linear elastic case. By contrast, for the monoclinic class
DY, the matrix C has 9 independent components and coincides with that of the classical orthotropic case.

12



Accordingly, for the classes Zq, Zo ® Z5, and Z; we examine whether the additional universality constraints
stemming from the fifth- and sixth-order tensors are satisfied by the universal displacements of the classical
monoclinic case. For the class DY, the same procedure is followed, but the candidate universal displacements
are those of the classical orthotropic case.

3.2.1 Monoclinic class Zo

Tensor Az,qzs has 91 independent components; it is of the form

A(15) B(25) 0 0

B(25) E(IS) 0 0

AZ§3 LS (x) = ) (3.15)
0 0 H(15) 1(15)
0 0 7(15)  5(6)
or ~ _
A(15) 0 D(15)

0 E15)  p(25) 0
Azgl DL (x) = ) (3.16)
0 F(25)  p(15) 0

D% 0 J©®

depending on whether the 7 rotation is taken to be around es or e, respectively. As previously, A1),
B g8 ¢ M#(5), B®® | F5) ¢ M(5), DU 135 ¢ M(5,3), and J© € M*(3). The expressions
Azcsgzs(x) and Ager e (x) provide two conjugate representations of the same symmetry class Zo: in the
first representation, Azes g (x), the 7 rotation is taken about es, whereas in the second representation,
Azci gz (x), it is taken about e;. In our calculations, we take e3 to be normal to the plane of material
symmetry folloiwng Yavari et al. [2020].

The tensor Mz, has 52 components; it is written as

Mz, = Mp, + Mpy , (3.17)
where _ _
0 0 0 D
E® 0 0 0
My, (x) = , (3.18)
o JO 0 0
0 0o 0® o
and

0 0 CU 9

Mpz (x) = . (3.19)

2
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As before, C1®) € M (3,5), D® € M(3), E®), F®) J® 06) ¢ M(1,5), and P® € M(1,3). The remain-
ing 13 components stem from the classical form of the elasticity tensor for the monoclinic case (Hermann—
Maugin symbol 2). Thus, in total, this case has 156 independent components. From the classical linear
elastic part, we obtain constraints of the monoclinic type (see §2.2), which admit as candidate universal
displacements the superposition of a homogeneous displacement field and the one-parameter inhomogeneous
field (czoxs, —cxi23,0).

From the components of the fifth-order tensor we obtain the following third-order universality PDEs:

33u1 - 83u1 76311,1 - 6311,1 -0
0x20x3 023013  Ox3  Ox10790w3
33u1 _ 83u1 o 63U1 _ 83u1 _ (93’(1,1 _ 63u1 -0
Ox10x% 011073 023  Ox9023  0x30z0 023
63U2 _ 63U2 _ 83u2 _ 83u2 o aBUQ _
O0x10x9073  Ox30x3  O0230w3  Ox 011023 (3.20)
33uQ o 8SUQ - 6311,2 o aSUQ o 83u2 -0 ’
Oxo0x%  0230ry  Ox3  Ox1023  Oxf
33U3 o 83’&3 o 8311,3 o 8%3 o
Ox10x2  Ox3  Or0x3  0x30xy
33U3 o 83’&3 o 83U3 o 83U3 o
Or20x2 Oz Oz  0x20x3
From the components of the sixth-order tensor we obtain the following fourth-order PDEs:
34U1 o 84U1 - (94’LL1 - (94’&1 - 6411,1 -
oxt  0x30xe  Oxi  Ox30xF 01013
34U1 _ 8411,1 _ 8411,1 o 6411,1 _ 84u1 o
Or10z3  O0rs 011012023 022023 03023
Nuy Owy  w wy O'wr 0
0x30x3 023012013 011073013  O0x30w3 010073
84’&2 - 84U2 . 34U2 o 84’&2 - 84“2 -0
0x30r 023013 022022  Ox0x3  Oxs
84’&2 o 84U2 o 8411,2 - 8411,2 o 64U2 -0 (3 21)
O0x30x2  Oxi  Ow10x2022 Oz} Ox20x90z3 )
34’&2 o 84U2 N 84’&2 o 84U2 -0
Or10230x3  Ox30x3  Owe0xi 03013
Ous  O'wug  O'ug  O'ug  O'ug 0
Ox30xs 0202  Ox10220x3  Oxy — Oxi
O O'wug  O'ug  O'wg 0wz 0
011012073 01103  Ox00x3  Ox3dxs  Oxt
84U3 o (94U3 o 84U3 -0
0x30x% 030wy Ox1073

Substituting the superposition of homogeneous displacement fields and the one-parameter inhomogeneous
field (exox3, —cxi23, 0) into (3.20) and (3.21), we find that these constraints are satisfied trivially. Thus,
we have the following result.

Proposition 3.3. The only universal displacements in monoclinic Zo class linear strain-gradient elastic
solids are the superposition of homogeneous displacement fields and the one-parameter inhomogeneous field
(cxaxs, —cx123, 0).
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3.2.2 Monoclinic class Zy @ Z§

The tensor Az,gzs has 91 independent components and has the same form as that of class Z,. Tensor
MZ2@ZS is null. Tensor CZ2@ZS has the same form as that of class Zs, with 13 independent components, with
the only difference that it corresponds to the Hermann—Maugin symbol 2/m. We thus arrive at the following
result.

Proposition 3.4. The only universal displacements in monoclinic Zo@®ZS class linear strain-gradient elastic
solids are the superposition of homogeneous displacement fields and the one-parameter inhomogeneous field
(cxaxs, —cx13, 0).

3.2.3 Monoclinic class Z;

Tensor Az,gzs has 91 independent components and has the same form as that of class Zg. Tensor MZ; has
56 independent components and has the form

A(15) B(15) 0 0
0 0 GG gaA3)
MZ; = . (3.22)
0 0 KOG  [3
M® NG 0 0

Tensor sz has 13 independent components and corresponds to the Hermann—Maugin symbol m.
The fourth order universality constraints coincide with those of class Zs; the difference lies in the third-
order constraints on the displacement field, which in this case are

83’M1 83U1 33u1 83u1

Oxry  O0x10x5 Ox10r5  Ox70x2

Puy Puy  Pug Puy Pug 0
Ora0z% O3 023013  O0x10790w3  Oxd0xs

83’&2 83U2 83UQ 83’&2 83U2
O0x10x5  Oxry  Ox10xy Oxi0x2  Oxy
(3.23)

Puy  Puy Puy  Pug Puy 0
Ora0x% 011012013 023013  Oxidrs  Ox3

83U3 (93U3 63U3 831,03

27 5.2 =~ 5,2 =53 =0,
O0x10x5 Ox{0xz  Ox50z3 Oxy
83U3 - 63U3 o 8311,3 - 63U3 - 63U3 - 8311,3 -0

Or10x20z3  Om20x3 023032  Ox3 011023 023

Substituting the superposition of a homogeneous displacement field and the one-parameter inhomogeneous
displacement field (cxaxs, —czix3, 0), we obtain the following result.

Proposition 3.5. The only universal displacements in monoclinic Z5 class linear strain-gradient elastic
solids are the superposition of homogeneous displacement fields and the one-parameter inhomogeneous field
(cxaxs , —cx123, 0).

3.2.4 Monoclinic class D}

Tensor Ap,gzg has 51 independent components and has the same form as that of class Da. Tensor Mpy has
28 independent components and has the same form as (3.19). Tensor Cp,qz; has 9 independent compo-
nents and corresponds to the Hermann-Maugin symbol 2mm. Thus, although it belongs to the monoclinic
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strain-gradient class, Dy has the same classical elasticity tensor as the orthotropic class of linear elasticity.
Consequently, from the classical linear elastic part we obtain constraints of the form (2.6), and the candidate
universal displacements are the superposition of a homogeneous displacement field and the three-parameter
inhomogeneous displacement field (v zaxs, a1z, azx122).

The fourth-order universality constraints coincide with those of class Dy and are given in the next sub-
section in (3.27). The third-order universality constraints for this case are

83U1 - 83’U,1 - 83u1 o 83u1 —0
or3  0220x3  Oxddxs  Ox3

OBy _ OBy _ O3y _ ABuq —0
01012013  Ox1013 oz3 Ox1073 ’

83u2 o 83’LL2 - 33’LL2 o (93’LL2 - 83u2 -0
0110190z  Ox30x3 023013  Or3  Or2023
Pu o (3.24)
020z O3
83U3 6311,3 83U3 (93’LL3
Ox10x3 - oz} - 021023 - Ox90x3 -
83U3 o 6311,3 - 83u3 - 83U3 - 63’(1,3 -0
Or20xy  Ox3  Ox  Ox30xs  O0x30rs

Substituting the superposition of a homogeneous displacement field and the three-parameter inhomoge-
neous displacement field (o @923, aszix3, agrixe) into (3.24) and into the fourth-order constraints of the
orthotropic class Dy given in (3.27), we obtain the following result.

Proposition 3.6. The only universal displacements in monoclinic Dy class linear strain-gradient elastic
solids are the superposition of homogeneous displacement fields and the following three-parameter inhomoge-
neous displacement field: (ayxoxs3, aar1xs, A3T1T2).

Table 2: Summary of universal displacements: Monoclinic classes.

Symmetry class Universal displacement family

Monoclinic class Zo Superposition of homogeneous fields and (cxoxs, —cxiz3, 0)
Monoclinic class Zo & Z$ Superposition of homogeneous fields and (cxozs, —cxiz3, 0)
Monoclinic class Z5 Superposition of homogeneous fields and (cxozs, —cxiz3, 0)
Monoclinic class Dj Superposition of homogeneous fields and (ayxexs3, asrixs, Q3T1T2)

3.3 Orthotropic classes

There are five orthotropic classes in total. For the classes Dy and Dy @ Z§, the elasticity matrix C coincides
with that of the orthotropic class of classical linear elasticity. For the classes Z; and D?, the elasticity
tensor C coincides with that of the tetragonal class of classical linear elasticity. Finally, for the class D, the
elasticity matrix C coincides with that of the trigonal class of classical linear elasticity.
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3.3.1 Orthotropic class Dy

Tensor Ap,gze has 51 independent components and has the form

A(15) 0 0 0
0 E1 0 0
Ap,az5(x) = , (3.25)
0 0 H®)
0 0 0o J©®
L 48

where, as previously, A1) E15) HO5 ¢ Me(5) and JO € M*(3), and the superscript S indicates
symmetrization. Tensor Myp, has the form (3.18) and has 24 independent components. Thus, in total, this
case has 84 independent components, since 9 components stem from the classical linear elasticity tensor for
the orthorhombic case (Hermann—Maugin symbol 222). The sixth-order tensor for this class coincides with
that of the monoclinic class D5. Hence, from the classical linear elastic part we infer that the candidate
universal displacements are the superposition of homogeneous displacement fields and the following three-

parameter inhomogeneous displacement field: (ojxozs, asxixs, azrixs). From the components of the

fifth-order tensor we obtain the following third-order universality PDEs:

17

83u1 - 83u1 - 83U1 o 83U1 -0

01107120z  Ox30x3 023013  O11073

83U1 o 83’&1 _(’)3u1 —0
Ori0xy  Oxz00xi 023

83UQ o 83’&2 - 83u2 o 83’LL2 - 83u2 -0
Or20xs  O0x30w3  Ox3 01012013  O71023

(3.26)

0%us — % -0
Or1023 Oz}

83’&3 o 83’U,3 - 83u3 _ 83163 -0
Or20xy  Oxz00xi 023  Ox3

83’&3 o 8311,3 - 83u3 o 83u3 -0
Or10x3 Oz} Ox1072  O0x1010013



From the components of the sixth-order tensor we obtain the following fourth-order universality PDEs:

84U1 o 34114 o 84’&1 - (94U1 o 34114 o
oxt  Oxy  0xz202%  Oxy 022022
84U1 o 84114 o 84U1 - 84U1 - (94U1 -
0220z 0x30xs  Or10x3 0711012023  O0r10x30x3
84U2 84U2 84UQ 64UQ 841,02
913 = 3 27 5,252 T =0,
x50xs  Oxi10xy  O0x10x0025  Oxy0x5 05
(94112 - 64U2 - 84UQ - 84UQ o
ort  0x302%  Oxi  0x3019013 (3.27)
84U2 - 64UQ —0 ’
0x30x3  Ox00x3
(94U3 o 84U3 - 64U3 - 64’&3 - 84U3 -
0x30x3 011073 Ow1020073  Ow1023013  Oxi0790T3
84U3 84U3 841,63 84U3 64U3
913 = 5252 T = 3 =0,
x50x3  Oxi{0xr;  Oxy  Oxo0xy  Oxf
64U3 o 84U3 -0
0x20z2 Oz

Substituting the superposition of homogeneous displacement fields and the three-parameter inhomogeneous
displacement field (2223, oz, azx12y) into the above third- and fourth-order PDEs, we find that they
are satisfied trivially. This yields the following result.

Proposition 3.7. The only universal displacements in orthotropic Dy class linear strain-gradient elastic
solids are the superposition of homogeneous displacement fields and the following three-parameter inhomoge-
neous displacement field: (aqnxaxs, aar1x3, A3T1T2).

3.3.2 Orthotropic class Dy & Z§

Tensor Amz@zg has 51 independent components and has the same form as that of class Dy. Tensor Mmz@zg
is null. Tensor Cp,gzs has the same form as that of class Dy, with 9 independent components, with the only
difference that it corresponds to the Hermann—Maugin symbol mmm. This yields the following result:

Proposition 3.8. The only universal displacements in orthotropic Do & Z§ class linear strain-gradient
elastic solids are the superposition of homogeneous displacement fields and the following three-parameter
inhomogeneous displacement field: (aqyxaxs, aox1x3, a3T1T2).

3.3.3 Orthotropic class Z;

Tensor Ameazg has 45 independent components and has the same form as that of class Z,4. Tensor MZZ has
26 independent components and has the form

0 o Cc™ DO
E®)  FG) 0 0
M, = : (3.28)
—FG EG 0
0 0 o® p@)
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where

C11 C12 C13 Cla  Ci5
0 e —Ci1 —Ca —Ci5 —Ci2 —Ci3]| » 0(3)6[011 012 013 012 013}7 (3.29)
C31 C32 €33 —C32 —C33
and
diy dip dis
D® e diz dy diz| o P(l)e[pn —P11 0}' (3.30)
d31 ds dss

Tensor Cp,gzg has 6 independent components and corresponds to the Hermann-Maugin symbol 4mm. The
classical linear elastic part coincides with the tetragonal case, so we obtain constraints of the form (2.7), and
the candidate universal displacements are the superposition of a homogeneous displacement field and the
inhomogeneous field (2.8).

The third-order universality PDEs induced by the fifth-order tensor read

8SUQ - 8%3 o 63U3 o 83’(1,3 - 83U1 -0
0x30x3 02301y  Ox907%  Ox10x% 023013
8SU3 . 83U2 . 83’(1,3 . 83U3 B 83“3 -0
or3  0r10z90w3 011023 Oz  Ox3
83uQ - 83u1 o 83U1 - 83U1 o 83’U3 -
3x§ o aﬂf%amg o 8x§ B 8Z15$23$3 o 3x15‘x28x3 o

83U3 - 83u3 -0
Oridxs  Ox9dzi

83u2 83114 -0
Or10z2 = 02301y

Sup | O _, (3.31)

_&Tgax% Or1073
83UQ 83U1

—_“ =0
oxs — Ox3 ’
83u1 83’&2 -0
Or10z2 02301y
83U2 83’&1 -0 7

Or10x% = 023019
Bur  Pus
Oaf O}

ABuq O3us —0
Or20x3  Oz10x3

:O7
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The fourth-order universality PDEs induced by the sixth-order tensor are

84U1 - 84U3 - 84’U,2 - 8411,3 o 84U1 -0
or{ 0230z  Ox10x3 01023013  O0x30xF
64’U,3 (9411,3 84’LL1 (94UQ (9411,2
011022072 0z 0x3  0xd Ozt 0a20x% )
ug  Owy Otug Oty Oy 0
0x20x90x3  Or1072023  Ox 023023  Ox1012023
0*ug _ 0ty _ 0ty _ 0tus _ 0tus _0
0x30x3  Or}  Ox30wy  Ox30x3  Ox3oxs ’
84’LL3 _ 84UQ _ 8411,3 _ 84’LL3 _ 84’&3 —0
0x30x3 023022 Oxy  Owedx3  Ox3dxs ’
O*us 0*usg 9*uyq
022012 0120120z 01073015
0*uq O*us 0*uy O*uy
023023 + 07301y 0, 0r3 * 28x%8x§ =0,
0y 43 0*ug _ %y O*us 0
0103 022019 " 021023 Ox30x3 ’
O*us O*us s *uq
0r2013 | 0zt 0, dz1073 * ot 0, (3:32)
*uq O*usg O*us 0*uq
T 028 T C011023 7 01023015 | 022013
B 0*uy B O*ugy 0 O*us N O*uy 0
0r20x3  Ox30x "0z30rs  Ox3dxs ’
O*ug 0*uy 0*us 0*uy
09023 Ox1073 - ’_8x18x§8x3 012 0x9013 -
Oup Dy 0 Oz O%us 0
0r30rs  Ox30x3 T oxs 0 O} ’
*ugy O*ug *usy O*ug
021023 01022023 - T 0r30x3 0301, -
O*uq O*usg
0x30rs ° 0x10x20xs -
B 0*uy B O*ug O*uy *ugy 0
0r30x3  Oz1073 01201903 013073 ’
O*usy O*us 0*uy O*ug
0r10220z3 011073 - T 012019023 01301 -

Substituting the tetragonal linear elastic candidate displacement field (2.8) into the above third- and
fourth-order constraints, we obtain the following additional constraints on the function g(z1, z2):

0%g 0%g 0%g 0%g Og 0%g g

93 9. 9.2 9.3 9.2 ~ 95,292 3~ 9.3 =0,

Oz}  Ox10x;3 Oxy  Oxi0xe  Oxi0x5  Ox10xy  Oz50x2

d'g '

87:6‘11 + 57/2* =0, (3.33)
&g 99 _

ox? = 03
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After straightforward manipulations, these constraints yield g(z1,z2) in the form
g(x1,20) = ¢1 + comy + 370 + cam1To + c5(x3 — 22). (3.34)
This gives the following characterization:

Proposition 3.9. The universal displacements in trigonal Z; class linear strain-gradient elastic solids are
the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.8), with
g(x1,22) given by (3.34).

3.3.4 Orthotropic class D}

Tensor Ap,qzg has 34 independent components and has the same form as that of class D3. Tensor Mpy has
20 independent components and has the same form as (3.61). Tensor Cp,gz¢ has 6 independent components
and corresponds to the Hermann—Maugin symbol 3m. The classical linear elastic part coincides with the
trigonal case, so we have the universality constraints (2.9), and the candidate universal displacements are
the superposition of homogeneous displacement fields and the inhomogeneous field (2.10).

The third-order universality constraints for this case read

A3us 1 A3uq A3y O3us
- Oad * NG ( 0r102%  Ox20z9 O} ) =0,

1 03wy APuy 1 83y
V2 03 + ﬁ@xlax% + (1 a ﬁ) 0201y 0,

1 A3u 03u 1 A3u A3u
-5 (2+v2) Wg} - (1+v2) axlajcg LG <28x%8;1102 3 axi;) =0

By B sy B A3us B A3us _0 (3.35)
Oxa0x% 011023 O0x10w9073  Ox1023

By B V3 A3us ABus B By B
0x20z3 Ox 0z =~ Oz 0x30x3

33U2 _ 83U3 _ % -0 % —0

0x10x2023 ’ 021023 ’ oz ’ Ox3 ’
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and

as well as

83US - 83u2 _ 63U3 -0
Ore0x3 03013 023079

(93’(1,3 - 83u3 o (93’LL2 —0
or3 — 0x3  Ox3

1 1 8 2 9
L s (2 VE) s - =S =0
2
1
>

V2 8,022 0220r2 /2 013 ’
3 3
(e

/205201, 7
1 OBy 2 OBuy 1 QPuy
24+ — —=73 ——=—75 =0,
V2 ) 021022 T 2002015 /2 923 (3.36)
B OPus N O3y B Pug 0 '
Ox90x3 ~ Ox1023 0x30x3
83UQ 83u3 33161 33U3
- 2 9.2 - V2 2 2 =0,
63:283:3 0x30x3 O0x10x;  0x3i0x3
83U2 8 us
(1 Bl ) axfaxg ( L+ f) 02201y =0,
83’&2 8BU3
3 5 5 =0,
Ox207% 837281‘ 83:18333 81‘18333
83U2 8 0
Ox90x% 83:183:2
(93U1 - 63U2 -
O0x10x9073  Or30T3
6SUQ 63U1
Ox90x2 + Ox10x3 0,
83UQ 63U1
ox3 * ox3 =0,
63u1 63U2
= 3.37
0z1023 + 023022 0, (3.37)
63U3 63U3
2 2 =0,
Ox50x3  Oxi0z3
6SUQ 63U1
ox3 * ox3 =0,
63U3 63U3
P 7T 53 =
xo0x5  O0x70T3
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The fourth-order universality constraints for this case are written as

84’&3 84U1 84UQ 8411,1

Or10x3  O0xi  Ox10x3  Oxa0zi

1 84U1 1 84U2 84U1 84UQ 84U1
1 - T2 (142 =0
V2 0} + V2 0x10x3 + ( + \f) 0x302%  Ox30xe  Oxf ’

84’&1 84UJ2
922022 3 =0,

x10x5  O0x70T

0*ugy 0*uz 0tuy dug —0
011072023 Ox1013073  O0x3013 02303
84u1 84U3 84u1 84U3

012022 ' Ox10230x3 = 0x30a2 | 0x30x3 0,

1 4 1 4 4 4
8u1+(1_) 8U2 (_1+\/§)88U1 + 8UQ _0’

V2 043 N w2023 0x30xy
84’U,1 84UQ 84U3 84’LL3

m o (142 2 - =0

Ox30x3 ( + \[) Ox10x2013 + Ox1012023 021023023 ’

4 4 4 4
_\/§<8u12+ (’)ug >+2< 8“2 + 8u3 ):O,

0x30x3  Ox10230w3 01022013 Ox1073013

84U1 84’LL2 84U1 84U1
—V2=—s—5 — |4 2 - — =
f@x%@x% ( + \[> 021023023 + 021073 023022013 ’
d*ug dtus us Olug  _ o

0210120x5  Ox10x3  0x30xs | 02301,
8411,1 + (1_ 3) 84UQ +1( 84u1 + 84UQ + 84U3 ):0’

Ox30x3 V2 ) 021023023 /2 \ 022022013  O0x30x3 023012
Ot s o (3.38)
261;;’6333 + (5 —2 2) 021023073
*uq O*uq O*usg 0*us
B (_1 * 2\/§> (83:1833% - 283@%8@83:3 + 0z30x3 * 8x:{’8x2> =0,
O*uy 1 O*us 5 0*uy O*us O*us
 Oa30xzs 2 (2 + \/5) d1,0220x5 /2 (58$%8$281‘3 * Ox30xs N 835?8322) =0,
84U1 84U2 84u1 84’[1,2 8411,3
Ox3073 + dx10720x5 (1 + 4\/§) 023012073 + (1 + 2\/5) dx30xs 2\/§8x§8x2 =0,
PR (3+2v2) L (1+2v2) & us
Or30x3 01022013 0r20x3
&uy D" usy 0tus
-4 (_1 + ﬂ) 002019013 (1 + 2\/5) 0303 * (1 a 2\/§> 0x30zy
84’&2 8411,1 —0
011072023 Ox?0x3
84U1 84U3 —0

Or?0x3  0r30x3
84U1 84u2 84’&3 84’U,1 8411,3

2833%890% Bl (_1 + 2\[2) 0x1022023 * dx10720x5 V2 (33&%89@ N 33:51”6333) =0,
84’&1 84U3 o

O0x1012073 ~ Or1023073

Vil (1+v2) O - (1+v2) ajulr(lmx/?) a0,
1

oz} * 01073 0203 0230z O}
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and

84U1 _ 64U3 _ 64U2 _ 84U3 - 84U3 _ 8411,1 -0
O0x1022073  Oxy 0wy Ox90x3  0x30x3 011073

84’&2 64U1 84U2 1 34’&2
1 2 — =
x4 * Ox10x3 * ( + f) 023023 i V2 0z} 0

34U1 (9411,2 -0
Ox10x3 ~ 0230x3

34U1 . 84U2 _ 34U2 -0
Ox10x3  0230x3  Oxf
34U2 84UQ 84’&3

+ -0,
0z302% 023022 02301903

4 4 4 4
6U1 —(—1—}—\[2) 8u2 +< 1)8U1 16U2:0’

1— — -
0z1073 0x20x3 V2 ) 023022 /2 Oz}
(94113 84U1
2 =
f@x?@x% 021022023 0,
_ 84’&2 _ 84U3 8411,1 -0
0x20x90z3 022022 Ox30xs
(94U1 84U3 (94U1
2 =
V2 (3:5%8;22(%3 i 83:%&%%) * 0z30z3 0,
84’&2 84’&1
_ -0,
Oxo0x3 ~ Ox1073
64U3 84U3 -0
Ox30x3  O0z30x2
84’&1 1 64UQ 84U3 _ 1 64U1 o
O0r10730z3 = 2 023012013 022023 2023013
84U1 64UQ 84’&1
—(1 2 - V2 =
( * \f) Ox10x3013 f&x%@mgaxg * O30 0,
64UQ 3 64U2 84’&3 1 84U1

Ox30rs 2 0220w.0x3 022013 202301y

4 4 4 4 4
38UQ +8U3_(1+2\/§><2 8’(1,1 + 8U2 +6U3):O,

0z30z3  Ox} 0210230x3 = 023012013 023023

64U3

B (2+2\/§) 0*uq 3 O*us B (1 +2\/§) a(94u3 49 0%y

Ox10x30xs 0x20r90x3 22023 Ox30zs
84UQ 84U3 64U3 84U1 84U3 -0
O0ry0x3  “Ox20x3  Ox30x3  Ox0xi 0230z
84UQ (94U3 84’11,1 84’&3 -
 Owgdxd 922042 ' Or, 023 | 0x20x
O*us 0*uq 0

0x30x3  Ox1079023 -
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as well as

84U2 - 84UQ - 84U1 - 64U3 64U3 -0
Or?0x3 02302  0x30xy 023012073  Oxs
&g *uy N sy ur 0
0x30x3 = 0r10130x3 03012073 023013
o4 ot
U21 + 53 22 =0,
O0x10x350x3  O0x{0x20T3
84US 84U3 -0
Ore0x3 0230z
64UQ 84US 84161 84U3 -0
Oxo0x3 81:%5@% Or10x3  0x30x%2
64u1 84’LL2
1 1 =
( + \[) 8x133: ( + f) 83:‘%3&63 oz} 0,
Oty - 0%y —0
Ox10x3 02301y
_ 84’&3 84U3 —0
Or30x3  0xz30x:
3 84’LL2 i 8411,3 84’[1,1 -0
f@x 0x2 /2 0x30x3 Or1079023
O*usy 0wy
1 I
Ox20x2 ( * \[) Ox10x2013 =0,
(9 (5% 8 U2
~(243V2 B .
( * 3\[> 0103 V2 oz} 0,
8 U9 84’&1 84’LLQ 841141
2 — V2 —(2 2
83:2 ( + \[) 01073 f@x%@x% ( + 3\[> 030w
84U2 84U3
022022 3 =0,
x50x5  O0r50T3
84U2 84U3 34’&1 -0
Or30xs  0x30x%  Or10x3
84UQ 84U3 + 64u1 + 84’&2
0x30x3  Ors = 011023073 022019075
84U3 8411,1 84U3 -0
0z20x3 =~ Oz30xs  Oxt
84UQ 84U1 84’&2 8411,1 o
0x30r3 011073013 073079013 013073
34U1 84’&2 —0
Ox1023073 = 0x2019022
9 84’&1 84u2 84U3 —0
8x18m§8x3 012019013 833%83:% ’
84U1 8 us
_— 2 —_— 1
01022023 ( + f) axlamgaxg ( + \f) 26363

(3.40)

8 U2 -
—-3V2—— ot = 0,

Substituting the inhomogeneous displacement field (2.10) into the above universality PDEs, we find that
they are satisfied provided that a123 = 0. Thus, we have proved the following result.

Proposition 3.10. The universal displacements in orthotropic DY class linear strain-gradient elastic solids
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are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.10)
with a123 — 0.

3.3.5 Orthotropic class D

Tensor Ap,gzg has 28 independent components and has the same form as that of class 4. Tensor My has
13 independent components and has the form

0 0o CO 0

My, = . (3.41)

Tensor Cp,gzg has 6 independent components and corresponds to the Hermann-Maugin symbol 4mm. The
classical linear elastic part coincides with the tetragonal case. Thus, from the classical linear elastic part we
have the universality constraints (2.7), and the candidate universal displacements are the superposition of a
homogeneous displacement field and the inhomogeneous displacement field (2.8).

The third-order universality PDEs induced by the fifth-order tensor read

0Bus . 03wy . 03us . D - Dus -0
Ox 0z 023013  0x3  O0x10w90x3  Ox1073

63u1 83u1 63U3 63UQ 8311,3

= p— = = fr— O 5
Oxo0x3 O3 Owo0x3  Ox30w3 O
3 3 3 3 3
3U1 _ 32U3 _ 62UQ 2811;’3:8’1132:0) (3.42)

0x10x20x3  O0x70x2  Ox507x3 O} Oz

63UQ - 83’&2 - 83u1 o 63U1 o 8311,1 - 83U1 -0
Oxa0x% 03 0110wy O0x1073  OmOxi 023

83UQ - 83’(1,3 - 83U3 -
0220z  O0x30x3  Or3dxrs
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The fourth-order universality PDEs induced by the sixth-order tensor are

84’&1 - (94U3 o 34UQ o 84U3 o 84U1 o
ot 0x30x3  Ow10x3  Ox10220x3 022022
84U3 _ 84U3 o 84’Uq o 84’&2 o
011072022 Ox10x3 022022 Ow1012022
84UQ o (94111 o 84U3 - 84U3 o 84U3 -0
Or3  0x30zo 023023 023022 022029013
84U3 - (94112 o 34U3 - 84UQ - 84u1 o
ory  Oxd  Oxze0x3 023022 031012022
84U3 - 84U2 - 64U3 o 64U2 - 84’&1 -0
O0x30x3  0230r3 022022 022019073  O11023073 (3.43)
Oty O*us —0 %y Lo Oty _0o '
O0x?0x3 030z ' Oxl 0x2022
9tuq 0us B 0*uq 0*usy B
Oxt " Or023 Ory 023 | 0x20xE
Ot Ot _0 Ot . Oty _0
0x20x3 ~ Oz} 023013 Ox3dxs
84U3 84’11,3 84’&2 841,61
0c30w; | 0200] O 0wsdal | 0wioad
3023 22073 2073 71073
Olus | Dluy _
L

Substituting the tetragonal linear elastic candidate displacement field (2.8) into the above third- and
fourth-order universality PDEs, we obtain the following additional universality PDEs for the function
g(a?1,x2):

&g 93g &g 83g d'g
923 ~ 921023 923 02207y 022023 O
1 1023 x5 7201 2013
d'g Oy
- 44
oz} + 0z} 0, (3.44)
P9 P9,
ox?  Or3

After straightforward manipulations, one finds that g(xy, z3) has the same form as in (3.34). This gives the
following characterization:

Proposition 3.11. The universal displacements in orthotropic D! class linear strain-gradient elastic solids
are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.8),
with g(x1,x2) given by (3.34).

Table 3: Summary of universal displacements: Orthotropic classes.

Symmetry class Universal displacement family

Orthotropic class Dy Superposition of homogeneous fields and (ayxex3, asr1x3, A3T1T2)

Orthotropic class Dy @ Z§ Superposition of homogeneous fields and (ayxexs3, asr1xs, Q3T1T2)

Orthotropic class Z; Superposition of a homogeneous field and (2.8) with g(x1,x2) given by
(3.34)

Orthotropic class Dj Superposition of a homogeneous field and (2.10) with a125 =0
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Symmetry class Universal displacement family (continued)

Orthotropic class D? Superposition of a homogeneous field and (2.8) with g(x1,x2) given by
(3.34)

3.4 Trigonal classes

Out of the seven trigonal classes, Zz and Zg & Z$, as well as D3 and D3 & Z$, have an elasticity matrix C
that coincides with that of the trigonal classical linear elasticity. The classes Z; and ]D)g have an elasticity
tensor C that coincides with that of the transversely isotropic classical linear elasticity. Finally, the class D}
has an elasticity matrix C that coincides with that of the tetragonal classical linear elasticity.

3.4.1 Trigonal class Z3

Tensor Az,qzs has 57 independent components; it has the form

AMY 4 nA. BO® +0B. C® DW 0 0 f(GO) fF®)
A0D F® g 0 f(DW) 0
Az 0z5(x) = + - (3.45)
H®6) 14 F(T®) 0
J® 0
L ls L s

Matrix AU has 11 independent components and has the following form

a1 ai2 a13 a14 Q15

ass —aiz+2ar; ar apr

ALY = —ai2 + ajrr asqs  ass ) (3.46)
Q44 Q45
L 55 s
where
a; = @14 — \/5@34 ) ary = ais — \@%5 ) arir = w ) arrr = W : (3.47)
The expressions for B©®), Cc®) DWW GO HO) and I® are
0 by —%2biz b+ V2 bas +v2bss
0 —%Lby bas bas
B = 0 bas bas : (3.48)
0 bss
0
L la
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C11 C12 €13 C12 €13
—c1 —C12 —C13 —C12 —c13
c® = |_ 2¢c11 —V2ci2 —V2c3 —V2c2 —V2cas| o (3.49)
0 0 0 0 0
0 0 0 0 0
0 di2 —di2
da1 —d2 dy2
DW= —% —V2diy V2dy, (3-50)
dy1 0 0
ds1 0 0
Ji1 J12 J13 J1a Jis
—fn —fi2 + Br f23 —fi2 + Br —fi5 = 2B
F® = V2 f11 —V2(fi2 - gﬁl) —V2(f15+ Brr) —vV2(f12 — %51) —V2(f1s = Bir)| -
0 0 Fas 0 s (3.51)
I 0 0 I53 0 —f53 ]
Br = %7 Brr = %7
911 912 913
921 23 — 27111 923
G = V2 V2911 V2(27111 + 1r)
(3.52)
941 942 942
951 952 952
_ 911_* g21 4913 — g23 __ g12 — g13
=T m=T g ms T
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hii hiz hiz hio

haa  hog  hoo

H = h3s  has
hao

and matrix J® is given in (3.110).
given as

hss

15

0 112
0 122

4) _ . .
I( ) = 131 132

0 oo + V23

—1i31 132

—1i12
—ig0 — /251
—i22

—1i32

(3.53)

Matrices A. and B, are independent of material parameters and are

_1717\@00_ [ 0 %00_
1 V2 00 2 1 %2 0 0
Ao = 2 0 0] » Be=|-2 32 9 ¢ g
0 0 0 0 0 0 0
0 0 0 0 0 0
L 48 L J
The matrix-valued functions f(G®)), f(F®), f(D™®) and f(J®) are defined as
0 -2y —g12 — VI 2 (g1 + 1) Vi1
0 —LvF —gio+3vr + 4y 29 + 1) Vi1
F(GD) 0 —2v 0 0 2V2(virr + 1) |
0 *@941 —ga2 ggu 942
_0 —?951 —952 ?951 952 |
V26; Brr 28111 — Brr
0 Brr 3611 — 211
FFE®) = Br —2v2(Brr — Brir) 0 ’
0 fas fa3
I 0 53 53 |
where
7;2911-;-9217 ;129132923, Bryy = f13;f15,
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and

0 0 0 0 0 0 0O 0 0
0 & 0 - 0 00 —ju —V/2j12
4y _ ’ 4)y _ . . .
FOW)=1o —du o d FIW) = 0 —V2j12 —(joa+yas)| - (3:58)
0 Y2dy 0 —¥2dy 0 0 0
0 Ly 0 —%Lds 0 0
L i L ls
Matrix Mz, has 36 independent components and it is of the form
MZg = |V|]D)3 + M]D)g s (359)
where _ _ _ -
A® 0 0 DW 0 0 0
E® 0o 0o H®? 0 0 0 0
Mp, = + , (3.60)
0 —-E® 0 0 0 0 g(H®) 0
0 0 0 0 0 g(A®) ¢(DW) o
0 B® c¢c® ¢ 0 0 0 0
0 F® 0 0 0 0 —g(L®) 0
Mpy = + , (3.61)
FW 0 0o L@ 0 0 0 0
0 0 0 0 —g(B©)Y 0 0 g(C®)
an ary (@ +aw +2as)  au ais
1(6) R(6
A© B € —(@11 + @12 +az) Az —§(@11 — 2a22) —a14 —ais| > (3.62)
*%%3 gl_l?,?) a33 0 0
€11 Ci2 €13 Cz2 C23 diy di2 dis
(8 _— _ _ _
e Ci1 C2 C23 Ci2 Ci13| > DW e —diz —din —diz| - (3.63)
C31 C32 C33 C32 Cs33 dz1  —ds 0
F(4) (4 _ _ _ _ _ _ 5(2) 7(2 - _ _
EW FW ¢ {611 €12 g(eu —€12) €14 15> H?,L® € [hu h11 hls] ) (3.64)

g(A%)), g(B)) = [—22(26111 + Q12 + a22) —g(@m —ag) —(a1 +an) —V2au —\/5015} , (3.65)
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g(C®) = {?(513 — Ca3) ?(513 —Co3) (C12 — 522)} ' (3.66)

4 - - - - - -
g(DW) = {0 di3 —§(d11 +di2) dis %(dn + d12)} ' (3.67)
g(H®),g(L?) = [o LRy by Lhig hn] : (3.68)

Tensor Cp,gzg corresponds to the trigonal class with Hermann-Maugin symbol 32 and has 6 independent
components. Thus, from the classical linear elastic part we obtain universality PDEs of the form (2.9),
and the candidate universal displacements are the superposition of homogeneous displacement fields and the
inhomogeneous field (2.10).

The third-order universality PDEs induced by the fifth-order tensor read

Pug  Pug  Buz  Puy  Pug  Pug 0
Oxo0z%  Ox3dxs Oz Oz  0x102%  0x1072073 ’
Puy  Pug  BPuy Puz Pu Pug 0
0x10z90z3 023  0230v3 01023 O3 09073 ’ (3.60)
Pus _ Bug _ 3uyq _ OPusg _ O3us _ Pus 0 ’
Or102%  Ox10x90x3 023013 023013 O3 023073 ’
OBuy O3uy
021012015 02013 -
as well as P ) P 1 P
7\/58795% (1 * f) 83’318.1‘2 i) ( + \[) 0r20xs =0,
1 BPus 3uyq OPus
V2 913 amlaxQ (4 + \[) 0r20xs
1 Busy 3 Buy 3ugy
2 <2+ \/§> oz * <1 * \/i) Ox1023 + <2+ ﬁ) 0r20wy 0,
APusg ABPuq Bug
" 912022 3’ axlax§3 012015 (3.70)
\/5(8112 n 8U3>+ OBuy Bus _
09023 0x30z3 01023 Ox2dxs ’
&us 7 &Bus ~0
0x30x3 023013
O3usy 3us By PBus
T 012022 0220w | 0w 022 | 0220w
O3us 3 Puy 0
Oxa0z% 021013
and
OBPuq 1 OBus OBy O3us
- 0a3 + V2 ( dr,022  0x2014 + oz} ) =0,
1 0Puq 3 OBusg AB3uy
7873 + (1 - \f> 90903+ V250700, =0 (3.71)

8 u1 8 U9 2 83U1 3 83U2 .
2 (2+ \/i) oz (1 + \[) 011022 /2 022029 + V2 023 0
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We also have

1 83U1

V2 923
1o,
73 1]

83’(14
V2 FE

and

—(1+\/§)

3 3 3
+1 8u2 —<2+\/§> 8’&1 _a’LLz:O7

030z Oz}
83U1 1 83’(,L2 o

023022 * V2 03

V2 0,042

1 83u2 83’&1 1 83’&2
<1 B \/i) dx 0x2 2 (1 + \[2) 0x20zy 2 (2 + \/5) ox3 0,

1 83U1 1 83UQ 2 83U1
— (242 L
V2 0r10x3 2 ( * f) 0z30z2 + V2 0x3

1 83UQ 1 83u1
_ﬁax%&rg 2 <2+ \[2) ox$ 0,
1 33U1 2 (93U2 1 83u1
2 = e — — =
( * \/§> Ox1023 * V2 0x20xy /2 Ox3 0,
63U2 _ 83U3 _ 83u1 _ 8SU3 -0
O0x20z%  0z0023  Ow102% Or?dxs

83uQ 83’&3 \/5( 83U1 \/§ 83u3 ) -0

 Owg0xi  Orpdal dx 023 " 022013
83’&3 83’U3
T 5.2 2 =0,
Ox50x3  Oxi0x3
_ 63uQ _ 83’U3 83u1 BSUS -0
Ox2023 02303 Or1073  O0z3013)

63UQ 83U1

0z2073 B 0z1023 =0
We furthermore find

83’&1 83’6&2 831,61 8SUQ
_ _ =0,

o3 0x30x9 023020 O3

83U1 + L 83U1 63UQ 8311,1 + i 83u1
01023 2 \ 0z3 = 01023 0z30z2 /2 \ 023022

83u1 _ L 83U1 63UQ 8311,1 _ i 83U1
0z1023 2 \ 0x3 = 01023 0302 /2 \ 023022
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+ 83U2
0z3

(3.72)
(3.73)

8SUQ
0 o0 ) =0, (3.74)
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and

83’11,2 83u1 -0
O0r1023  Ox,0x3
83’11,2 83u1 -0
ox3 " oxd ’
83’11,1 83’[1,2 -0
010z} 0x30xy
83u3 83’[1,1 8311,3 -0
0x30x3  Ox0r3  0x30x3
83’11,3 83’[1,3
Oz90x% + 0220z3 =0,
OBugy O3ug By Bug ~0
0r2072  0x30ry 071023  Ox30x3
83u2 83U3 83u2 53u3
022013 + o3 81‘%(‘%3 01205 0,
u 93u-
Vags o3 c (2 * f) 253:3 <_4 * \/5) 63:%8;2 =0
The fourth-order universality PDEs read
Oug  tuy  Otug 0wy 0
Or10x3  Oxs  Ox 0x3  Oxe0xi
*uy  O*uy 0wy O'uy D'y O'ug
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01,023 023022  Owy013  0a20x3
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as well as

1 64U1 1 34’&2 U1 64U2 84U3
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84U1 6411,2 o
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O*uq Oty Oty
V25 s - (-1+v2) Bxlam PR e el o e e
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84’6&1 1 84UQ 1 84’&1 84UQ 84U3
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01022023 Ox10x3013
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Vaga t (1+v2) 5o 021043 - (1+v2) 02203 (1+v2) 92300, T 2t
(3.77)
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64U2 34U1 _
0x30x% = 011012023
_\/§ 84’&2 _ 84U1 _ 34u2 _ 8411,3 o
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84’&2 84U2 84U3
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84U1 84’&2 84U3 8411,1
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(941&2 84U3 841,61 84’&2 6 us 84U1 64U3
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8411,2 64U1 64UQ 6 us 64U1
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Substituting the inhomogeneous displacement field (2.10) into the above universality PDEs, we find that
they are satisfied provided that a123 = 0. We therefore arrive at the following result:

Proposition 3.12.

The universal displacements in trigonal Zs class linear strain-gradient elastic solids are

the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.10) with

aiez = 0.

3.4.2 Trigonal class D3

Tensor Ap,azg has 34 independent components; it is of the form

AOD LA, 0 0 DWW 0
A0 p(®) 0
AD:;&BZ; (X) - +
H® 0
J@
L 45 L
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where the coefficients of these two matrices are the same as those of AZBEBZ§ in the trigonal Zs class. Tensor
Mp, has 16 independent components and has the form (3.60). Thus, this case has 56 independent components
in total, since 6 components stem from the classical linear elasticity tensor for the trigonal case (Hermann—
Maugin symbol 32).

The third-order universality PDEs induced by the fifth-order tensor read
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we also have
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The fourth-order universality PDEs are written as
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Substituting the inhomogeneous displacement field (2.10) into the above universality PDEs, we find that
they are satisfied provided that a;a3 = 0. Accordingly, we have the following result.

Proposition 3.13. The universal displacements in trigonal D3 class linear strain-gradient elastic solids are
the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.10) with
a123 = 0.

3.4.3 Trigonal class Zs ® Z$

Tensor Aza@zg has 57 independent components and has the same form as that of class Z3. Tensor Mzs@zg
is a null tensor. Tensor Cp,qzg has 6 independent components and corresponds to the Hermann—-Maugin
symbol 3m.

The universality PDEs for this class are only of fourth order and coincide with those of the trigonal class
Z3. Substituting the inhomogeneous displacement field (2.10) into these universality PDEs, we find that
they are satisfied. Accordingly, we have the following result.

Proposition 3.14. The universal displacements in trigonal Zs BZS class linear strain-gradient elastic solids
are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.10).

3.4.4 'Trigonal class D3 @ Z$

Tensor AD3@Z§ has 34 independent components and has the same form as that of class D3. Tensor M]Ds@zg
is a null tensor. Tensor Cp,gzg has the same form as that of class D3, with 6 independent components, the
only difference being that it corresponds to the Hermann—Maugin symbol 3m.

The universality PDEs for this class are only of fourth order and coincide with those of the trigonal class
D3. Substituting the inhomogeneous displacement field (2.10) into these universality PDEs, we find that
they are satisfied. Accordingly, we have the following result.

45



Proposition 3.15. The universal displacements in trigonal D3 ®ZS class linear strain-gradient elastic solids
are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.10).

3.4.5 Trigonal class Zg

Tensor Az,qzg has 33 independent components and has the same form as that of class Zg. Tensor Mzg has
16 independent components and is of the form
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0 00 0 0 0 g(H®) 0
0 00 0 0 g(A©®) 0 0

Tensor Co(2)azs has 5 independent components and corresponds to the Curie group with Hermann-Maugin
symbol com. Consequently, from the classical linear elastic part we obtain the universality constraints (2.11),
and the candidate universal displacements are those given in (2.12).

We obtain for this class the following third-order universality PDEs:
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The fourth-order universality PDEs for this class read
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and
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Thus, we obtain the following result.

Proposition 3.16. The universal displacements in trigonal Zg class strain gradient linear elastic solids are
the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.12) with
the constraints (3.94), (3.95), and (3.96), together with the constraints (3.97), (3.98), and (3.99).

3.4.6 Trigonal class D}

Tensor Ap az: has 22 independent components and has the same form as that of class Dg. Tensor Mpn has
6D 2 DG

8 independent components and has the same form as that of class Zg . Tensor Cg(s)gzg has 5 independent
components and corresponds to the Curie group with Hermann—Maugin symbol com.
We obtain, for this class, the following third-order universality PDEs:
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We

and

also obtain the following fourth-order universality PDEs:
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as well as
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Hence, we have the following result.

Proposition 3.17. The universal displacements in trigonal D2 class linear strain-gradient elastic solids
are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.12),
subject to the third-order universality PDEs (3.100)—(3.102) and the fourth-order universality PDEs (3.103)—
(3.105).

3.4.7 Trigonal class D}

Tensor Ap,qz; has 28 independent components and has the same form as that of class Z,. Tensor Mpy
has 15 independent components and has the same form as that given in class Zy. Tensor Cp,gzs has 6
independent components and corresponds to the group with Hermann—Maugin symbol 4mm. The classical
linear elastic part coincides with the tetragonal case of linear elasticity. The third-order universality PDEs
for this class read
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The fourth-order universality PDEs for this class are induced by the sixth-order tensor and read
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Substituting the tetragonal linear elastic candidate displacement field (2.8) into the above third- and
fourth-order universality PDEs, we obtain the following additional universality PDEs for the function
glar, e2): 3 3 3 3 4

0 g 0 0 0
2999 _29__ 79 _ 9 _y, (3.108)
Oz}  O0x10x3 Oxy  Oxi0re  Oxi0zs
After straightforward manipulations, one finds that g(x1, z3) has the same form as in (3.34). This gives the
following characterization:

Proposition 3.18. The universal displacements in trigonal Dj class linear strain-gradient elastic solids are
the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.8), with
g(x1,22) given by (3.34) .

Table 4: Summary of universal displacements: Trigonal classes.

Symmetry class Universal displacement family

Trigonal class Zs Superposition of a homogeneous field and (2.10) with aj23 = 0
Trigonal class Dy Superposition of a homogeneous field and (2.10) with aj23 =0
Trigonal class Z3 & Z§ Superposition of a homogeneous field and (2.10)

Trigonal class D3 & Z$ Superposition of a homogeneous field and (2.10)
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Symmetry class Universal displacement family (continued)

Trigonal class Zg Superposition of a homogeneous field and (2.12) subject to (3.94)—(3.96)
and (3.97)~(3.99)

Trigonal class D} Superposition of a homogeneous field and (2.12) subject to (3.100)—
(3.102) and (3.103)—(3.105)

Trigonal class DY Superposition of a homogeneous field and (2.8) with g(x1,x2) given by
(3.34)

3.5 Tetragonal classes

Out of the seven strain-gradient tetragonal classes, Z4, Z4 ®ZS, Dy, and Dy B Z§ share the same linear elastic
symmetry as the tetragonal classical linear elasticity. Therefore, the universality PDEs (2.7) remain valid,
and the candidate universal displacement fields are those of (2.8). Substituting (2.8) into the higher-order
universality PDEs, we examine the resulting conditions on the scalar function g(z1,z2) appearing in (2.8).
The remaining tetragonal classes, namely Dg, Dg, and Zg, have a linear elastic part corresponding to the
Curie group with Hermann—Mauguin symbol com and are characterized by five independent elastic constants.
These classes are closely analogous to certain co-gonal strain-gradient symmetry classes. In particular, D
is related to O(2) @ Z3, DY to O3, and Zg to SO(2) & Z5. We exploit these structural similarities and
compare with the corresponding oco-gonal results to determine what additional universality PDEs arise from
the presence of discrete tetragonal parameters.

3.5.1 Tetragonal class Z,

The tensor Az,qzg admits 45 independent components and has the following structure

A(15) B(IO) 0 0

A5 0
Az,az5(x) = , (3.109)
HO 1M

J@
L ls

where A1) € MS(5) and B0 € MA(5), with M4 (n) denoting the %-dimensional space of n X n
skew-symmetric matrices. The blocks H®, IV and J® contain 9, 7, and 4 independent components,
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respectively, and are given by

hit hiz hiz hi2 his 0 112 —112
hoa  hog  haos hos ig1  d2  i93
9) _ n_ | . ) .
H® = haz  has hss| o 17 = i31  d32 i3z | >
haa  hos —ig1 —i23 —i22
(3.110)
h3s —i31  —i3z3 —i32
L ls L J
Ji1 Ji2 Ji2
4) _ ) .
JW = J22  J23
J22
L s
Matrix Mz, admits 26 independent components and is given by
MZ4 = M]D;4 + MDZ s (3.111)
where the constituent blocks are defined as
0 0 0 DWW 0 0o C® 0
E®) 0 0 0 0 FO® 0 0
Mp, = ;. Mpy = : (3.112)
0 —-E®G 0 0 FG 0 0 0
0 0o 0@ o 0 0 0 P®
The submatrices P(?) and O®) are given by
5(2) _ |- - - A(2) _ _ _ _ _
P = {hu hi1 h13:| g 0 = {0 012 013 —012 —O13| - (3.113)

The remaining matrices C®), D@ E®) and F®) are defined in the corresponding preceding classes. The
tensor Cp,gzg corresponds to the tetragonal symmetry class with Hermann—-Mauguin symbol 422 and con-
tains 6 independent components.

55



The third-order universality PDEs induced by the fifth-order tensor for the class Z4 are
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01023 Ox30xs Oxo0x3 ~ Ox30xs
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The fourth-order universality PDEs induced by the sixth-order tensor for the class Z4 are

0*uy Ot 0tus 0*usy 0ty
0rt ~ 02301, 023013  Om0x3  0x20a2
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64’113 64U3 8411,2 84’&1 84’&2
072022 0130ws Ozl 022022 01012022
Oty _ Otug _ O*uq _ O*us _ 0tus _0
01022013 023029013  Ox30x9 023023 O ’
84U2 64U1 8411,3 84U2 84U3
011023 073 Owy0r3 022022 022022
84U1 84U3 8411,3 84U2
022022 012073 Ozl Ow0xi
84UQ 64U1 84U1 84UQ
0z230x3  O0x3013 - 021023023 023072073 -
84UQ (94U1 84UQ 84U1
012023 | 01013 0 - 011022015 | 01203015 0 (3:.115)
84U1 84UQ 64U2 84’&1
0130zs | 0w10130xs Org0x3 | Omdri
84U3 (94U3 84U1 84UQ 84U3
0y T oxt 0, 0x1023013 + 022022013 + 23x%8x§ =0,
_ 84UQ _ 84U3 84UQ 84U3 -0
Or10230z3  Ox10x3  0x30x3  Or3079
_ 84u1 _ 84UQ 84u1 84U3 —0
Ox30x3 0x10x30x3 022019073 013030
B 9*uq B O*us *uq 0*us _0
Or30xs  O0x10x3 " 023019013 073013
_ 84UQ 84’LL3 -0 84U1 + 84’&3 -0
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Oy O*us _0
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Substituting the candidate universal displacements (2.8) into the above third- and fourth-order universality
PDEs, we obtain the following additional conditions on g(z1, z2):

0%g 0%g 0%g 0%g O%g 0'g O O4g 0%g

0z Ox1023  Ox3  Ox20xe 023023  Oxt  Oxf  Ox30xy  Ox10x3 0 (8.116)

The first five conditions coincide with those in (3.108) . Therefore, the expression (3.34) remains valid in the
present case. One can then verify directly that (3.34) also satisfies the remaining three conditions in (3.116) .
Consequently, one obtains the following result:

Proposition 3.19. The universal displacements in tetragonal Zy class linear strain-gradient elastic solids
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are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.8),

with g(x1,x2) given by (3.34).

3.5.2 Tetragonal class D,

Tensor Ap, gz has 28 independent components and is of the form

A(15)

Ap,pz5(x) =

0

A(15)

0

H®

(3.117)

where A1) H®) and J® are defined as in the preceding classes. Tensor Mp, has 11 independent com-
ponents and has the structure given in (3.112). Tensor Cp,qzg corresponds to the tetragonal class with

Hermann—Mauguin symbol 422 and has 6 independent components.
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The third-order universality PDEs induced by the fifth-order tensor read
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The fourth-order universality PDEs induced by the sixth-order tensor are written as

84’&1 - 6411,3 o 34U2 _ 84U1 o 84U3 —0
Oxt  0x30z9 071073 023022 Ox1012073
84’&3 - 84U1 o 34U1 o 34u2 o 84U3 -0
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84’&1 - 64U3 o 84U3 o 84’(1,3 -
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84U1 + 9 84U1 -0
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Oz 0wy
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Ox30xs  Oxy  Ox3drs  Oxf '

Substituting the tetragonal linear elastic candidate displacement field (2.8) into the above third- and fourth-
order universality PDEs, we obtain the following additional conditions that the function g(z1,x2) must
satisfy: ; , ; ; ., , ,

x{  Ox10x; Oxy  Ox70xe  Oxi{O0x;  Oxy  0x5
The first five of the above universality PDEs coincide with those in (3.108). Hence, the representation (3.34)
remains valid and also satisfies the final condition in (3.120). We thus obtain the following result:

Proposition 3.20. The universal displacements in tetragonal Dy class linear strain-gradient elastic solids
are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.8),
with g(x1,z2) given by (3.34).

3.5.3 Tetragonal class Z, ® Z§

Tensor Az,gzgs has 45 independent components and is of the same form as that of class Z4. Tensor Mz, gz
is a null tensor. Tensor Cz,qz; has the same form as that of class Z4, with 6 independent components,
the only difference being that it corresponds to the Hermann—-Mauguin symbol 4/mmm. The fourth-order
universality PDEs coincide with those of the preceding class Z,4, and there are no third-order universality
PDEs because the fifth-order tensor vanishes. Substituting the candidate displacement field (2.8) into the
fourth-order universality PDEs, we obtain the following additional conditions that the function g(z,x2)
must satisfy:

g otg 0Oy g g
. AT = =0. 121
023023 Oz}  Ox§  Ox30xs  Ox1073 0 (3-121)
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These constraints render g(z1,2) in the following form:

g(w1,m2) = fi(@1) + z2fa(21) + f3(22) + 21 fa(2),
2 (@) =0, f'(x2) =0, [f3"(x2)=—f"(x1)=c.

Therefore, we have obtained the following result:

(3.122)

Proposition 3.21. The universal displacements in tetragonal Z4 @ Z5 class linear strain-gradient elastic
solids are the superposition of homogeneous displacement fields and the inhomogeneous displacement field
(2.8), with g(x1,x2) given by (3.122) .

3.5.4 Tetragonal class D, & Z§

Tensor Am@zg has 28 independent components and is of the same form as that of class D,. Tensor MD4@Z§
is a null tensor. Tensor Cp,qzg has the same form as that of class Dy with 6 independent components;
the only difference is that it corresponds to the Hermann-Mauguin symbol 4/mmm. The fourth-order
universality PDEs coincide with those of class D4 ; moreover, there are no third-order universality PDEs
since the fifth-order tensor vanishes. Substituting the candidate displacement field (2.8) into the above
fourth-order universality PDEs, we obtain the following additional universality PDEs for g(x1,z2):

g 0tq 0%

922022 ~ 02t T oad = O (3123)

which imply that g(x1,z2) has the following representation:

g(x1,22) = fi(x1) + 22 fo(21) + f3(22) + 21 fa(22)

éw(l‘g) + 1‘1f////($2) + fm/(xl) + xzf////( ) -0. (3_124)

Proposition 3.22. The universal displacements in tetragonal Dy @ Z§ class linear strain-gradient elastic
solids are the superposition of homogeneous displacement fields and the inhomogeneous displacement field of
eq. (2.8) with g(x1,x2) given by eq. (3.124).

3.5.5 Tetragonal class Zg

Tensor Agg(2)ezg has 32 independent components and is of the same form as that of class SO(2). Tensor
Mzg has 6 independent components and the form

o FO 0o 0 000 0

Mz, = Mp; + + : (3.125)
FO 0 0 0 000 0
0 0 0 0 00 0 g(C?)
where _ _ _ -
0 0 0 D® 00 0 0
E® 0 0 0 00 0 0
My = + , (3.126)
o —-E® o0 0 00 0 0
0 0 0 0 0 0 g(D®) o
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0 G2 @3 —Ci2 —Ci3
CPelo ey —eig @n e | EWFWe e —ey —vZen 0 0f (3.127)

0 0 0 0 0

diy  dy o dis
DP e |_d, —dy —dys| - (3.128)
0 0 0
g(D(2))€|:0 diz V2di  —dys —\/iéiu}7 9(CP) e | Vaey —v2ery —2012}’ (3.129)

Tensor C@(g)@zg has 5 independent components and corresponds to the Curie group with Hermann—Mauguin
symbol com. In addition to those of class SO(2) @ Z§, there are six independent parameters associated with
the fifth-order tensor, which collectively induce 16 additional universality PDEs. The independent content
of these 16 universality PDEs is

~(2+v2) 52 - ﬁaéuig - (1 ve) gt - (1-2v2) G+ (24 v2) g =0,
86:?22 (- H\[) azlaxQ (14 v2) 5 o - (1+2v2) ai;;; =0,

a;ug?, - (1 \[) axlaxg (-1 \f) i h2 - (1+2v2) aigfuagjg =0,
(Ve Gt (reve) g (1+M) e S

2%“ #(1+v2) aflgiz gt =0

(1) T (10208) 2,

as well as -

(214 v) G (1 v8) gt = (2 v8) o (2 v2) Gt 4 BT =0,
-(- H‘[)ahl +(- Hf)axla@ (1+2 )ai?asig_a;z?_o’

783u33+<71+\/§> 9%hy ( 1+[)8 (1+2f> PPugs _o,

o3 0x10xs 01201,
2h 2h 2h
Phy g P Phe
0x3 0x10x2 oz
82h2 83U33 82h1 8 hQ 8 Uuss
1 2 1+2 =
92 T oa +(1+v2) ooy T Vo - (1+2v2) 5 9220wy

(3.131)
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and

33k n O3hy 43 D3ky n 3ha 3 33k n D3hy D3ky n Phy\ 0
ox3 s oz} 0z1023 3 021023 023022 s oz 0z3 s ox$ )

33k O3hy D3ks D3hay 33k D3hy
V2| == —(2 2 2 2
<8$§ s oz} ) ( + \[) ([“)xﬁ)ﬂ:% s axlax%) + ( + \[) (895%8:132 T oy )
03ks D3hay
2 =
(G o) o

3 3 3 3 3 3
(ak2+ ah?)—(1+2x/§)< Ok, 0 )—(1+2f2) (aakQ + a5 8h2)

rs3 r3
oz3 oz Ox1023 0z1023 22039 0z3022

3k 0h
+(1+ 1):0,

oz} s ox?
D3ks 03ha 3k 93hy D3ko D3ha
a ( oz s oz} ) o ((%clax% s 8:61890%) o (830%8:52 s 8:@8;102)

0%k, 0%hy
-(%F %) -

(3.132)
We therefore obtain the following result:

Proposition 3.23. The universal displacements in tetragonal Zg class linear strain-gradient elastic solids
coincide with those of class SO(2) @ Z§, subject to the additional constraints (3.130)—(3.132) .

3.5.6 Tetragonal class D¢

Tensor Ap, gz has 23 independent components and is of the same form as that of class D5. Tensor Mpy
has 13 independent components and has the same form as that given in class Zs. Tensor Cg(2)gzg has
5 independent components and corresponds to the Curie group with Hermann—Maugin symbol com. In
addition to those of class @(2)~, this class introduces three independent parameters: one stemming from the
fifth-order tensor and the remaining two from the sixth-order tensor. The resulting universality constraints
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read

2k 0%h 2k 0%h 2k 9h
(2+¢>( S+ 13 1>+C32¢@( 2t 2»2¢§<mﬁ+xj
1

or3 01073 01073 a3
53k1 0%hy
142 -
+ ( + f) <8m§89€2 o 020w ) 0,
o0* 2h 9h 0t
+\[( Uu33 14 LS 2, ’%3)07

483h (4+ 5f)

oz} 896183:2 8;10181‘% 83:%8902 03 0x30zs
2 +2 1+2 4(1
8952 ( f) 895183:2 ( + \[) 18 gt ( + \[) 023022

+(1+2v2) (3% & dsy ) =0,

03 0x30zs

03k 0°ho 0ky 93hy 0ky O3hy
2432 14v2) (28 4,00

3 (895%8:1@2 T 83:%8952) + ( + \[) <8$16x% +x38;c18x%) + ( * \[) < oz} T ox? ) 0,

Phe | Pl Phe | O O

ozy  Oz10z% Ox10x3 635%8:6% ox$

%BZ - 82323 (3+8\[> 15 s+ (3+6v2) ai;giz +2(1+v2) fgggﬁg—
Vorg Tt (502 g 3 (102R) it 2 (10 2)

?‘;ZQ m?’aaf +(1+v2) <aijg;g ”332?2;3) +(1+v2) ( 84222 + 3322@3) -
(1+v2) (aﬁgg * ”3822;2) -2 (8&:‘{2 i x?’%t?;f) =0,

0*ky 0*hy 0*ks 0*hay 0*kq 0*hy
V2 (3!E18$% +x38$18x§) * (1 + ﬂ) (8;6%896% +x389€%3x§> 0230, _”Csaxf{axz =0
(3.133)

With the universality PDEs of class O(2) ™, in particular the linearity of the functions h;, i = 1,2, one verifies
that all of the above universality PDEs are satisfied identically. Hence, we have the following result.

Proposition 3.24. The universal displacements in tetragonal D class linear strain-gradient elastic solids
are the same as those of class O(2)~

3.5.7 Tetragonal class D?

Tensor Ag(2)gpzg has 21 independent components and is of the same form as that of class 0(2). Tensor
MDQ has 3 independent components and is of the same form as that given in class Zg. Tensor Cop(2)pzg
has 5 independent components and corresponds to the Curie group with Hermann-Maugin symbol com.
Compared with class SO(2) @ Z§, there are three additional independent parameters stemming from the
fifth-order tensor MD§~ Consequently, we obtain three additional sets of universality PDEs, comprising nine
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constraints in total; one of them is identically zero, so only eight independent constraints remain, which read

Phy  Ph hy gy
0x2  Or10z9 O 0x20xy
Phi Pha
0r10xy Oz
83’1133 0 h 8 U33
— 1 -1 2 1+2 =
03 (- +\f) 16 2 (1) G G +(1+2v2) 5 8220z,
81}7/1 82h2 83U33 82h1
_ + _ _ =0,
03 0x10x2 0x103 0z?
9%hy 0%hs
_ _ - 134
8%h, D31s3 D333
_(_ 1 —
( 1+\/§) o ( 1+\f) 132 (+2f) o7+ e =
Pha o Pha N [Pk P\
021023 38x13x§ 021023022 38z18x%8x2 o
o? B OPhy ks D®hy
- A N W)
f( Saxg) “Ff)(alaﬁ?’ala?
03k, O3hy 03ks O3hs
+<2+*/§) (axfa@ ”33:5%3:@2) +‘/§(a 5 TP GE ) =0

We therefore obtain the following result.

Proposition 3.25. The
solids are the same as tho

universal displacements in the tetragonal DY class linear strain-gradient elastic
se of the class SO(2) @ Z§, supplemented by the additional constraints (3.134).

Table 5: Summary of universal displacements: Tetragonal classes.

Symmetry class

Universal displacement family

Tetragonal class Z4

Superposition of a homogeneous field and (2.8) with g(x1,z2) given by
(3.34)

Tetragonal class Dy

Superposition of a homogeneous field and (2.8) with g(x1,x2) given by
(3.34)

Tetragonal class Z4 @ Z5

Superposition of a homogeneous field and (2.8) with g(x,z2) given by
(3.122)

Tetragonal class Dy @ Z§

Superposition of a homogeneous field and (2.8) with g(x1,x2) given by
(3.124)

Tetragonal class Zg

Same as class SO(2) ® Z§ with additional constraints (3.130)—(3.132)

Tetragonal class Dg

Same as class O(2)~

Tetragonal class D

Same as class SO(2) @ Z§ with additional constraint (3.134)

3.6 Pentagonal classes

All five pentagonal classes Zs, Zs @ Z5, D5, D5 ® Z§ and D%, have an elasticity matrix C identical to that
of the transversely isotropic linear elastic case. Therefore, the candidate universal displacements for these

classes are those of (2.12)

and (2.13).
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3.6.1 Pentagonal class Zj5

The tensor Azs@zg has 35 independent components and has the form

AZ5 LS (X) =

A1) B©) 0
A1) p©)
H(©)

G(2)
74

J@

0 0 f(G9)

S L

48

(3.135)

where the matrices A, BO) 14 and J® are defined in the preceding classes Zs and Ds, and the

remaining terms are

0 fio
0 —fiz
F@ =10 —V2f,
0 0
0 0
—V2f12
V2f12
FF®)) 2f1
0
0

g11 912
—911 —g12
G = V2011 —V2g1
0 0
0 0
0 ?911 912
0 *@911 —912
0 —gun  —V201
0 0 0
0 0 0
0 0 —
—Ju 0

13 —fiz —fis
—fi3 fi2 fi3
—V2fi3 V2fiz V2fi3| -
0 0 0
0 0 0
—fis —/fis
3 fi3
V2fis V2fis| F(G?)
0 0
0 0
_0 0 0
0 V2j12
h(JW) = 0

0 —(jo2 +J23)

0 V212

0

Matrix Mz, has 22 independent components, and is given by

Mz, = Mp, + Mpy ,

66

912
—912
—\/5912 ’
0
0
—?gu —912
@gu 912
911 \/5912
0 0
0 0

(3.136)

(3.137)

(3.138)

(3.139)



where

AW 0 0 DWW 0 0 0 0
E®W 0 0 0 0 0 0 0
Mp, = + , (3.140)
0 —-E® 0o o0 0 0 0 0
0 0 0 0 0 g(AM) ¢(DW) 0
0 BM C® o 0 00 0
0 F® 0 o0 0 0 0 0
Mp;y = + , (3.141)
F® 0 0 0 0 0 0 0
0 0 0 0 g(BM) 0 0 g(C®)

@y —ann —V2a;; 0 0

AV BY e | _a. Gy V2ay 0 0 (3.142)
0 0 0 0 0
g(ﬁ(l))vg(B(l)): \/iau —\/Edu 2011 0 Of » (3143)

and the remaining components coincide with those of the preceding symmetry classes Z, and D,. The
tensor Co(2)@zg corresponds to the Curie group with Hermann-Mauguin symbol 002 and has 5 independent
components.

The third-order universality PDEs for this class read

83U3 - 63U3 - 8SUQ - 83U3 o 83U1 - 83’11,3 - 8311,2 -
Oxo0x3 Oz Oz O0110r3  Ox 011073 011012073 (3.144)
33U3 63U1 83u1 83U2 '

Or3  Or3dxy  0x30v3  O0x}dxy
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and

33U2 3 U3 8 U7 8311,2 33U3
2 4 _ _(_ _
f@x%@xg + \[ ( 3\[) 011012075 ( 1+ ﬁ) 0z30z3 ( 2+ ﬁ) 0z30z2 0,
1 8 Ug 83U3 33u1 83U2 63U3
2 (-2 2 232 . (- -
( + f) 0z30z3 +V2 oz} + ( 3f> 0x10x20Ts 2\/5896%8353 ( 2+ ﬁ) 023022 0,
33U2 8311,2 o
O0x30xs  O0z20m3
(93’&2 3 83U1 1 83U2 83U3
- 2 1- — (=1 -
0230z3 /2 01079073 + ( ﬂ) 023023 ( + ﬁ) 023022 ’
83U2 83U3 8311,1 1 83U2 83U3
1 2 =
0220m5 z 7t ( * f) 02102023 V2 (85@(%3 8m%8x2> 0,
8 Ul (93U2 83u1
1 22 4 (5-2v2 — (-4 —
( + f) ( \[) 0x1023 ( + \/i) 023022 oz} 0,
8 Uy Bus Ouy
2 (1 -
( +\[> ox3 +38x%8x2 ( +\/§> 030w 0
(3.145)
as well as
83UQ 83U3 3 83U1 83U3
PR 2 p—
0z30z3 + oz + \f( 0x1022073 + 8:5%6‘12) 0,
3 83’U1 (93U3
-2 ) 9% (142 -
( \/§> 021012025 ( + \[) 023022 0,
63U2 83u1 o
81’%8:103 81‘181'2(9{1?3 o
837,62 83U3 3 83U1 63U3
0z30z3 + ox3 + ﬁ 0x10x2013 + 28x28z2 =0, (3.146)
2 1
3 63u1 a3“3
32 )2 (14 -
( \/§> 021012025 ( + \[) 023012 0,
3y ABuyq DBy
22T+ (145 1-4 (- guz
Viga (1 ‘[) 3x18x +(1-4v2) 9220 (-2+v2) o
8 U 8 Ul 63u2 63U2
2 — _—
ox3 (8 + \f) 0x1023 + 78x%81’2 + ( 1+ \/i) oz 0,
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and finally

83’&1 83’&2 83’&1 83u2

0x3  Ox,0r2 ' 92201y O =0,
83u1 83u2 -0
Or20x3 011022
FBus 1 /3w s Oy 1 Buy us
01,012 + NG ( oz &rax%) 0120z, 2 <8x%8;v2 + oz3 ) =0,
6SU3 83’&3 -
011022 | Or10x9023
63UQ 63U2 -0
Ory0x3 011022
8311,2 83u1 8SUQ 8311,1
ox3 V2 (83:1&%% 0x30wy * ox3 ) =0,
(3.147)
8311,1 83u2 -
Or102% = 023019
8311,2 83u3 63U1 83U3 -0
Or20x3  0x30w3  Ox102% 023013 '
8311,2 83u1 -0
Or20x3 011022
% 9 ( 63U12 6EUQ ) n 8311;’1 _ 07
x5 Ox10235  0xi0x2 O
83U1 83UQ —0
Or1073 023012
83’(1,3 83U3 —0
Or30rs = O0x30w3
The fourth-order universality PDEs for this class read
O*us B 0*uy B O*us B O*us B 0*usy B O*us B O*uy ~0
Or10z3  Oxi  Or0x3  Oxy  Oxs  Ox00x3  Oad
(3.148)
0*ug 0*us

0x102207% - dz1073 -

69



and

1 84U1 1 8 ('5) 84U1 84U2 64U1
—gm 142 -
2 03 VB omond +(1+v2) 022022 T 02300y T 0wt
84U1 84U2 -0 _64U1 + 84U2 _ 64U2 84’&2 -0
023023 0x30z9 ’ Oy Ox10x3  0x20x3  Ox30xy ’
64U2 + 64U3 84’&1 84’U,3 -
011072023 = Ow10230x3  Ox30x3  O0x30z3
84U1 84’&3 84U1 84U3 -0
0r3072 ~ Ox10130x3 023022 = 0xi0x3
1 8411,1 1 8 U 84U1 84UQ
N — 142 -
N ( * f) 021023 - (-1+v2) 022002 ¥ 902,
84U1 ot U2 84u3
Ox30x3 ( + \f) Ox1012023 021023023 ’
84u1 84U3 84U2 84U3
V2 P -
\[&E%@x% 01023013 (8z16x28x3 + axlﬁxgaa,’g) 0,
64’11,2 84U1 —0 84’&1 84U3 —0 84UQ + 84U3 —0
O0r10790z3  Ox3023 Or?0x3  O0x30xy 011072023 Ox1023073
8 Ul 84U2 -
25202+ V2o~ 75,2 = -
8 u9 8 U1 8 u9 6 U1 84UQ -
2 oxd \/539313:173 _3\/56 2912 + (2 - 3*f) 301, V2 ozt 0,
84U2 84U3 + 64’U,1 84U3 —0
0x30x3  Ox30x3 8x13x28m§ or20z2
s 0wy Otug dtug
V25752t 0m1dn0n2 aﬁa s+ V25 T g 5 =0,
(94’[12 84u3 (94UQ (94’LL3 -0
O0r3073  0x30r3 023025  Ox}0x20x3
84u1 (94 8 us (94UQ 84U3
2mdno T V2 aar (2+v2) 0220m0m ' 0t | wgond
_9 (94’LL2 + 8 us -0,
Ox30x3 023022013
0*usg O*us *uq 0*usg O*us
T 022022 023 2 552 1253 =0,
x{0x5  Ox30rs 01072075  OxiOxs 0x{0x20x3
0*usg O*uq s O*us O*uq B
(4 * \[) 0x30x3 (4 + 5\/5) 0x1022073 V2 (_9(‘%%3@8363 B Ori0x3  O0x30x3) 0,
34UQ 8 us 84u1 6411,2 8 us
023075 T 0t - (1+6v2) 001022025 (3+4v2) 022002005 2(1+2) 5ages 203
84U1 84’LL3
+38x‘%8x3 ort 0,
34u1 84UQ 84U3 34u1
0303 * (4+ 5\/§> 01073023 +V2 <8m18x§’ Bl 8x%8x28x3>
84’LL2 84’11,3
V2 (8x§’8x3 3x:{’8x2> =0,
84’&1 84U2 8
0303 * (3 + 2\/§> 01073023 * (1 + 2\/5) 0210 (1 + f) 637181‘23333
84’&2 84U3
B (1 + 2\/5) (837?81‘3 * 89&?8%2) =0 70
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and

o o 1 (o o
S S A +(1+\f) g ( L2
€7

dxt " Ox,043 0z " 2 \ 9230z, = Oat
(94’LL1 (9 U9
021073 * 0x20x3 0,
Oty - O*us —0
0x30xy Ozt
84’&2 (94’LL3 84’[1,1 84U3 —0
O0r3073 03013  O0x10700% = 023023
84’&2 (94U3 84’LL2 8411,3

0r30x3  0x30w3  0x30x5  Ox}0x20T3

84‘&1 84UQ 1 8411,1 1 841@
( 1+ \f) <1 ) 0230x, 2 Ozt

02,023 ooz T\ T~

4: 4:
(]_—f—\[) (’9u1 +6U2 _\/ﬁaud ) a’LL3

Ox10x20x3  Ox2023 dx20x2 012019073
2( 84u1 + 84U3 ) _\/5( 84u2 + 64U3

021022023 023022023 023023 023012073

84'LL2 8411,1 -
0r3073  0x1012073
84'LL3 8411,3
3 2 =0,
Ox30x3  0x70x20x3

84U2 84u2 8411,3
\/533358333 - 022023 * 0x20x9073 0
84'LL2 8411,3 -

022012 0220x9013

)-o.

84U1

)

:0’

1 84U1 ( 3 > 84U2 3 84u1 1 84uQ

V2 94 CV2) 01023 2022022 /2 003020

O*uq O*usg O*uq
0z302% * 021022023 +V2 <8x1(‘3x§83§3 * 8%%8.%‘%) =0,
0*uq 0tug 0*uq 0% us
023023 Ox10230x3 023023 Ox3dxs

O*uq O*uq o
\/583658903 + 26x18x28m3 (2 * \[) 83018332381‘3 0,
O*usg *uyq

O0x1012023 ~ Ox302%2

2(f1+\/§) Oup _,  Oluy -0,

=0,

021022023 011073023
0*us 0ty Oug 0
0102303 023023  Ox30xs ’
O*uy 0*us *uyq O*us O*us
0302903 01073 B 023012023 B 0z30z3 B 030wy

71

a
oz}
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as well as

8 us 84U1
1 4 _— 1+2 -2 2 —_—
( * \[) g’ <5+ \f) 021023023 ( + \[) 89518:132 (3+ f) 023022023
3 Uus us
1 2 =
i f (833?8:53 83618:162) 0,
4 4 4
83 0 U9 82’(,L32 _ 83u1 _ 07 (3151)
8x28x3 8m18x28x3 0230212023 Oxy0x5  Ox50x3
O*usg o* U3 0ty Oty
— 348 _— 3+6V2) —5"—— 1
dx3drs Ol ( + f> 021023023 + ( + f) 895%89528;33 ( * f) §8x3
84U1 64U3
-3 - =0
0z30z3 Oz} ’
and also
84UQ 84u1 -0
0x30x3  Ox30xs
64U1 + 84UQ —0
0210230x3 023022073 ’
84U3 841,63 -0
Oro0x3 ~ 03023
84’&1 841,63 -0
Or10x3 ~ 0x30x3
84’&2 + 84U3 + 84U1 84UQ 84U3
0x30x3  Ory 011023013 023022013 T~ Ox30x3
84U1 64U3
+8x§’8xg oxt 0,
s 0*uy 0ty 'uy —0
0x30x3  0x10730x3 023012013 023013 (3.152)
64U1 + 84’&2 —0 '
01023073 0x30:9073
84UQ 84U3 84U1 84U3
2 2 =0
(5‘:5%8963 + 5‘m%8x§) V2 (63:{’(%3 + oz} ) ’
84’&1 84UQ 84U3
= O 5
01023013 023019013 O23023
84UQ 84’&1 -0
021023013 8x28128x3 ’
84u1 (94U1 84UQ
1 T — 1 =0
0zr30x3 ( + \[) 8:1718x 6353 ( * f) 0230220x3 = 023073 ’
84UQ 84U3 84u1 84UQ 84U3
=3 2 5 253 T 3.3 3 =0,
0x10x50x3  Ox107) 0x{0x20xs  Oxi0x3  O0x50x2
'y Oug —, 0w Dy
0x30x3  O0x10x3 ~ 0230120x3 023013
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and finally

84’&2 64U3 (94’&1 84U3 -
0x10230x3  Ox10x3 023012013 073019

200 (24 v3) L (2 va) T (24 va) Va0t o,

dx} Oz, 023 022 0x2 230, o1
28(21;2 (1 + f) 8%;2 - W%fgg; =0, (3.153)
G (1v8) gt s (1v3) ety - (1) gyt — A o,
ﬂaala s+ (1+V2) ai%gzg B 52;3;2 =0

From these equations, after lengthy but straightforward manipulations, we obtain the following results

for the functions h;, 1 =1, 2:
9%h; 9%, 0?h;

= = =0 3.154
8‘%% 8%% 8%18.%2 ’ ( )
which imply that
hl(l'l, $2) =121 + C2X2 5 (3155)
hg(l‘l, 1‘2) = 321 + C4X2 . (3156)
For the function 33 we find:
Plgs gy Py gy O'zys sy O'sz 0 (3.157)
or$ Oz  0x30xy 01022 0x20x3  Ox10x3  0x30x9 '
which implies that (cf. (3.34))
Giz3 (1, T2) = c5 + c1 + cro + cgr120 + co(Th — 7). (3.158)
For the functions k; there then remains
1 0% 1 0% o'k o'k o'k
7 41+7 23 (14’\[) 212 32 41:0’
V2 0x5 /2011013 0r{dz3  Ox{dxe  Oxi
0%k 0*ky B
0x20x% 030wy
0k 0*k Ak Ak
1 2 Ik Oky 0, (3.159)

© 9xd 0ry 023 922022 T 0xdOx,

184]“+<1—1> ks +(-1+v2) 5 O ks +(-1+2) Ok .

/2 0ad V2 ) 0x1023 012022 D30z,
&k 'k ko o k1 ks

2 —V2 - 2 —3v/2 —V2 =
ot~ Vomaa Vo0 T (2-3v2) outon; ~ V2am =0
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and

ks 0%k, ks 1 0%, 1 0%,
g2 142 - S
028 " omond (1+v2) 022022 300300, | 2 a7
Dok oy .
Or 03  0x30x3
0*ky ks 0k ks
_ ko _ 3.160
0x1023  0x302%  Ox30xe  Oxf 0, ( )
0*ky 1 ks 1 0%k, 1 0%,
s (=% )22t \1- % 3 oW R
Ox1023 V2 ) 022022 V2 ) 0230xe /2 Ox}
1 0%k, 3 ks 0*ky 1 0% 0%k,
SR S R L TN - -
V2 013 * < \/§> 021073 3\[833%6323 V2 02301y 01} 0,
as well as
0*ky ks 0%k, ks 0k
2—— 2 — (2 2) === —1(2 2 - 2 =
0z} ( + f) 021073 ( + \f) 03013 ( + \[) 023022 +V2 oxy 0,
0"k 9k 0"ks
=z —2(1 2 —2v2 =
021073 ( + \[) axfﬁmg f@x{’@xg 0, (3.161)
Ok &'ks 'k ks '
1 1 L I/ AL BN/ Sl
Ot + ( + f) 8x13x3 + ( + \f) 03023 ( + f) 023022 v ox} 0,
8 ]{71 a kz a kl
2(1 2 - — =
021073 + ( + \[) 022023 0x3019

Thus, we obtain the following result.

Proposition 3.26. The universal displacements in the pentagonal Zs class linear strain-gradient elastic
solids are of the form (2.12) and (2.13), with (3.155) and (3.156) for the functions h;, i = 1,2, (3.158) for

the function 33, and the constraints (3.159)—(3.161) for the functions k;.

3.6.2 Pentagonal class Dy

Tensor Ap, gz has 23 independent components and has the following represenation

A0 0 0 00 0 f(F®)
A p@ 0 0 0
Ap, gz (x) = +
H® 0 h(JW) 0
J® 0
L 49 L

S

, (3.162)

where all relevant matrices are defined in the preceding classes. Tensor Mp, has 9 independent components
and is of the form (3.140). Tensor Cq(2)gzg corresponds to the Curie group with Hermann—Mauguin symbol
002 and has 5 independent components. This class has the same universality PDEs as those of class O(2),
with one additional constant in the fifth-order tensor and two additional constants in the sixth-order tensor.
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The additional universality PDEs are

o k2 a R D3k Dk
(-1+v2) ( ) 837183:% - (2+v2) 0220w

3h 0 uss 83h1 (93}12 Uuss
Yo (4 + 5f> 8 3 V2 <8x18x2 48:8%3@ 923 8x38x2>
h h (9 U33 8 hl
+(3+2v2) 5ot " (1+2v2) T - —1(1+2) 52760,
(93}12 (941]33
(1 + 2\[) ( 8x38x2> =0

ks D%hy %k *hy
~(-1+v2) (3x18 z +x38x18x§> +(1+2v2) <ax§ax2 +$3ax%ax2)

(2_1_2\[) (831@ 83h2) o,

1 T Oz}
‘8521’3 +2(1+V2) ai;?ig - 65493;3 =0
G+ (1 vE) it (14VE) s
+(1+v2) (s )~ V2 (Gt + w5t ) =0
\@a@ gl s+ (1+v2) aiggzg - ajggicg — ai;g;Q =0

Combining these relations with those of the Q(2) class, we obtain the following result.

Proposition 3.27. The universal displacements in pentagonal D5 class linear strain-gradient elastic solids

coincide with those of class O(2), supplemented by the additional constraints (3.163) .

3.6.3 Pentagonal class Z5 @ Z5

Tensor AZS@Zg has 35 independent components and is of the same form as that of class Zs. Tensor MZS@Z;
is a null tensor. Tensor Cg(2)gz; has 5 independent components and corresponds to the Curie group with

Hermann—Mauguin symbol oo/mm.
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For this class we obtain the following fourth-order universality PDEs

L 34]{31 g (94}11 4 L 84/€2 i 84}12 n (1 4 \/5) 84I€1 i 84}11
V2 \ 0z} 0t V2 \ 921023 " 7 01013 022022 " 7 0x20x2

0k 0*h 0k 0*h
+( 2 g >+<1+x1)20,

92302, 0230, ozt T 9t

(R O\ (e e\
022022 " 7 02202 0230y | 02301y )
(P, O (O O\ (O o'
0z3 ot dz1023 7 01013 022022 " 7 02202

+( Ths | 4y O h2 )—0
0230z 0230, ’

1 (9414:1 34h1 1 0tks 0*hy 0tky 0*hy
- -1 2
NG (8 > 0ad ) ( \/§> <8x18m§ +x38m18x§) + ( + f) ( 2023 TG %&%%)

a% Do
1 —
+2) 030w, | " oaton ) !

4 4 4 4
2<6k2 8h2> (6k13+38h1)_3\/§(6k2 8h2>

001023 " om0a 2002 | " 02002
o, ks Oih
( 382 83033 ) ﬁ(ax;l”?’N)_o’

(4+f)(9 "2 (145v2)

93ho 0*uss 83]11
—14
5‘x18:c2 * \f( 8x28m2 8x26x2 8:51 )
83}12 8 uss 8 hl u
oz + x4 (1 * 6\/5) 0z1023 (3 + 4\[) 2812 —2 (1 * \[) 023023
83]11 84’11,33
+3 523 + ot =0,
83h1 ( ) 841233 _ 83h1 _ 84’0,33 _ 83h2 —0
16‘1 axlaxg 0230z  Ox30x0 O3 ’
8 hl 8 U33 6 hl
(3 2 13 7+ <1 +2v2) 9023 (1+v2) 922013

) 5,
(8 )

(3.164)
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and

0x30x3 T 023023
_|_L 34]{11 + a4h1 + L % + % — O
V2 \ 0230z s 023022 V2 \ Ox} s oz
0tk o*hy ks 0*hsy
“\a 3 T3 3] 55,2 T35 55 5 | =U,
1025 O0x10x3 O0x70x5 O0x50z5

0tk 0*hy 0*kq 0*hy 0tky 0*hsy
1 2
(895‘21 T oz} > * (8:1018:6% +z38x18x§> + ( + \[) < >

Oy O\ (O 0\ (O O
0z,023 P 0x 053 022022 7 022043 0230z, P 02301,
ko 0*ha
_<8x‘11 s am‘f) =0,
O O\ (LY (O e\ (LN ( Ok o
Ox1023 x38x18x3 2 ) \ 0220x3 T3 002022 2 ) \ 0230z, $38x38x2
2 2 1 1075 1 1
1 (9% 0*hsy
v 75 (3t trat) =0
1 (0%, 0*hy 3 ks 0*ho 0k, 0*hy
— 1- > ~3V2
ﬁ(axg T8 G ) +( \/§> (8:518;10% TG 1ax§> 3\f<8x%8m§ +x3ax§ax3)
L (ke O (O O
5 \0x30z, 20230, ozt T 0at ) T
1 1 451
83h2 641133 _ 83111 _83]’L2 84’&33
021023 01023 023022

— =0 ,
0z 0x30z4

2 (1 2) G+ (12v8) g (54v2) gty =2 (3+2v2) iy
2

8%%8:52
83/12 0 uss
(1 * \[> ( oz} 8x§’8x§) =0,

83]12 0°hy 64’&33 83h2 83h1
_ax§+8x10:ﬂ2+4< i )_0’

02022 ' " 02201,  Oad
83/12 6 U33 a hl
S ou T oud +(3+8v2) 5 a?*z(”\f) %axz
63h2 84U33 83}7/1
2 — — =
* (3 * 6\[> 030wy ( oz} s oz} ) 0

(3.165)
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as well as

P Pha

ox3  ox3
P O

Or10x3  0x30x0

% + % = O7

ox3 O3

thg 64ﬂ33 83h2 0 uss 84’033
2 2 =
(5 ) (axlaxfala )+f< 7+ ) =

Phy 0Phy | g
Ox10x3 * 0x30xy 023023
(93}12 83h1

Ox10x3 * 0r20x; 0,
83h1 83h2
ox3 " xrd
83h2 83h1 63h2
0,022 04201y 93
83h1 64’&33 83h1 83h2
0x3 " Ox,0r3 " 01201y 923
021023 0x3022

o'k 0*h o'k 0*h o'k 0*h
2( "+ 1) (2+f)< 2t 23)—(2+\/§)< 5+ 3 1)

:O7

207

:O7

:O7

:O7

ox} x4 Ox10x3 0210 03023 dx30x3
0*ks 0*hy 0k, 0*hy
_(2—1—\/5)( x‘;’am2+x38m§’8x2)+\f< z! s 3$1)_0’

0*hy 0%k 0*hy 0tky 0*hy
2 (8x18x2 3(%1895%) -2 (1 + \/5) (6:@(%% s 5‘:5%895%) —2v2 (896?8 T s 8x33x2) =0,

o' a ha o'k, a'hy Ok 9y

( ) (1+v2) ((Mlax% +I38x18x§> +(1+v2) ( 2002 38x28x2>
84k5 o'h ke O

~(1+ )( — + 73 1)—\@( ——1 + o3 2):0,

023022 0x30z2 oz} wre
0*ky 0*hy 0k 0*ho 0k 0*hy
(&Tlax% s 8901(%3) 2 (1 + ﬁ) (83&8933 s 33:%5‘:5%) a (81’{’8302 s 8x?8x2> =0

(3.166)
In summary, for this class we obtain the following result.

Proposition 3.28. The universal displacements in the pentagonal Zs®ZS class linear strain-gradient elastic
solids coincide with those of (2.12) and (2.13), subject to the additional universality PDEs (3.164)—(3.166)
for the functions h;, 1 = 1,2, U3z, and k;, 1 = 1,2.

3.6.4 Pentagonal class D5 & Z§

Tensor ADseaZg has 23 independent components and is of the same form as that of class D5. Tensor M]D)5@Zg
vanishes identically. Tensor Cg(2)@zg has 5 independent components and corresponds to the Curie group with
Hermann—Mauguin symbol co/mm. This class has the universality PDEs of class O(2) ® Z$ and introduces
two additional constants associated with the sixth-order tensor. The resulting additional universality PDEs
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are

%hl (“5\[) a 7 +V2 (51%3;% - ag;g; - %Z? - ai?g);) =0

%hl (3”\[)3@8@ <1+2‘[)38x;§;_4(1+‘[)ai;g;2

_ (1 +2\/§) (‘?;hz a‘i;g’;) : aa“f' - %3%1 - a;ﬁjg —0, (3.167)
(H‘[) a (12 (aiﬁgisg 382?@) ‘[38 h2_0

\/588121 s+ (1+v2) 8;23;5 - ai;g; B aigg; =0

In summary, for this class we obtain the following result.

Proposition 3.29. The universal displacements in tetragonal D5 & Z§ class linear strain-gradient elastic
solids coincide with those of class O(2) ® ZS, supplemented by the additional constraints (3.167).
3.6.5 Pentagonal class D%,

Tensor Ag(2)azg has 21 independent components and is of the same form as that of class 0(2). Tensor M]D,?0
has a single independent component and is given by

AL 0 0 0 0 0 0 0
0 000 0 0 0 0
My, = + (3.168)
0 000 0 0 0 0
0 000 0 g(AD)y 0 0

Tensor Co(2)gzg has 5 independent components and corresponds to the Curie group with Hermann-Mauguin
symbol com. This class has the same universality PDEs as class O(2) @ Z§, with one additional constant
associated with the fifth-order tensor. The resulting additional universality PDEs are

8h2
83

+(1+2f)

03 ko
030w
03 ho
Oaf

=0

—(24+V2)

.

Proposition 3.30. The universal displacements in tetragonal DV, class linear strain-gradient elastic solids
are the same as those of class O(2) ® ZS, supplemented by the additional universality PDEs (3.169).

(— 1+\f)<63k2 ) (1+2\f)
(3.169)

(1+\f)

+(2+\/§) A
32 232 o3 TP

In conclusion, for this class we obtain the following result.

Table 6: Summary of universal displacements: Pentagonal classes.

Symmetry class

Universal displacement family

Pentagonal class Zj5

Of the form (2.12) and (2.13) with (3.155), (3.156) for h;, (3.158) for
33, and constraints (3.159)—(3.161)

Pentagonal class D5

Same as class O(2) with additional constraints (3.163)

Pentagonal class Zs & Z§

Of the form (2.12) and (2.13) with additional PDEs (3.164)—(3.166)
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Symmetry class Universal displacement family (continued)

Pentagonal class D5 @ Z§ Same as class O(2) @ Z§ with additional constraints (3.167)

Pentagonal class D%, Same as class O(2) @ Z$ with additional PDEs (3.169)

3.7 Hexagonal classes

There are four hexagonal classes: Zg, D¢, Z¢ BZ5, and Dg @ Z§. The class Zg has the same universality PDEs
as SO(2), augmented by two additional material constants that induce further universality PDEs. Similarly,
the class Zg @ Z$§ has the same structure as SO(2) @ Z$, with two additional material constants that generate
further universality PDEs. The classes Dg and Dg @ Z$ follow the same pattern, each having one additional
material constant compared with @(2) and OQ(2) @ ZS, respectively. For each of these classes, we list the
additional universality PDEs associated with the extra material constants. These universality PDEs appear
as conditions on the functions h; and k;, i = 1,2, in the candidate universal displacement field (2.12).

3.7.1 Hexagonal class Zg

Tensor Az,qzs possesses 33 independent components and has the form

A0 4 pA. BO® +6B, 0 0 0 0 0 0
A0 0 0 0 0 0
Azsazs(x) = + : (3.170)
H®6) 14 F(I@Y 0
JW 0
L 48 L 48

All pertinent matrices have been defined previously. The tensor Mgg(2) has 20 independent components and
has the form

Mgg(2) = Mg(2) + Mg-(2) (3.171)
where ~ _ _ _
0 0 0 DW 00 0 0
E®W 0 0 0 00 0 0
M@(g) = + , (3.172)
0 —-E® 0o o0 00 0 0
0 0 0 0 0 0 g(DOW) 0o

Mg(g)- = + ) (3.173)
F® 0 0 0 0 0 0 0

0 0 0 0 00 0 g(C®)

All relevant components have been introduced in previous sections. The tensor Cg(2)gzg corresponds to
the Curie group with Hermann—Mauguin symbol co2 and has 5 independent components. This class has
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the same universality PDEs as SO(2), with two additional constants associated with the sixth-order tensor.
These additional universality PDEs are

Oy O Ok
01023 837%830% 0x30zs
0*k 0*k
(10+f) +(1043v2) 552ty —9vao o 0,
837181;2 230x3 O0x30x, (3.174)

9"k 9k 'k '
4 212 2 —2V2 =

0z1073 * ( +\f) 0z3023 \[81‘:1381‘2 0

o'k Py

_(4+3ﬁ) 5ed % (10+9f) 262 (1o+3\f) w7, ="

Thus, we obtain the following result.

Proposition 3.31. The universal displacements in the hexagonal Zg class linear strain-gradient elastic solids
coincide with those of the class O(2) @ Z3, subject to the additional constraints (3.174) .

3.7.2 Hexagonal class Dg

Tensor Apgezg has 22 independent components and has the following representation

A0 1pA, 0 0 0 0 0 0 0
A0D o 0 0 0 0
Apgezs(x) = + : (3.175)
H® 0 h(JW) 0
J® 0
L 18 L 48

where all relevant matrices have been defined in the preceding classes. The tensor Mg(2) contains 8 indepen-
dent components and has the structure (3.172). The tensor Co(2)azg corresponds to the Curie group with
Hermann—Mauguin symbol 002 and has 5 independent components. This class has the universality PDEs of
class SO(2), with one additional constant associated with the sixth-order tensor. The resulting additional
universality PDEs are

Ok O Ok Ohs Ok Ok
2 1 2 —(1 2 —
V2 ( 0z3 T3 ) +1+v2) (axlaxg s 8x18x§) 1+v2) (aﬁaxg ax§3x2>
P o
_ 3.176
ot oz s oz} =0, ( )
o'k, Ok Dk a'hy
2(2 2 —2v2 =0.
Ox10x3 +2(2+V2) dx30x3 v (&ci’axg T &T?&fcg) 0

Hence, we obtain the following result.

Proposition 3.32. The universal displacements in hexagonal Dg class linear strain-gradient elastic solids
coincide with those of class O(2), supplemented by the additional constraints (3.176) .
3.7.3 Hexagonal class Zg @ Z§

Tensor AZeEBZ; has 33 independent components and is of the same form as that of class Zg . Tensor Mzﬁ@zg
is a null tensor. Tensor Cp(2)gzg has 5 independent components and corresponds to the Curie group with
Hermann—Mauguin symbol oco/mm . This class has the same universality PDEs as class SO(2) @ Z$, with
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two additional elastic constants associated with the sixth-order tensor. The resulting additional universality

PDEs are
V2 <é§f§ i “””3?%1) +(1+v2) <aij§ig + 23 ai?gig) - (1+v2) <ai§§;§ + 23 aigg;g)
- (14v2) (g + o550 * o+ 0 =0
4 4 4 4 4 4
—4 @fg + IS%E) + (104 v2) (aig;g v3 aiﬁi@) +(10+3v2) (aiggig o3 aifgi«g)
4 4 4 4
—9v2 <ai§g;2 s aiﬁgicg %gi? s %E) =0,
4 (ailg;g s ai??ﬁg) +2(2+v2) <0i;22x% T aiggig) —2v2 <ai§g;2 T ai;gicz) =0
2 (Gt +ostg )~ (1+39) (Gags + ) + (9+9Y2) (g + g )
+(10+3v2) (aigg; 93333?522) -

(3.177)

In summary, we obtain the following result.

Proposition 3.33. The
solids coincide with those

universal displacements in hexagonal Ze¢ B Z5 class linear strain-gradient elastic
of class SO(2) & Z3, subject to the additional constraints (3.177).

3.7.4 Hexagonal class Dg & Z§

Tensor ADG@ZS has 22 independent components and is of the same form as that of class Dg. Tensor M]D)G@Zg
is a null tensor. Tensor Cg(2)gz; has 5 independent components and corresponds to the Curie group with
Hermann—Mauguin symbol co/mm. This class has the universality PDEs of class O(2) & Z§, with one

additional elastic constant associated with the sixth-order tensor.

The resulting additional universality

PDEs are
VBT (14 V2) (ot gt ) - (14V2) (ems — )
e (3.178)
ot (24 VE) gty VB (T s n Dl ) <o

Thus, we obtain the following result.

Proposition 3.34. The universal displacements in the hexagonal Dg @ ZS class linear strain-gradient elastic

solids coincide with those

of class O(2) @ Z3, supplemented by the additional constraints (3.178) .

Table 7: Summary of universal displacements: Hezagonal classes.

Symmetry class

Universal displacement family

Hexagonal class Zg

Same as class O(2) & Z$ with additional constraints (3.174)

Hexagonal class Dy

Same as class O(2) with additional constraints (3.176)

Hexagonal class Zg & Z§

Same as class SO(2) @ Z§ with additional constraints (3.177)

Hexagonal class Dg & Z5

Same as class O(2) @ Z$ with additional constraints (3.178)
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3.8 oo-gonal classes

There are five co-gonal symmetry classes: SO(2), O(2), SO(2) @ Z5, O(2) ® Z5, and O~ (2). For all these
classes, the elasticity tensor C admits five independent elastic constants and has the same structure as in
the transversely isotropic classical linear elasticity.

The additional material parameters associated with the tensors M and A are expected to induce further
universality PDEs for the candidate universal displacement field given above. In particular, these parameters
restrict the functions h; and k;, ¢ = 1,2, as well as the function ugz3. Our strategy is as follows: we first
determine how the universality PDEs simplify the functions h;, then examine the implications for uss,
and finally analyze the resulting conditions on the functions k;. Throughout, we use the Cauchy—Riemann
equations to rewrite each system in terms of a single function among {h;} or {k;}, thereby reducing the
number of dependent variables. This reduction is used to verify consistency of the overdetermined system.
When consistency cannot be enforced a priori, we simplify the system as far as possible and list explicitly
the remaining universality PDEs.

3.8.1 oo-gonal class O(2)~

The tensor Ag(2)pzs has 21 independent components and is of the same form as that of class O(2). The
tensor Mg(2)- has 12 independent components and is of the same form as in the classes SO(2) and O(2). The
tensor Cp(2)gzg has 5 independent components and corresponds to the Curie group with Hermann-Mauguin
symbol com. Substituting the transversely isotropic displacement field (2.12) into the universality PDEs,
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we obtain the following nontrivial additional universality constraints:
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and
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as well as
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(-1+v2) (E)zl@x% T Ox10x3 * 0x30x9 s 81/%8:02) 0

03hsy 93hy 33hy 33hy
2 —0,
Oz Or10x3  0x30xy O3

3 3
2(—2+\/§)<3a M Ohs ):o,

1 3:17% axfaxg

83h2 84U33 + 83h1 63h2 42 8411,33 83h1 84’&33 -0
ox3 Ozs  0r1023  0x30xe 023025 O3 orf
Phy P Phy | P _

dx3  Ox10x2 ' 01201, = 023
P P
Or 0z 02301y

d3hy 03hy Oiizs
_\/5656131‘3 —(24V2) 02201y 2A0-1+V2) 0x20x3 0,

9*hy *hy | O'uss
212 =0.
( Ox1023 + 02072 + 8z%6x§)

Pk P (PR P Pk P\ PR Pl
ord 7 03 0z,022 ' 01,003 " 0220z, 0220, 9rd o3 T
Ok O Pk Oh

021022 0w 002 | 02201y | 0220x9

D3ko D3hay 03kq 93hy ks 0*hy 0k 0*hy

Z 2 Z2 2 _

ox3 s ox3 V2 (8x18x§ T 01023 030w M 6‘:@8952) ox3 = ox3 0

(3.181)

From these equations, after lengthy but straightforward manipulations, we obtain the following results for

the functions h;, i = 1, 2:
0*hi  O*hi 0%

ox? O3 - 011010
For the function w33 we find:
Pizy  Plgg | Py | Oz
0x3  Ox2dxe Ox10x3  0x30r3

For the functions k; with ¢ = 1,2 we obtain:

Oki _ Ok _ 0% _ 'k _
0x30xy  O0x10x3  Oxy  Oxt
Additionally, we find:
3 3 3 3
0%ky 6]4;1_07 8k‘2+ 0°ky _o

Or10x3 ~ O0x3 ox3  0x30xs

Thus, we obtain

hi(z1,22) = ca1 + C5T2,
hQ(Z‘l, .732) = cgxl1 + C7x2 .
The functions k;, i = 1,2, have the following form:

ki(x1,22) = fi(xe) + 1 fo(2o) + f3(x1) + 22 fa(21),
ko(w1,22) = f5(x2) + 1 fo(w2) + fr(w1) + 22 fs(21),
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where ) 5
fi =g + coxa + cro3 + 1125,

2
f2 = c12 + c1312 + c1475,
2 3
f3 = c15 + c1621 + c17x] + c1877
2
fa = c19 + ca0x1 + 2127,
: ; (3.189)
f5 = coo + casxa + coax5 + o525,
2
f6 = ca6 + carxa + C2873
2 3
fr = a9 + c3071 + c3127 + 3227,
2
fs = €33 + caax1 + c3527

Together with the constraints 2c14,28+6¢11,25 = 0 and 2¢;8,32+6c21,35 = 0, we obtain the following expression
for the function w33:
figg = —C36T3 + Ca722 + C38T1T2 + C307 - (3.190)

Proposition 3.35. The universal displacement fields in the class O~ (2) linear strain-gradient elastic solids
have the form (2.12), with the functions h;, i = 1,2, given by (3.186) and (3.187), the functions k;, i = 1,2,
given by (3.188) and (3.189), and the function i3 given by (3.190).

3.8.2 oo-gonal class O(2) & Z§

Tensor Ag(2)gzg has 21 independent components and is of the same form as that of class O(2). Tensor
Mo(2)gzs is a null tensor. Tensor Cg(2)gzg has 5 independent components and corresponds to the Curie
group with Hermann—Mauguin symbol oo/mm.

The additional universality PDEs for this case read

1 84]{1 I3 84mk1 1 84/{2 I3 84}12
oA T B ok A R I
V2 0xs /2 0x5 V2 0x1023 /2 011023

0*ky 0*hy 0*ks 0*hy Otk 0*hy
+1+v2) (8:}6%833% T 896%8:5%) 0302 T 0230zy Oz} s oxt 0,
341411 (94}11 84162 84h2

C0x2022 s 022022 0x30x, 3 0r30zy

0tky 0*hy 0%k O*hy
Cord 3 dzs  Ox1013 s Ox30xy (3.191)

84k}1 84/7,1 84]€2 84h2
C 0x2022 3 0z302%  Ox30x9 s 0r30zy 0,

V2 0xy /2 0z V2 ) \0x,023 " P 021043

o'k o*h o'k o*h
+(—1+\@)<8 st - )+ 2tz =0

29,2 39,292 3 3 -
250235 O0x{0x3 O0x30xo 0z 0w
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and

ks 0*hy 0k 0*hy ks 0*hy
: - 1 2 :
0z3 s 0z} + 021073 +rs 01023 +1+v2) (3x%3x% s 8z%8x%>
1 0k 0*hy ko 0*hy
+ﬁ (3:0?3@ s 030z O} s oz} ) =0,
L P O 0
021023 0w 003 022022 022022
P O Ok 0'h
0x1073 oy o3 Ox30x3 s 03023
0k 0*hy 0*ks 0*hsy
+8x:{’8x2 s dx30zy  Oat 3 ort 0,
0*ky 0*hy 0*ks 0*hy
- =z —(—1 2
Ox1073 3 021073 ( + \[) <(‘3x%63§§ s 8m%8x%)
1 0*ky 0*hy 1 (0%, 0*hy
1—— : - (2 -
* ( \/§> (axi'am ”**axfaxg) NG ( out 7 au ) 0

and
83hs 93hy 93hs 03hy

03 Ox102%  0x30x9 O}
0%hy 33ho
01023 030w
(93}12 841)33 63h1 83h2 84’&33 83h1 (941133

2
Ox10x3  O0x4 011023 0230z, 023023 Ox3 oxi
83/7,1 83h2 .
0,012 92201y
3hy 9*hy
_ﬁaxlaxg a (_2 * \/5) 0x20xy
83}11 83h2 84’&33
021023 023012 023023

From this set of equations one obtains the following additional constraint on ss:

:O’

:O7

:O’

641233
2 (_1 + ﬂ) 0x2022 0

=0.

4 ~
0 uz3
29,2
O0x{0x35

For h;, i = 1,2, we have
®hy 9Phy Phy  0hs
Or1023 Oz} 0x30x9 Oz

From this set of equations, we conclude that the function h; must be of the following form

=0.

hi = fi(wz) + a1 fo(wz) + af fa(x2) with f3(z2) + 221 f5 (22) = 0.
Similarly, for the function hy we obtain

hy = fa(x1) + m2f5(x1) + 23 fo (1) with f (z1) + 222 f¢ (21) = 0.
For the functions k;, i = 1,2, we find

S T

0x20x3  Oxt O} =0
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Finally, we have
k1 = fr(z2) + 21 fs(@2) + fo(21) + 22 fr0(21)
ko = fi1(x2) + 21 fra(22) + fr3(21) + w2 fra(z1) ,
9" (x1) + 2 f1g (x2) = 0,

7 (x2) + w1 " (22) = 0, (3.199)
13 (z1) + 2 f14 (z2) = 0,
11 (x2) + @1 f15 (22) = 0.

With these expressions, all equations (3.191)—(3.193) are satisfied. In summary, we obtain the following

result.

Proposition 3.36. The sets of universal displacements of linear strain-gradient elasticity for the class

O(2) ® Z§ are given by (2.12), subject to (3.194), (3.196), (3.197), and (3.199) .

3.8.3 oo-gonal class SO(2) @ Z§

Tensor Agp(2)gzg has 31 independent components and is identical in form to that of class SO(2). Tensor
Mso(2)ezg 1s a null tensor. Tensor Cg(2)gzs has 5 independent components and corresponds to the Curie
group with Hermann—-Mauguin symbol oo/mm.

The additional universality PDEs for this case read

1 84k‘1 T3 64h1 1 84k‘1 X3 84h2

V2 0x} + V2 0zl + V2 821043 + V2 021053 0,
0k 0*h Mk 0*h 0k 0*h
(Hﬁ)(a s+ 1>+ 2 b aye e+ a3y =0,

220x3 s 0z3023 023022 030z Ox} 8 at

AR TR 1 "R &/ PR

022022 0122022 02301y, 02301y

0%k 0*hy ks 0*ho
_ _ -0

oxy 3 oz} + Ox10x3 s Ox10x3 ’

4 4 4 4
O Ol Ok 0 00 g (3.200)

_ — 23
0x3023 023023 Ox30z9 023022

_i 84]€1 + ﬁ&‘lhl +(1- L 84]€2 g 84h2 -0
V2 03 /2 O} V2 ) \ 021023 " P ow023)

o'k 0k 0*h
(—1+\/§)<8 : >+ 2 ag e =0,

22023 03022 0x30Ty
ks N Ohy V2 ([ Ik *h \  3V2 [ 9%k 0*hy
oxj = oxj 2 \ Ox10x3 3 Ox10x3 2\ 0z30x3 s 0x20x3

4 4 4 4
+(2—3\/§)( Ol gy O )—ﬂ(8k2+xsah2>=0,

T3
Ox30xy Ox30xo oz} oxt
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and

4 4 4 4
akl g 8h1 (_1+\/§) (aakg n 8h2>

3 - T3
dz10x3 Ox10x3 22013 Ox30x3

I R W AL o TN W S i i U W
V2 ) \ 0230z, P 0a301y) V2 \ 020z, | P 0xt0x,)

ks 0*hy 0*kq 0*hy ks 0*hy
1 2

08 " ond " omoxd | " 0m043 (1+v2) (8&0%(%% s axfaxg)
L (O O Ok )

V2 \ 02302y 02301, | Oa? Soat ) T
OO Ok Oy

021023 011013 022023 0022023

O O Pk O
01023 " 01,003 022022 P 02202

0*kq 0*hy 0*ky 0*hy

+8z§’8x2 +x38x£{’8x2 9t o oz} =0,

)

1 (0%, 0*hy 3 0k 0*hy 3 0%k 0*hy
— (et )+ (1- == + 3 - + 13
V2 \ Oz} 0z3 V2 ) \ 0x10x3 021073 V2 \ 023023 0z3023
1 0k 0*hy 0%k, 0*hy
+$ 0x3022 s 03022 oz} s ozt 0,
as well as

Dhy 03hy 0hs 0%hy
Or3 = Ox10x3 0220z  Ox3
Phi Phy

O0x10x3 03079 '

:O’

O3hs 0*s3 O3hy Oiizs

Ox10z% = 011073 022079 023019

90

Ohy  Otuss 0%hy D3hy 0*uzs Ohy  0*ss
oz Ors  Ox10x%2  0x20x9 022022 Ox3 ox}
Py Phi Phe Pl
0r3 = Ox1073 0x30r2 O} ’
P P
0r1013  0x30T9 ’
Phy  Phy Oy
01023 = 03010 O30
Phy Phy
A
L Phe | Dy b P
0x102%  Ox10x3 ~0x20xy Oz} Ox301y ’
Pl | gy Ph P
0z O0r10x3  Ox30x9 O} ’

=0,

)

(3.201)

(3.202)



From the third set of equations, eq. (3.202), we obtain for functions h; and uss:

Fh

O0r1023  0x3019

o o

or3 — Ox3

o | P

I (3.203)
O *iiss '
972022

841133 84’&33 0

O0r1073  Ox3dmy

84fb33 _ 83]11 —0

021073 020z

With these expressions, the third set of universality PDEs is satisfied, whereas the first and second sets
remain unchanged and therefore provide additional universality PDEs that the functions must satisfy. We
obtain the following result.

Proposition 3.37. The sets of universal displacements of linear strain-gradient elasticity for class SO(2)DZS
are those in (2.12), subject to the conditions (3.200), (3.201), and (3.203).

3.8.4 oo-gonal class O(2)

Tensor Ag(2)gzg has 21 independent components and has the form

AL 0 0 00 0 0
AL 0 0 0 0
Ag2)pzs(X) = + , (3.204)
H® 0 F(IWY 0
J& 0
L 48 L 458

where the matrices AV, HO)  J@&) and f (J(4)) are the same as in the preceding classes. Tensor Mg )
has 8 independent components and has the form given in (3.172). Tensor Co(2)@zg corresponds to the Curie
group with Hermann-Mauguin symbol co2 and has 5 independent components.
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The additional universality PDEs in this case are
32}12 83’033 thl 82h2 831233

2—— 2 4 -2 2(1 2) — — (-2 2 =

v 03 V2 o3 * ( f) 021022 * ( + \[) ox? ( + f) 023029 0,
1 82h2 1 (937)33 82}11 (92}12 831133

24 — | =— + = 2 2 2 22— — (-2 2 =
( * \/5) ox3 T3 (f oz} +( +\[> 021022 +2v2 ox? ( +\[> 8;5%8&02) 0
0%hy  0%hy

012 | 0a? 0,
?hy 1 0y 1 9%hy P liz3
922 * V2 01075 3 (2 + \/i) x2 <_1 * \/i) 0x20z9 0,
62}12 83U33 1 82/7,1 1 82]7,2 83ﬂ33
L R N DYANG ) -
023 ozy 2 ( i \f) 02101 * V2 ( 0z? 63:%8362) 0,
1 641411 I3 84h1 1 84/452 I3 64]7,2 84161 84]’L1
— — — — 1 2 3.205
V2 028 TR 0ad VB omosd T B 0moad (1+v2) ((‘h%ax% +x3ax%amg> (8.205)
0k 0*h 0*k 0*h
+ax§a;2 +rs axifa; * axill s 8x‘111 =0,
A TR TR "R P
0x20x2 s 0x20x2  Ox3079 s 0x30zo
O O Ok O O O 0 O
Oy P 0ud T 01,023 T P 0w1003 022022 022012 ' 0030wy 030z,
1 0% 0*h 1 0k 0*h
_77411"‘&741"' 1- 23 3 23
V2 0z5 /2 O V2 ) \ 0x1023 Or1023

I3 =
8%%81‘2 ’

o'k 0*h 0k 0*h
—(—1+\/§)(a s+ 1>+ 2 4 2

T3
29,2 25,2 3
x10x5 Ox{0x3; O0x3 0w
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and

—2<1+f)8h1—( 4+3\f)

T3

89618:102 <_2 + \/§>

—2\/§ ( 2+\f)

(2+f)

a%l th1 B

0r3  9r

L LY Ph 1 2
V2) 023 /2 0x10x9
1 32h1
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)

3 A~
8 Uuss
8x18m§

(108

Ox1023
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0?hy
0z?
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oz}

D3iizs
oz3

e
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hl:O,

1 0?hsy D3iiz3 0%hy
— 1 2
* ( * > * \[axlam% * ox?
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oz +

0tks

0z3
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f ﬁ aflilafEQ
ko 84h2

4

Lo

(e

a4h2> :Oa

x3
oz}

1

+l‘3

" 02t T on003 T on003 T
+< 'k oh o'k,
V2 \ 0z30z2 030z Ox}
0tky 0*hy 0tk
e 3 dr,0x3  0x20232
0*ky
021073

L
% 012043
. 0*hy
% 002002
0*hy 0%k 0*hy
dx30zry  Oxt s Oz}

0*ks
B (_1 + \/i) (&r?ax%
0%k, . O*hy B
0z30z2 3 023022

L Ot ok,
dx10x3
Ok
Ox30xo

29,2
O0x{0x3

_|_

+ 3

0,

Oy +x
&claxg 3

+(1-

0*hy
axlaxg

gl

V2

. 0*hy
3
dx30x3

(64k2

1

NG

93

25,2
O0x{0x3;

— + I3
oz

)

I3 3
Orio (3.206)
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oz
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as well as

From the third set of equations, the remaining conditions are

84ﬁ33 . 63h1 . 83h2 .
0x20x3  0x10x3  Ox20xe
83h2 83h1 —0
ox3  0x3

P P Pk Oh
o3 013 021022 P Ox, 042
D3k 93hy D3k 03hay
+8x%6x2 T 0x20xy 013 o ox3 0,
D3k D3hay 1 (93K O3hy 03k O3hs
- 7 — T3 5 T 75 3 To3 o3+ 5 T3 2
1 1 1 1
011013 011023 /2 \ Oz3 Ors  Ox1075 011073
VO P (PR P PR Pl
0220xy | P 0x201y 2 \ 02201y 02201y | Ox3 Soa3 )
03k O3hs 1 (03K, O3hy D3k 03hay
+x3 -7 z3 + +x3
0x10x2 Ox1 012 2\ 023 ox3 = 01022 0x10x2
2 2 2 2 2 2
PR Pl 1 (kP PR Pl
0220xy P 0x201y | 2 \ 02201y 02201y | Oa3 Soa3 )
Phy | P Fhy | Pl _
0x3  Or10x% = 0230wy O
Phy Phy
Ox10x% = 023019
83}12 64U33 33h1 83h2 84’&33 33h1 (9417,33 -0
oz} dzy  Ox10z%  0x30xe  ~0230x3 02301y  Oxf ’
PBhy Py ®hy | Phy 0
O0x3  Or0x% 0230wy Oz
Phy Phy
O0x1022 03010
O3hy 03hy Oiizs
V2 (=242 2 (142 _
V200 (-2+v2) 82202, (-1+v2) 92023 =
83h1 83h2 34’&33 .
Or1023 ~ 0220w 022023

0,

(3.207)

(3.208)

(3.209)

With (3.208) and (3.209) imposed, the third set (3.207) is satisfied identically. The first and second sets,
(3.205) and (3.206), remain coupled and hence must be retained in their present form. One then obtains the

following result.

Proposition 3.38. The universal displacements of linear strain-gradient elasticity for the class SO(2) & Z§
are given by (2.12), and the fields h;, i = 1,2, G33, and k;, ¢ = 1,2, satisfy (3.205), (3.206), (3.208), and

(3.209).

94



3.8.5 oo-gonal class SO(2)

Tensor Agp(2)pzg has 31 independent components and can be written as

Aso2)ezs(X) =

A1)

B(6)

AL

0
0

H(6)

0
0
74

J@

S

S

, (3.210)

where the matrices AV, BO) F©) 14 &) and f(J(4)) are the same as in the preceding classes. Tensor
Msg(2) has 20 independent components and has the form (3.171). Tensor Co(2)@zg corresponds to the Curie
group with Hermann—Mauguin symbol co2 and has 5 independent components .

95



The additional universality PDEs for this case are
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The second set of universality PDEs reads
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The third set of universality PDEs reads
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T 020, 0200 | 2 <ax§ax2 0, T o T o ) =0,
83]€2 83}12 83/€1 63}11 (93]62 83h2 83]61 83h1
023 TPy T2 (axlaxg 002 T 0220 +m38x%8x2> 03 T
83k1 83]7,1 83]452 63}12
0013 = 01013 920x9 s 0r20xy
83}12 63}11 83}12 83h1
oz + 0z1023 + 023022 + o3 0,
63h1 83}12
011022 ' 0r20m2 0,
83}12 8 uss 83]11 83/12 9 84’&33 83h1 83@33 -0
ox3 O * Ox1 022 * 02202 * Or?0x3 Oz} = Oxf
03hy 0%hy 0%ho 0%hy
ox3 * Ox10x3 * 0x30x * 013 0,
0%hy 0%ho
T 021072 0220xy 0,
0%hy 0%ho
_ﬁaxlﬁxg a (_2 * ﬂ) dx20xy ( T+ \f) %8332 =0,
O Phy Ol
Ox10x3  Ox30xy  Ox30x3 ’
03hy 03hy
0x1023 + 0r20zs 0,
o3 h1 83h1 83h2
5:02 ( +\[) 18 7+ (1+\/§) 03022 + oz3 =0,
83h2 8 uss 83h1 thg 84U33 -
V01,022 ' 9x1013 23:17%3@ 023 92301, 0,
83h1 84U33 _ 83h1 . 83]12 -0
0x3  Or10x3 "~ Ox2dxe  Ox3
83h2 + 84U33 83]11 84ﬂ33 -0
0x102%  O0x1023 0230712 023079 '

(3.213)



We obtain for h;, i = 1,2, that
O*h;  0*h; 9%y
Or101s ox? o 0x3 o
which shows that h;, i = 1,2, depend at most linearly on (z1,z3), i.e., they are of the form (3.186) and
(3.187) . For 133 we obtain

0, (3.214)

83ﬁ33 . (93’&33
3 = 3
oxy oxy

=0. (3.215)
For k;, i = 1,2, we find

ki Ok Ok Ok O

0x20x3  Oxt  Oxf  Om0x3  0x}0ry

which is consistent with (3.188), together with the preceding conditions, and implies that

0, (3.216)

~

2 3
1(x2 c4 + C5x2 + Cgxy + Crxy

(22)
(1)
(22)
(

fa
Ja
_ 2 3
Z2) = c18 + C19%2 + C20T5 + C2175,  fo
Is

2 3 2
€11 + C1221 + C13%7 + €147, = cg + C9x1 + C1027

(3.217)

5 &

2
= c15 + C1672 + C1773,

fr(21) = cos5 + cagr1 + cora] + cos} = a2 + Co31 + €247 .

We therefore obtain the following result.

Proposition 3.39. The set of universal displacements of linear strain-gradient elasticity for the class
SO(2) ® Z§ coincides with those of the class O~ (2), except that (3.217) replaces (3.189).

Table 8: Summary of universal displacements: co-gonal classes.

Symmetry class Universal displacement family

oo-gonal class O~ (2) Of the form (2.12) with h,; given by (3.186), (3.187), k; by (3.188),
(3.189), and ds3 by (3.190)

oo-gonal class O(2) @ Z$§ Of the form (2.12) with h;, 433, and k; satisfying (3.194), (3.196),
(3.197), (3.199)

oo-gonal class SO(2) @ Z§ Of the form (2.12) subject to (3.200), (3.201), (3.203)

oo-gonal class O(2) Of the form (2.12) with h;, g3, and k; satisfying (3.205), (3.206),
(3.208), (3.209)

oo-gonal class SO(2) Same as class O~ (2) with (3.217) replacing (3.189)

3.9 Tetrahedral classes

For all tetrahedral strain-gradient classes, the elasticity tensor C has three independent components and has
the same form as that of the cubic class in classical linear elasticity. Therefore, the classical linear elastic
part yields universality PDEs of the form (2.14), which restrict the candidate universal displacement field to
the form (2.15).
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3.9.1 Tetrahedral class T

Tensor Argze has 17 independent components and has the form

Argzs(x) =

where

A(15)

0 0

rPAIPT

0 0 0 01
01 0 0O

0 01 0O

Tensor Mt has 8 independent components and takes the form

0 0
o® 0
Mp =
0o 0®
0 0

100

dy3
d12

Jll

(3.218)

(3.219)

(3.220)



Tensor Cogzg corresponds to the Curie group with Hermann—-Mauguin symbol 432 and has 3 independent
components. The additional universality PDEs for this class read

and

84U1 o 84’&2 o 84U3 o 8411,2 o 347.L3 - 84U3 o 6‘4u1 —0
ox{  Ow10x3  Or0x3 Oz Oxs 023013  Ox10x9013
84U3 - 84’&1 - 84U2 o 84U3 o 84u1 - 6411,3 - 8411,1 -
0x20w90x3 023019  0230x3  Oxy  Oxi0x3  Oxy  Oxi0xzy
84UQ o 84U1 o 84U3 o a4u3 =0
0x20x90x3  Ox10230x3  Ox202% 023023
8411,1 6411,2 -0
022022 =~ 0x30xy
0*uq 0*uy Oy
Ox10z3 =~ 023013 Ox30xy
84U1 6411,3 _
0x20x% =~ Ox30xs 3991
84U1 6411,2 84’11,1 . O ( . )
ory ~ Ow10x3  “O0x30x2
84’&2 84U3 o
0x1022072 ~ 011023013
84U1 84U3 8411,3 -0
0x20x2 0x1012072 ~ Ox1023073
84U1 84U2 o
023022 " Ox1019073
84U1 64U1 o
ox} 0x2022
64U2 84UQ 84U3 o
0x30x% = 011012023 = 071073023
(94UQ 84U3 -0
O0x30x2 ~ Oz20x2
(94UQ 84U3 -0
0x30x3  Ox30w3
(94U1 64U2 -
Ox 03~ 0230x3
64U3 64U1 84UQ -0
Oxa0z3 =~ 021073 O0x30x3 3999
64UQ 34U3 84UQ -0 ( ' )
Oxy ~ Ox9dxi 023023
64U1 84U2 -
Ox 03~ 0230x3
64U2 84U3 -
0x2022 " 022079025
847,62 84UQ —0
or30xz2 ~ Oz}
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as well as

84UQ 84’LL3 -0

Ory0x3  O0z30x3
Tetsomets (3.223)
0*us 0*uy 0% ug

=0.

Oxodx3 ~ Ox30xs O}

The above universality PDEs stem from the sixth-order tensor. From the fifth-order tensor we obtain

- 93y OBusg Ous _0
Or10x90x3  Ox20x3 O30T
_ DBus O3y OBus _0
019073 011012013 03010
B Busy A3uy Pug 0
019073 011012013 073013
83U3 83U2 83u2 83U3
Owe0xl ' 9220xs  0r20xs  0xidzy =0, (3:224)
Bugy Bug A3uy
_8x§8m3 B oz 0x10x2013 -
_83uz Bug B Bug Puy 0
O3 0z3  Ox002% 02303 ’
OBusg D3us O3us OPus
0z3  Ox00z%  0230x3 013

:07

and
A3y B OPus Pug 0
023013 011019073 011073 ’
ABuy O3ugy Puy
0x20xs  Oxi0r.0xs  0x20rs
03us OPusy Pug 0
01023 Ox1029013 071073 ’
O3uy O3us 3us Puy
 0x20xs 0z107% © Ox1022 " 0220z
Buy N 0us _o,
011019023 O3
A3uyq OPusg 3us OBPuq PBug
0120xs  Ox10190xs  O0x10x2 | 0220xs | 023
OBy Puy
B 0x3  Ox10z2073
Buy OBy Bug 3ugy Pug
oz} B 0x30z3  Ox10x% 011079013 Or10x3

(3.225)

=0,
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as well as

83u1 83’11,2 6311,3
Oz90x3  Oz102% Y 07,019075 -
83u2 83U3 (93’LL2
Oz10x% + 0r1072075 0z1023 =0,
OPuq OPus O3y
0x9023 011079073 B 023022 - (3.226)
B ABuyq B O3us OPus AP _0 '
Ox90x3  Ox102% 011073 022029 ’
83u2 83’[1,2 -0
Or 0x3 Oz
83u1 83u2 83u1 83u2 -0
oxr3  Or10x3  ~0x20xe 023
When (2.15) is substituted into the above universality PDEs, we obtain
3491(962,1103) _ 3491(1'2,:1:3) _ a491(9527I3) -0, (3.227)

x4 oz 0x30x%
which implies that
g1(w2,3) = fi(w3) + w2 fa(ws) + f3(w2) + x3fa(w2),

"

3 (x2) + a3 f)" (x2) = 0, (3.228)

" "

1 (w3) + w2y (v3) = 0.
Similarly, we find

6492($1,$3) o 64gg(l‘1,l‘3) o 8492($1,$3)
oxt B ox} - 022023

=0, (3.229)

and hence
go(x1,w3) = fs(x3) + w1 fe(23) + fr(w1) + 23 fs(21),

f7" (1) + 23 f§" (21) = 0, (3.230)

é///(xg) + xlfé///(xg) — O .
Finally, we have
o4 ot ot
ga(xi,x2) _ 93(96}1,:102) _ 93(23017232) _o, (3.231)
0z x5 O0x{0x3

which are simplified to read

g3(x1,x2) = fo(xe) + x1fio(z2) + fr1(z1) + 2 fra(z1),
1 (1) + @2 iy (21) =0, (3.232)

o (2) + 21 f1g (w2) = 0.
Moreover, the additional universality PDEs further imply that

1 (22) =0, 5 (x3) =0, 5 (z2) + 23 f) (22) = 0, 7 (x3) + 22 fy (23) = 0. (3.233)
as well as
é/(l‘l) =0, é/(.’L‘g) =0, é"(ml) + ngé//(.%‘l) =0, é”(a??,) + xlfé//(.’tg) =0. (3234)
and
fi2(x1) =0, Jio(z2) =0, H(z1) + zafis(z1) =0, S (x2) + 1 f1o(w2) = 0. (3.235)

Therefore, we obtain the following result.

Proposition 3.40. The sets of universal displacements of linear strain-gradient elasticity for class T have
the form (2.15), and the functions g1, g2, and g3 satisfy (3.228), (3.230), (3.232), (3.233), (3.234), and
(3.235).
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3.9.2 Tetrahedral class T & Z§

Tensor Argzs has 17 independent components and is of the same form as that of class T. Tensor Mrgzg is
a null tensor. Tensor Cogzg has 3 independent components and corresponds to the group with Hermann—
Mauguin symbol m3m. Therefore, we obtain the following result.

Proposition 3.41. The set of universal displacements of linear strain-gradient elasticity for class T & Z§

has the form (2.15), and the functions g1, g2, and gs satisfy (3.228), (3.230), and (3.232).

3.9.3 Tetrahedral class O~

Tensor A@@Zg has 11 independent components and has the form

where

J@ =

Ji

Ag-gzs(x) =

Ji2 Ji12

Jin J12
Jii

A

Tensor Mg- has 5 independent components and it is of the form

Mg =

0

0 Dg")_

0 0

0 0 7
o® 0

104

= (2 _ _ _
Dé)e dip din di2

0
0
A
J®
ds
ailp a2 ais
a2 A23
as3
di1

dia

ai2

a24

a25

a22

J12

d12

a13

a25

ass

a23

as33

Czl 2

du

(3.236)

(3.237)

(3.238)



Tensor Cogzg corresponds to the group with Hermann-Mauguin symbol 43m and has 3 independent com-
ponents. The additional universality PDEs for this class are

and

as well as

84U1 o 847.L1 - 84UQ o 8411,2 o 34U3 - 84U3 o 84U3 —0
ox{  Ox30x%  Oxi  0x20x2  Oxi 023013  Ox10230w3
64U1 6411,3 a4u2 o
0x20x% = Ox30x3  Ox30xe
64U1 6411,1 64U3 84u2 -
02202 = 023023 Ox30xs  O0x30xz
84U3 6411,2
_ 3.239
01023 Ox,073 0, ( )
4 4 4 4 4 4
811;14_ 64U13 8U33+ 6U23+2< 3QU12+ 82u12>:0’
Oz  Oz30xs O0x10x3  O0z10x5 Oxy0x5  Oxy0x;5
84’&2 64U3 -0
0x1022072 ~ Ox1023073
84U1 84U1 84U3 34U2 -0
0x20x% ~ 023023  Ox30xs  Ox30x3
84’&2 84’&3 84114 84UQ o
0x30x% ~ 0230x3  Ox10x3  Ox30x3
(94’&3 64U1 o
0x90x3 030z
84’UJ3 64’(1,1
1 3 =
Oxs O0xy 0z, ) . (3.240)
8411,2 84’(1,3 +2 84UQ + 9 8 U 8 Ul 84UQ -0
Oxsy ~ Oxa0z3 023022 022022 0x30xy Ozt
84U1 84U3 -
O0x1012023 ~ Ox3023
64U1 64U3 -0
011022072 013019073
84U2 34U3 34161 84”3 _
Ore0x3  0x30x%  Ox10x3  Ox30x3
0y 0*uy ouy
0x30x3  Ox,0r3  “O0xiors
84U2 84u1
= 3.241
0zr30r3  Ox30zs 0, ( )
84U3 64U2 84U3 8411,3 8411,1 5411,3 -0
Ox00x3 ~ Ox30x3 O 0x30x3  O0x30xs  Oxidxs
84711 84’&2 -
0x10130w3  O0x30120T3
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The above universality PDEs stem from the sixth-order tensor. From the fifth-order tensor we obtain the
following universality PDEs

_ 83U1 83u2 83U3 -0
02102203 023013 073022 o
83U3 83uQ
_28z26x§ + 23x§8x3 =0,
831&2 83U3 —0
Oridrs 023012
83’&3 83u2 _ 83’&1 -0
ox3 0230z3 011012023
% 83U3 -0
or3 =~ Ox3
and
Buy Ous A3us
0z30z3 T 0w1012075 0x1023 -
5 B3us N Oy _o,
0z102% 03022013
A3uy PPug 0
Or30xs 011023
Oy PBus A3us
B oz} 011019013 + 0z3 =0,
33u1 83u1 83U3 83U2 83’&3 63’&1 8uz
oz B 02303 Ox1023 T 021029075 01023 02203 87335;’
as well as
83y APuy 3 Pug 0
09023 01023 0x10x9015
sy Oy
071022 02201y
By FBus FBus By
T Owp0r% 011022 | 01022 | 0220y
_83’&1 8311,3 83U3 _ 83’&2 -0
0x3  Or10x%  0110120x3 O3
83u1 83’&1 83u2 63U3 (93’&2 83’&1 8U2
D Ox9022 ' 023 011022 T O0x,0x.01s  Ox1022 0201, 013
When (2.15) is substituted into the above expressions, we obtain
8491(1‘2,333) 8491(332,.%‘3) -0 84gl($2,$3) —0
x4 x4 ’ Ox30x3 '
From these relations, using the preceding calculations, we find that
g1(22,23) = fi(z2) + x3fa(@2) + f3(2s) + 2 fa(xs)
1" (x2) + 233" (w2) + 5" (23) + 22 f{" (23) = 0.
Similarly,
8492(1‘1,1‘3) 8492(331,$3) -0 6492(331,.133) -0
oz} oz ’ 0z3023 ’
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and hence
go(x1,23) = fs(21) + w3 fe(21) + fr(w3) + 21 fs(x3),

3.248
fé”l(xl) + ngé/”(xl) + fé/l/(mg) + xlfé///(xg) — 0 . ( )
Finally,
3493(901,132) 3493(5517@) 5493(3017962)
=0, 2BIL_ g 3.249
ox} * 0z3 0203 ( )
which are simplified to read
g3(w1,72) = fo(x1) + w2 f10(z1) + fr1(x2) + 21 fr2(2),
" " 1" 1" _ (3250)
o (x1) + 22 fig (x1) + fif (22) + 21 f15 (22) = 0.
The additional universality PDEs read
PFga(w1,23) g3, x2)
: : =0. 3.251
dz30z3 023022 ( )
Substituting (3.248) and (3.250) into (3.251) yields f(z1) + fipo(x1) = 0.
The remaining five universality PDEs are:
3392(961@3) 3393(961, o)
=0 3.252
oz or3 ’ ( 2)
83g3(:c1 72) 3391(302 73)
’ ’ =0 3.252b
Ox1023 0230z3 ’ ( )
83g1(x2, 73) 5'393($1, o)
=0 3.252
oz} oz} ’ ( °)
83g1(x2 73) 3392(1‘1 73)
’ ’ =0 3.252d
Ox907% 01023 ’ ( )
3391@27 73) 5'392(1171, r3)
=0. 3.252
oz " oz} ( °)

Substituting (3.248) and (3.250) into (3.252a) gives f7"(x3)+x1 f§' (x3)+ 11 (x2)+x1 fi9(x2) = 0. Substituting
(3.246) and (3.250) into (3.252b) leads to f15(z2)+ f4 (z2) = 0. Substituting (3.246) and (3.250) into (3.252c¢)
implies f4'(x3) + x2f{ (x3) + f'(x1) + z2f15(x1) = 0. Substituting (3.246) and (3.248) into (3.252d) gives
+(x3) + f{(x3) = 0. Finally, substituting (3.246) and (3.248) into (3.252¢) gives f1"(z2) + z3fy (x2) +
5/ (x1) + @3 fg' (x1) = 0.
In summary, we have the following result.

Proposition 3.42. The sets of universal displacements of linear strain-gradient elasticity for class O~
are given by (2.15), and the fields g;, i = 1,2,3, satisfy (3.246), (3.248), (3.250), (3.252a), (3.252¢), and
(3.252¢).

Table 9: Summary of universal displacements: Tetrahedral classes.

Symmetry class Universal displacement family

Tetrahedral class T Of the form (2.15) with g1, g2, g3 satisfying (3.228), (3.230), (3.232),
(3.233), (3.234), (3.235)

Tetrahedral class T & Z§ Of the form (2.15) with g1, g2, g3 satisfying (3.228), (3.230), (3.232)

Tetrahedral class O~ Of the form (2.15) with g;, i = 1,2, 3, satisfying (3.246), (3.248), (3.250),

(3.252a), (3.252c), (3.252¢)
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3.10 Cubic classes

For all cubic strain-gradient classes, the elasticity tensor C has three independent components and is of
the same form as in the cubic classical linear elasticity. The arbitrariness of these three elastic constants
yields the universality PDEs (2.14), and hence the candidate universal displacement field must have the form
(2.15). We now determine the additional universality PDEs induced by the fifth- and sixth-order tensors
and their implications for the fields appearing in (2.15).

3.10.1 Cubic class O

Tensor Aggzg has 11 independent components and is of the same form as that of class O~. Tensor Mg has
3 independent components and can be written in the form

0

0 0 DW
0 diz  —di2
0o 0 0 . i i
, DYVe |l g, 0 dia (3.253)
—0® 0 0
diz  —di2 0
0o 0@ o

Tensor Cogzg has 3 independent components and corresponds to the group with Hermann-Mauguin symbol
432. The additional universality PDEs for this class are

34’&1 - 8411,1 -
oxt  Ox30x%
84U1 84U1 34U3 841@ 0
0x20z% =~ 0230x3  Ox30xs  Oxi0ze
84U3 84uQ o
0r10z3  Ozr10x3
pows onen \ (3.254)
8u1+6‘u1+2 0%y 0%y —0
dzs Oz} 0x20x% =~ 0xz30x3)
64U2 34’&3 -0
O0x1012072 ~ Ox1023075
34’&2 64U3 8411,2 o
021022023 0x1012073 ~ 011023013
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and

as well as

84UQ - 8411,2 -
oxy — Ox?0x22
84UQ 84’&3 84’&1 84U2 o
O0x30x% =~ 022012  Ox10x3  Oxi0x%
84U3 84’&1 o
Oxy0z3 030w
84U3 84’&1 -
oxy  0xi0ze
34U2 84’&3 84U2 19 8411,2 84U1 84u2 —0 (3 255)
Oxy  Owo0z3 "~ O0x302% T 03023 0x30ze Ot '
84u1 84U3 —0
O0x1012023 ~ Ox202%
84u1 3471,3 o
O0x1012072 ~ 012019075
(94’&2 84U3 34’&1 a4u2 .
O0x30x% = 0x30r3  Ox10x3  Oxi0x%
84U1 (94U3

O0x1012072 ~ 012019073

64U3 - 84U3 .
Oxt T 912022
0*ugy O*ug 0*uy oug
O0r1023  0x30x3  O0x,0x3  Ox30x3
O*ugy 0*uy
0x30x3  O0x30rs 0, (3:256)
O*us O*us O*us O'ug
Oxe0x3 013 0z302% * ort 0,
O*uq uy
01023023 0x30x9073

The above universality PDEs stem from the sixth-order tensor. From the fifth-order tensor we obtain

and

_9 63U3 83uQ . 83u2 (’93u3 .
Oz207% 0x30x3  0x30x3 03010

3 3 3 3 3

1o} (%) 1o} us 0 ’Ll,32 1o} us _9 (92uQ _ 0, (3257)

Oz O0x3 09023 0z 0z30z3

831L2 83U3 _ C{)B’UQ _ 83113 _ 83u2 B 33113 o

03  O0z90z3  0230z3 O3 0x30x3 013079

83U1 83U3 _ 83U3 _ 83u1 o
0z20w3 021023 Ox1023 0r30x3
83U1 83U3 8311,3 83u1

—9 2 = 3.258

oz 0z} 0z1023 i 0z30z3 0, ( )
783u1 5‘3u1 _ 83’&3 _ 8SU3 5‘3u1 83u3 —0

oz Or10z% 011073 01013  Ox3dxs  Oxf
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as well as

63u1 83’U,2 83’11,2 83u1 -0
Oz902% 01023 021023 0220z
_63U1 63’U,3 _ 33’LL3 _ 83’11,2 _ 83u1 (93’LL1 _ 07 (3259)
oz} 0x102%  Ox1072073 oz} 023022 0z1023
83u1 83u1 63uz 83UQ 83u1 83u2
B Or1023 0z} +33x16x§ 021023 - 023012 - oz} =0

All relations obtained for class @ @ Z$ remain valid for the present class. In particular, the functions g;
admit the representations

g1(z2,x3) = fi(x2) + xsfa(x) + fa(xs) + zafa(xs), (3.260a)

g2(x1,23) = f5(x1) + xsfe(x1) + fr(xs) + 1 fe(xs), (3.260b)

g3(w1,72) = fo(x1) + w2 f10(x1) + fr1(x2) + 21 fra(2) . (3.260c)

In addition, the following universality PDEs must hold:

Pga(wy,23) | 03gs(ar,22)

o Gt =0 (3.261a)
Pga(wy,23) | gs(ar,x2)

ST Bt =0 (3.261b)
DPgs(x1,m2) | 03g1(w2,23)

- Oz1042 0r30rs 0, (3.261c)
Pgi(xo,x3) | 3gs(wy,x0)

o Bg =0 (3.261d)
OPg1(xa,w3) | 03ga(w1,23)

S Seioz =0 (3.261¢)
Pgi(xg,x3) | Pgalwr,a3)

i ot =0 (3.261f)

Substituting (3.260) into (3.261a) gives the coupling condition — f§ (1) + f15(x1) = 0. Likewise, substitution
into (3.261c) leads to — f15(z2) + f4/ (z2) = 0, while substitution into (3.261e) implies — £ (x3) + f§ (x3) = 0.

The remaining relations (3.261b), (3.261d), and (3.261f) couple functions of different independent vari-
ables. A sufficient way to satisfy them is to require the corresponding third derivatives to vanish. In
particular, (3.261b) is satisfied if

7' (w3) = f§'(x3) = fi{(z2) = fi3(22) =0, (3.262)
(3.261d) is satisfied if

3 (x3) = f1'(x3) = fo"(x1) = fio(z1) =0, (3.263)
and (3.261f) is satisfied if

{'(22) = f3"(22) = f5"(21) = f&"(21) = 0. (3.264)
Consequently, all functions f;, ¢ = 1,2,...,12, are at most quadratic in their arguments, and the pairs
(f10, f6); (fi2, f2), and (f4, fs) are coupled through —f% + fi = 0, —fiy + f& = 0, and —f} + fi = 0,
respectively.

Proposition 3.43. The universal displacements of linear strain-gradient elasticity for class O have the form
(2.15), and the functions g1, g2, and gs satisfy (3.260), (3.261a), (3.261c), (3.261e), (3.262), (3.263), and
(3.264).
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3.10.2 Cubic class O ¢ Z§

Tensor A@@Zg has 11 independent components and is of the same form as that of class O~. Tensor M@@Zg
is a null tensor. Tensor Cogzs has 3 independent components and corresponds to the group with Hermann—
Mauguin symbol m3m.
The universality PDEs stemming from the fifth-order tensor coincide with those of the cubic class Q.
Thus, for the function g; we have
g | g *91

— = — =0). 2
x4 " oz 0, Ox30x% 0 (3:265)

The second universality PDE in (3.265) has the general solution

g1(w2,73) = fi(x2) + w3 fa(x2) + f3(x3) + 22 fa(23), (3.266)

and substituting (3.266) into the first universality PDE in (3.265) yields

"

1 (x2) + w3 fy (x2) + f3" (x3) + w2 fy" (x3) = 0. (3.267)

In a similar fashion, for the function go we obtain the universality PDEs

dgo  go 9" g
— =0. 3.268
ozt Ox} ’ Ox30x3 ( )

The second universality PDE in (3.268) has the general solution
92(21,23) = fs(x1) + 23 fe(x1) + fr(xs) + z1fs(xs) (3.269)

and substituting (3.269) into the first universality PDE in (3.268) yields

"

5" (x1) + a3 fg" (1) + 7" (w3) + w1 f§" (x3) = 0. (3.270)
Similarly, for the function g3 we obtain the universality PDEs

g3 O'gs d*gs

= ——— =0. 3.271
oz} Oxj ’ Ox30x3 ( )

The second universality PDE in (3.271) has the general solution
g3(w1,72) = fo(w1) + w2 fio(w1) + fr1(w2) + 21 fra(w2), (3.272)

and substituting (3.272) into the first universality PDE in (3.271) yields
o (@1) + 22 f10 (w1) + 1Y (w2) + 21 f1 (22) = 0. (3.273)
Therefore, we obtain the following result.

Proposition 3.44. The universal displacement fields in the class O @ ZS linear strain-gradient elastic solids
have the form (2.15), and the functions g1, g2, and gs satisfy (3.266), (3.267), (3.269), (3.270), (3.272), and
(3.273) .
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Table 10: Summary of universal displacements: Cubic classes.

Symmetry class Universal displacement family

Cubic class O Of the form (2.15) with g1, g2, g3 satisfying (3.260), (3.261a), (3.261c),
(3.261e), (3.262), (3.263), (3.264)

Cubic class O @ Z§ Of the form (2.15) with g1, g2, g3 satisfying (3.266), (3.267), (3.269),

(3.270), (3.272), (3.273)

3.11 Icosahedral classes

There are two icosahedral symmetry classes: I and I & Z§. For both classes, the elasticity tensor C has
two independent elastic moduli and has the same structure as in the co-gonal classes, namely the classical
isotropic linear elastic tensor. Therefore, the candidate universal displacement fields are of the form (2.22).
The class I has the universality PDEs of SO(3), and it admits one additional material parameter relative to
SO(3), which induces three extra universality PDEs. Similarly, the class I @ Z$ has the universality PDEs
of O(3), and its extra material parameter relative to @(3) induces the corresponding additional universality
PDEs. Substituting (2.22) into these additional relations yields the resulting conditions in terms of the
functions «, 3, and =y .

3.11.1 Icosahedral class (I)

Tensor Ajgzg has 6 independent components and has the form

AG) Al 0 0 0 000 0
P(A®) 4 A PT 0 0 00 0
Arezg(x) = + , (3.274)
AG) 4 nA(IC) 0 0
nJe f(A®)
L ls L ls
where ~ -
ail a1z ais ai2 ais
azy  —a13+V2ar; a1z —V2ajy, aly
A = —ai2 t+ary aty ass ) (3.275)
a22 —a1s + V2arrg
—ai2 +arv
with
ai; —a
arrr = %, ary = ass — V2a3, ary = aiz — \/§a35, (3.276)
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and

-4—¢> 1 2v2 0 \/5_
-1 0 1-¢ 0 -1 ¢ ¢
A = 0 0 2-¢| . = 18l - (3.277)
0 V2 —1S
2
L 4s

¢ is the conjugate of the golden number, defined as ¢ = (1 — v/5)/2 = 1 — ¢. Moreover, f(A®) is given by
av +V2ary  arp—al,  arg —aiy
f(A(5)) = ay + \@LLIV arryr — a?v ) (3278)
ay +V2arv s

with ay = aga — a12. Tensor Mgg(3) has 1 independent component and it is of the form

00 0 DD 0 0 0 0
000 0 g(DM) 0 0 0
Mso(3) = + , (3.279)
000 0 0 g(DM) 0 0
000 0 0 0 g(DM) 0
where
9D e |0 dyy —Ldyy —diy Ldyo|- (3.280)

Tensor Cgg(3)@zg corresponds to the Curie group with Hermann-Mauguin symbol coco and has 2 independent
components.

For this class, the first two universality PDEs arising from the independence of the material constants
coincide with those of the isotropic class of classical linear elasticity. The next six universality PDEs coincide
with those of class SO(3). What remains are three additional universality PDEs that the displacement field
must satisfy; these universality PDEs are written as

fQ\faul 4(-14+V5) 5ty 0 10\/584“3+(1177x/3) o

3013 Ox1073 Ox102207%
a us 84u2 84U1 84U1
11 — — 2—4v2 —2V2 —2(1+4Vv2 3.281
+ ( 7\/5) 011013073 * ( \f) 0103 f@x%@x% ( + \f) 0r20x2 ( )
8 u1 8 Uy -
- 2V25- 522 (2+4f) ’;’amg +(- 7+f) 5e9ms =
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and

84’[1,3 (94U1 84UQ 84US
—2——4Vv2 —(2+8v2 -2
ox3 ‘[a@axg ( * f) Ox30x3 "~ Ox30x3

0tus o* u1 0ty oty
AT =T +(-7+V5) Gt - (11_7\/5) 021022002 BRAGr Iy

( 1+ f) 82%323 ( 1+ \f) 81:%6:52 2 (

Oty O*us
2 _ =
+ ‘[( a A P axgi) 0,

(3.282)

84U3
B 3\/5> 022012013

and

4
(7+f)8“3 2f6”2 2fa”3 10fau2

3
282133 3 81‘3

—2@88;‘3 (2+4f) 11—7\/5)L (2+8\f) 0 us (3.283)

0x1 8m ( 021023013 6

+ (11 — 7\/5> (%%8(;;226333 ( L+ \/>) 82?;3 (_2 + 4\/5) 62‘%3;‘3 =0

The additional constraints in terms of functions «, 8, and ~ for this case read

5
2\/56—€+2\/§ 0

T3

(11—10\f—7f)

(1+\f) (1+f)

8:5%8 (%%8953

0°B
_— 1 4 _— 2
&Elaxgax?’ + ( 3+ \[+7\[> aml&c Oz 8\f8 23 3

723 o +(- 9+8f+7\f)a5+4(1+f)

+2(1+\/§) ax§giZax3 ( 7+2\f+f)

(3.284)

+( 11+2f+7\f) a

( 5+4\f+\f)7=0,

48.%2

81'431'3

and

+2(1+2v2) A - (- 7+4\f+xf) Lo PP

oz 38m3 dz302% 81:‘218303 021024

(9—8\/5—7\/5) Pa_ OB 5 OB

021023023 Ox1023023 01013073

(—1 + \/5> il

023012023

(—1 + \/5) 58

0z3 83:%8953 895?8 2 Oz 0z

2 (- 5+5f+3f)5+2xf( Pa_ 01 85&>0,

0x3029023 030z Oxidzs 0%

8

8:(:183028303

?14[7[)
+(-

+2f+\f) ( 1+f)

10332 83:%81;3

2(=5+v2+3v5) 1(- 1+f)

(3.285)
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and

(- 7+2\f+\f) 84+8\f a 2\/5651+(—5+4\/§+\/5)aﬁé31

+2(1+\/§)axlg;ax( 2[—7[)

—2V2 1a4+(9 8V2 — 7\f)

83:1856%83: ( —10v2 - 7\f) 83:163326333

s +4(- 1+f) =4 (1+v2) Al

0z? 8m28x 22073 Oz30x2

(1+\f) 855 —0.

(3.286)

( 13+4f+7\f)

83:?83:28333
In summary we have the following result.

Proposition 3.45. The sets of universal displacements of linear strain-gradient elasticity for class I coincide
with those of class SO(3), and the fields «, B, and ~y satisfy the additional universality PDEs (3.284)—(3.286).

3.11.2 Icosahedral class (I & Z$)

Tensor AH@ZE has 6 independent components and is of the same form as that of class I. Tensor MH@Zg
is a null tensor. Tensor Cg(s) has 2 independent components and corresponds to the Curie group with
Hermann—Mauguin symbol co/m oo/m.

For this class, the first two universality PDEs obtained from the independence of the material constants
coincide with those of the isotropic class of classical linear elasticity. The next six universality PDEs coincide
with those of class @(3). What remains are three additional universality PDEs that the displacement field
must satisfy. These are the same as those of class I given above, namely (3.281)—(3.283).

In summary we have the following result.

Proposition 3.46. The sets of universal displacements of linear strain-gradient elasticity for class 1 ® Z§
coincide with those of class O(3), and the fields o, B, and ~y satisfy the additional universality PDEs (3.284)—
(3.286).

Table 11: Summary of universal displacements: Icosahedral classes.

Symmetry class Universal displacement family
Icosahedral class I Same as class SO(3) with «, 3, v satisfying (3.284)—(3.286).
Icosahedral class I & Z§ Same as class O(3) with «, 8, v satisfying (3.284)—(3.286).

3.12 oooo-gonal classes

For the two oooco-gonal classes, we combine the results of Yavari et al. [2020] for the isotropic linear elastic
case with the compact formulation of Tesan [2014] to determine the universal displacements.

3.12.1 oooo-gonal class SO(3)

Tensor Agg(3)pzg has 5 independent components and has the form

AG) 0 0 000 0
AG) 0 0 0 0 0
Aso(s)ezs (X) = + : (3.287)
ABG) 0 0
0 f(A®)
L 48 L 45
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Tensor Mgg(3) has 1 independent component and has the same form as that of class I. Tensor Csp(s)gzg
corresponds to the Curie group with Hermann—Mauguin symbol coco and has 2 independent components.

For the class SO(3), the tensor M admits one additional material parameter, which we denote by f. The
governing equations for this case are given in [lesan, 2014].

pAu+ (A + p) graddivu — 2(as + ag) AAu

5
20+ 2
()\__::MM)Z% —2(as +aq)| Agraddiva+ 2fAcurlu =0

i=1

(3.288)

Using the same reasoning as for class O(3) (see below), we find that, in addition to (3.293), the universal
displacements must satisfy the universality PDE

Acurlu=0. (3.289)
We now use the representation (2.22) and the setting of Yavari et al. [2020] to obtain
f=Aa, g=AB, h=Ay, (3.290)
and substitute these expressions into (3.289). This yields the following three relations
—f13+ hag + g12 + haa =0, —f23 =933 — 911 —ha1 =0, fir —hs1+ foa+932=0,  (3.291)
which must be satisfied in addition to egs. (2.10) of Yavari et al. [2020], namely
fa+93=0, Ji—hs=0, g1+hy=0. (3.292)

If we differentiate (3.292); with respect to xo, we obtain the last two terms in (3.291)3. Differentiating
(3.292)5 with respect to x1 gives the first two terms in (3.291)3. Hence, (3.291)3 is satisfied identically once
(3.292) holds. Similarly, differentiating (3.292)3 with respect to x; yields the last two terms in (3.291)s,
while differentiating (3.292); with respect to x3 yields the first two terms in (3.291)2. Therefore, (3.291)7 is
also satisfied identically once (3.292) holds. Finally, differentiating (3.292)3 with respect to x5 gives the last
two terms in (3.291);, and differentiating (3.292)s with respect to x3 gives the first two terms in (3.291);.
Thus, (3.291); is likewise satisfied identically once (3.292) holds.

Proposition 3.47. For the linear strain-gradient class SO(3), every universal displacement field can be
written as the sum of a homogeneous displacement field and a non-homogeneous displacement field given by
the divergence of an antisymmetric matriz whose components solve Poisson’s equation, as in [Yavari et al.,

2020).

3.12.2 oooo-gonal class O(3)

Tensor Ag(s)pzg has 5 independent components and is of the same form as that of class SO(3). Tensor
Mos) is a null tensor. Tensor Cg(s)gzg corresponds to the Curie group with Hermann-Mauguin symbol
oo/moo/m and has 2 independent components.

There are five additional constants that stem from matrix Ag(s)ezg which, if denoted by o, i =1,...,5,
yield the field equations in the following compact form [lesan, 2014]:

)\ 2
uAu+ (A + p)gradodivu — 2 (a3 + ag) AAu — * M Zaz—Q as 4+ aq)| A(gradodivu) =0.

(3.293)
In the first two terms one immediately recognizes the classical linear isotropic elasticity equations. Since
we have Au = 0 and grad odivu = 0 from the classical linear elastic part, (3.293) is satisfied trivially for
arbitrary values of the elastic constants «;, ¢ = 1,...,5. Therefore, we have proved the following result.
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Proposition 3.48. For the linear strain-gradient class O(3), all universal displacements can be expressed
as a superposition of a homogeneous displacement field and a non-homogeneous one given by the divergence
of an antisymmetric matrix whose components solve Poisson’s equation. This Poisson problem is identical
to that in [Yavari et al., 2020] for isotropic classical linear elasticity.

Table 12: Summary of universal displacements: ocococo-gonal classes.

Symmetry class Universal displacement family
oooo-gonal class SO(3) Of the form (2.22) with Poisson problem as in [Yavari et al., 2020]
oooo-gonal class O(3) Of the form (2.22) with Poisson problem as in [Yavari et al., 2020]

4 Conclusions

In this paper we studied universal displacement fields for three-dimensional linear strain-gradient elasticity
within the Toupin—Mindlin first strain-gradient theory. Our starting point was the analysis of Yavari et al.
[2020] for classical linear elasticity, which we recalled in §2 and then used as the point of departure for the
strain-gradient analysis in §3.

For each material symmetry class, we required the strain-gradient equilibrium equations (in the absence
of body forces) to hold for all choices of elastic constants. This universality requirement yields a system
of differential constraints on the displacement field. By carrying this procedure through the full symmetry
classification (including centrosymmetric and chiral classes) and using compact matrix representations for
the elasticity tensors, we obtained explicit universality constraints and the corresponding sets of universal
displacements class by class.

The strain-gradient equilibrium equations reduce to the classical linear elasticity equilibrium equations
when the higher-order stress 7 is absent. In several high-symmetry cases, once the displacement field satis-
fies the universality constraints inherited from the classical part, the additional higher-order strain-gradient
terms are automatically satisfied for arbitrary values of the remaining strain-gradient elastic constants. In
particular, for the isotropic classes SO(3) and O(3), the universal displacement fields coincide with the clas-
sical universal displacement fields: they are precisely the superposition of a homogeneous displacement field
and a non-homogeneous field given as the divergence of an antisymmetric tensor potential with components
solving a Poisson’s equation.

For lower symmetry classes, the strain-gradient universality requirement can be stricter than its classical
counterpart. In these cases, the admissible universal displacement fields form a proper subset of the classical
universal displacements, obtained by imposing additional higher-order differential constraints that eliminate
some of the classical families. We recorded these additional constraints explicitly in §3 in the form of supple-
mentary differential constraints that must be satisfied in addition to the corresponding classical universality
constraints. These additional constraints arise from higher-order universality PDEs and reflect the strongly
coupled structure of the strain-gradient equilibrium equations.

The main outcome of this paper is a complete, symmetry-classified description of universal displacement
fields in three-dimensional linear strain-gradient elasticity, covering all 48 strain-gradient symmetry classes.
The results make transparent when strain-gradient effects do, and do not, further restrict the classical
universal displacement families, and provide, for each symmetry class, a complete set of necessary and
sufficient conditions for a displacement field to be universal in the strain-gradient sense.
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