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Abstract

We study universal displacement fields in three-dimensional linear strain-gradient elasticity. Following
the approach of Yavari et al. [2020], we extend the method to the Toupin–Mindlin first strain-gradient
elasticity. For each material symmetry class, by requiring the equilibrium equations to hold for any
material in that class in the absence of body forces, we derive the corresponding universality constraints
on the displacement field and obtain the complete set of universal displacements. Using the full symmetry
classification and compact matrix representations of the elasticity tensors [Auffray et al., 2013, 2019],
we give explicit characterizations for all 48 strain-gradient symmetry classes, including centrosymmetric
and chiral classes. For several high-symmetry classes, the strain-gradient universality constraints do not
impose restrictions beyond the classical ones, so the universal displacement families coincide with those
of classical linear elasticity (e.g., the isotropic classes SO(3) and O(3)). For lower symmetry classes,
the strain-gradient universality constraints can be stricter than their classical counterpart: the universal
displacement fields form a proper subset of the classical universal displacements, obtained by imposing
additional higher-order differential constraints that eliminate some of the classical families.

Keywords: Universal deformations, universal displacements, linear elasticity, strain-gradient elasticity,
anisotropic elasticity.
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1 Introduction

A universal motion, whether a deformation in nonlinear elasticity or a displacement in linear elasticity,
is one that can be maintained in the absence of body forces for all materials within a prescribed class.
Equivalently, a universal motion can be realized by applying only boundary tractions, independently of
the specific constitutive choice within that class, for example homogeneous compressible isotropic solids or
homogeneous incompressible isotropic solids. In nonlinear elasticity, universal deformations have served as
a source of exact solutions that are valuable both for experiments and for theory, see, for example, Rivlin
and Saunders [1951], Tadmor et al. [2012], Goriely [2017].

The systematic study of universal deformations was initiated in the seminal works of Jerry Ericksen [Erick-
sen, 1954, 1955], motivated in part by the earlier exact solutions of Ronald Rivlin [Rivlin, 1948, 1949a,b]. For
homogeneous compressible isotropic hyperelastic solids, Ericksen [1955] showed that universal deformations
must be homogeneous. The incompressible isotropic case is substantially more subtle, as internal constraints
introduce additional structure and the resulting classification problem is significantly more complex [Sacco-
mandi, 2001]. In his celebrated analysis, Ericksen [1954] identified four families of universal deformations
for incompressible isotropic solids beyond isochoric homogeneous deformations. A fifth family was later
discovered independently by Singh and Pipkin [1965] and Klingbeil and Shield [1966], and it provided a
counterexample to Ericksen’s conjecture that constant-principal-invariant universal deformations must be
homogeneous [Fosdick, 1966]. The question of whether further inhomogeneous universal deformations with
constant principal invariants exist remains open.

Ericksen’s universality framework has been extended in multiple directions, including inhomogeneous
isotropic elasticity, anisotropic elasticity, isotropic and anisotropic Cauchy elasticity, Cauchy elasticity with
inextensible fibers, anelasticity, and implicit elasticity [Yavari, 2021, Yavari and Goriely, 2021, 2022b, 2016,
Goodbrake et al., 2020, Yavari, 2024a, Motaghian and Yavari, 2026, Yavari, 2025, Yavari and Goriely, 2024,
Yavari et al., 2025]. In linear elasticity, the analogue of universal deformations is the concept of universal
displacements [Truesdell, 1966, Gurtin., 1972, Yavari et al., 2020]. A systematic classification of universal
displacements in compressible anisotropic linear elasticity for all eight symmetry classes was carried out in
[Yavari et al., 2020]. One conclusion of that analysis is that the admissible space of universal displacements
depends explicitly on the symmetry class, with larger symmetry groups admitting larger spaces of universal
displacements. Related extensions include inhomogeneous linear elasticity, linear anelasticity, linear Cauchy
elasticity, and linear elasticity with inextensible fibers [Yavari and Goriely, 2022c,a, Yavari, 2024b, Yavari
and Sfyris, 2025].

The objective of the present work is to extend the universality program to linear strain-gradient elasticity.
We focus on the Toupin–Mindlin first strain-gradient theory and seek to identify all universal displacement
fields in three dimensions for each material symmetry class. Our analysis follows that of Yavari et al. [2020]:
within each symmetry class we require the strain-gradient equilibrium equations, in the absence of body
forces, to hold for arbitrary choices of the independent elastic constants. This requirement imposes differential
universality constraints on the displacement field. By carrying out this procedure across the full symmetry
classification, including centrosymmetric and chiral classes, and by using compact matrix representations of
the elasticity tensors [Auffray et al., 2013, 2019], we obtain explicit class-by-class characterizations and, in
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particular, determine when the strain-gradient universality constraints introduce restrictions beyond those
of classical linear elasticity.

While the presence of strain-gradient terms suggests additional constraints, it is not evident a priori
how these constraints affect the structure of universal displacements. The associated universality PDEs are
higher-order and strongly coupled, and there is no guarantee that classical universal families persist or that
a complete classification is possible. The present work shows that a complete classification can be carried
out across all symmetry classes and determines when the strain-gradient universality constraints introduce
additional restrictions on the admissible displacement families.

This paper is organized as follows. In §2 we outline the required results in classical linear elasticity
following the approach of Yavari et al. [2020], and we summarize the corresponding universality constraints
and universal displacements for each symmetry class. These results serve as the point of departure for the
subsequent strain-gradient analysis. In §3 we review the strain-gradient equilibrium equations and derive,
for each symmetry class, the corresponding universality constraints, leading to a complete classification of
universal displacement fields within the Toupin–Mindlin first strain-gradient theory. Conclusions are given
in §4.

2 Classical linear elasticity

In this section we review the main findings of Yavari et al. [2020] on universal displacements in classical
linear elasticity. A universal displacement field is one that satisfies the equilibrium equations, in the absence
of body forces, for every material within a prescribed class. This requirement yields a system of partial
differential equations (PDEs) for the displacement field (the universality constraints), which we summarize
below for each of the eight symmetry classes.

2.1 Triclinic class

For the triclinic class, there are 21 independent elastic constants. The corresponding universality constraints
are 

∂2u1

∂x2
1

=
∂2u1

∂x1∂x2
=

∂2u1

∂x1∂x3
= 0 ,

∂2u2

∂x2
2

=
∂2u2

∂x1∂x2
=

∂2u2

∂x2∂x3
= 0 ,

∂2u3

∂x2
3

=
∂2u3

∂x1∂x3
=

∂2u3

∂x2∂x3
= 0 ,

(2.1)

together with 
∂2uα

∂x2
β

= 0 , α ̸= β , α, β ∈ {1, 2, 3} ,

∂2u1

∂x2∂x3
=

∂2u2

∂x1∂x3
=

∂2u3

∂x1∂x2
= 0 .

(2.2)

Solving (2.1) and (2.2) one concludes that the only universal displacements in the triclinic class are homo-
geneous displacement fields.

2.2 Monoclinic class

For the monoclinic class, there are 13 independent elastic constants. A subset of the universality constraints
coincides with (2.1), and its general solution can be written as

u1(x1, x2, x3) = cx1 + û1(x2, x3) ,

u2(x1, x2, x3) = cx2 + û2(x1, x3) ,

u3(x1, x2, x3) = cx3 + û3(x1, x2) .

(2.3)
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The remaining universality constraints are

∂2û1

∂x2
2

=
∂2û1

∂x2
3

= 0 ,

∂2û2

∂x2
1

=
∂2û2

∂x2
3

= 0 ,

∂2û3

∂x2
1

=
∂2û3

∂x2
2

= 0 ,

(2.4)

together with
∂2û1

∂x2∂x3
+

∂2û2

∂x1∂x3
= 0 ,

∂2û3

∂x1∂x2
= 0 . (2.5)

These constraints imply that the universal displacements in the monoclinic class are a superposition of a ho-
mogeneous displacement field and the one-parameter inhomogeneous displacement field (cx2x3 ,−cx1x3 , 0).

2.3 Orthotropic class

In this case there are 9 independent elastic constants and the universality constraints read

∂2u1

∂x2
1

=
∂2u1

∂x1∂x2
=

∂2u1

∂x1∂x3
= 0 ,

∂2u2

∂x2
2

=
∂2u2

∂x2∂x1
=

∂2u2

∂x2∂x3
= 0 ,

∂2u3

∂x2
3

=
∂2u3

∂x3∂x1
=

∂2u3

∂x2∂x3
= 0 ,

∂2u1

∂x2
2

=
∂2u1

∂x2
3

= 0 ,

∂2u2

∂x2
1

=
∂2u2

∂x2
3

= 0 ,

∂2u3

∂x2
1

=
∂2u3

∂x2
2

= 0 .

(2.6)

Solving these PDEs, one concludes that universal displacements are a superposition of a homogeneous dis-
placement field and the following three-parameter inhomogeneous displacement field: (α1x2x3, α2x1x3, α3x1x2).

2.4 Tetragonal class

In this case there are 6 independent elastic constants and the universality constraints read

∂2u1

∂x2
1

=
∂2u1

∂x1∂x2
=

∂2u1

∂x2
2

=
∂2u1

∂x2
3

= 0 ,

∂2u2

∂x1∂x2
=

∂2u2

∂x2
2

=
∂2u2

∂x2
1

=
∂2u2

∂x2
3

= 0 ,

∂2u1

∂x1∂x3
+

∂2u2

∂x2∂x3
= 0 ,

∂2u3

∂x1∂x3
=

∂2u3

∂x2∂x3
=

∂2u3

∂x2
3

= 0 ,

∂2u3

∂x2
1

+
∂2u3

∂x2
2

= 0 .

(2.7)
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Solving these PDEs, one concludes that universal displacements are a superposition of homogeneous dis-
placement fields and the following inhomogeneous displacement field:

uinh
1 (x1, x2, x3) = c1x2x3 + c2x1x3 ,

uinh
2 (x1, x2, x3) = −c2x2x3 + c3x1x3 ,

uinh
3 (x1, x2, x3) = g(x1, x2) ,

(2.8)

where c1, c2, c3 are constants and g(x1, x2) is an arbitrary harmonic function.

2.5 Trigonal class

For the trigonal class, there are 6 independent elastic constants and the universality constraints are

∂2u3

∂x1∂x3
=

∂2u3

∂x2∂x3
=

∂2u3

∂x2
3

= 0 ,

∂2u1

∂x2
1

+
∂2u1

∂x2
2

=
∂2u2

∂x2
1

+
∂2u2

∂x2
2

=
∂2u3

∂x2
1

+
∂2u3

∂x2
2

= 0 ,

∂2u1

∂x2
3

=
∂2u2

∂x2
3

= 0 ,

2
∂2u1

∂x1∂x3
− 2

∂2u2

∂x2∂x3
+

∂2u3

∂x2
1

− ∂2u3

∂x2
2

= 0 ,

∂2u1

∂x1∂x3
+

∂2u2

∂x1∂x3
+

∂2u3

∂x1∂x2
= 0 ,

∂2u1

∂x1∂x3
+

∂2u2

∂x2∂x3
= 0 ,

∂2u1

∂x2
1

= 3
∂2u1

∂x2
2

.

(2.9)

Solving these PDEs, one concludes that universal displacements are a superposition of homogeneous dis-
placement fields and the following inhomogeneous displacement fields:

uinh
1 (x1, x2, x3) = a123x1x2x3 + a12x1x2 + a13x1x3 + a23x2x3 ,

uinh
2 (x1, x2, x3) =

1

2
(a12 + a123x3)(x

2
1 − x2

2) + b13x1x3 − a13x2x3 ,

uinh
3 (x1, x2, x3) = −a123x

2
1x2 − (a23 + b13)x1x2 +

1

3
a123x

3
2 − a13(x

2
1 − x2

2) .

(2.10)
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2.6 Transversely isotropic class

In this case there are 5 independent elastic constants and the universality constraints read

∂2u3

∂x1∂x3
=

∂2u3

∂x2∂x3
=

∂2u3

∂x2
3

= 0 ,

∂2u3

∂x2
1

+
∂2u3

∂x2
2

=
∂2u1

∂x2
3

+
∂2u2

∂x2
3

= 0 ,

∂2u1

∂x2
1

+
∂2u1

∂x2
2

=
∂2u1

∂x2
2

+
∂2u2

∂x2
2

= 0 ,

∂2u1

∂x2
2

=
∂2u2

∂x1∂x2
,

∂2u2

∂x2
1

=
∂2u1

∂x1∂x2
,

∂2u1

∂x1∂x3
+

∂2u2

∂x2∂x3
= 0 .

(2.11)

Thus, one concludes that the universal displacements are written as

u1(x1, x2, x3) = c1x1 + c2x2 + cx2x3 + x3 h1(x1, x2) + k1(x1, x2) ,

u2(x1, x2, x3) = −c2x1 + c1x2 − cx1x3 + x3 h2(x1, x2) + k2(x1, x2) ,

u3(x1, x2, x3) = c3x3 + û33(x1, x2) ,

(2.12)

where
ξ(x2 + ix1) = h1(x1, x2) + i h2(x1, x2) ,

η(x2 + ix1) = k1(x1, x2) + i k2(x1, x2) ,
(2.13)

are holomorphic functions, and û33 is an arbitrary harmonic function.

2.7 Cubic class

For the cubic class there are 3 independent elastic constants. The universality PDEs are

∂2u1

∂x2
1

=
∂2u2

∂x2
2

=
∂2u3

∂x2
3

= 0 ,

∂2u1

∂x2
2

+
∂2u1

∂x2
3

= 0 ,

∂2u2

∂x2
1

+
∂2u2

∂x2
3

= 0 ,

∂2u3

∂x2
1

+
∂2u3

∂x2
2

= 0 ,

∂2u1

∂x1∂x3
+

∂2u1

∂x2∂x3
= 0 ,

∂2u2

∂x1∂x2
+

∂2u3

∂x1∂x3
= 0 ,

∂2u1

∂x1∂x2
+

∂2u3

∂x2∂x3
= 0 .

(2.14)
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The universal displacements are of the following form:

u1(x1, x2, x3) =
a

2
x1(x

2
3 − x2

2) + c1x1x3 + b1x1x2 + d1x1 + g1(x2, x3) ,

u2(x1, x2, x3) =
a

2
x2(x

2
1 − x2

3) + a1x1x2 − c1x2x3 + d2x2 + g2(x1, x3) ,

u3(x1, x2, x3) =
a

2
x3(x

2
2 − x2

1)− a1x1x3 − b1x2x3 + d3x3 + g3(x1, x2) ,

(2.15)

where gi, i = 1, 2, 3, are arbitrary harmonic functions.

2.8 Isotropy class

For isotropic solids the universality constraints read

∂2u1

∂x2
3

+
∂2u1

∂x2
2

+
∂2u3

∂x1∂x3
+

∂2u2

∂x1∂x2
+ 2

∂2u1

∂x2
1

= 0 ,

−∂2u1

∂x2
3

− ∂2u1

∂x2
2

+
∂2u3

∂x1∂x3
+

∂2u2

∂x1∂x2
= 0 ,

∂2u2

∂x2
3

+
∂2u3

∂x2∂x3
+ 2

∂2u2

∂x2
2

+
∂2u1

∂x1∂x2
+

∂2u2

∂x2
1

= 0 ,

−∂2u2

∂x2
3

+
∂2u3

∂x2∂x3
+

∂2u1

∂x1∂x2
− ∂2u2

∂x2
1

= 0 ,

2
∂2u3

∂x2
3

+
∂2u2

∂x2∂x3
+

∂2u3

∂x2
2

+
∂2u1

∂x1∂x3
+

∂2u3

∂x2
1

= 0 ,

∂2u2

∂x2∂x3
− ∂2u3

∂x2
2

+
∂2u1

∂x1∂x3
− ∂2u3

∂x2
1

= 0 .

(2.16)

By subtracting the first two equations we obtain

∂2u1

∂x2
3

+
∂2u1

∂x2
2

+
∂2u1

∂x2
1

= 0 , or ∆u1 = 0 . (2.17)

Subtracting the third and fourth equations we obtain ∆u2 = 0, while subtracting the fifth and sixth equations
one finds ∆u3 = 0. By adding the first two equations we find

∂2u3

∂x1∂x3
+

∂2u2

∂x1∂x2
+

∂2u1

∂x2
1

= 0 . (2.18)

Adding the third and fourth equations we obtain

∂2u3

∂x2∂x3
+

∂2u1

∂x1∂x2
+

∂2u2

∂x2
2

= 0 . (2.19)

Adding the fifth and sixth equations we find

∂2u3

∂x2
3

+
∂2u2

∂x2∂x3
+

∂2u1

∂x1∂x3
= 0 . (2.20)

Each of the above equations (2.18)–(2.20) is one of the components of the vector grad ◦ divu (with compo-
nents ui,ij); the first corresponds to j = 1, the second to j = 2, and the third to j = 3. This provides an
alternative path to the argument of Yavari et al. [2020] for establishing that

∆u = 0 , grad ◦ divu = 0 , (2.21)

for the classical linear isotropic elastic case.
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The validity of these equations implies (in a similar vein with Yavari et al. [2020]) that the universal
displacement fields can be expressed as a superposition of homogeneous displacement fields and a non-
homogeneous one, which is the divergence of an antisymmetric matrix with components that are solutions
of a Poisson’s equation. In Cartesian coordinates one has

u1 =
∂α

∂x2
+

∂β

∂x3
+

c

3
x1 + k1 ,

u2 = − ∂α

∂x1
+

∂γ

∂x3
+

c

3
x2 + k2 ,

u3 = − ∂β

∂x1
− ∂γ

∂x2
+

c

3
x3 + k3 ,

(2.22)

where α(x1, x2, x3), β(x1, x2, x3), and γ(x1, x2, x3) are arbitrary functions.

3 Linear strain gradient elasticity

Linear strain-gradient elasticity extends classical linear elasticity by allowing the strain energy density to
depend not only on the infinitesimal strain, but also on its spatial gradient, thereby introducing intrinsic
material length scales and higher-order stresses. The nonlinear strain-gradient theory was formulated by
Toupin [1962]. Linear versions of this theory, in three equivalent forms, are given in [Mindlin, 1964], and
their equivalence is proved in [Mindlin and Eshel, 1968]. Closely related linear couple-stress formulations,
emphasizing curvature measures and additional stress quantities, are given in [Mindlin and Tiersten, 1962].
Formulations in which the strain energy depends on the gradient of the rotation are also given in [Aero
and Kuvshinskii, 1961, Toupin, 1964]. More recent work includes analytical solutions in isotropic strain-
gradient elasticity [Enakoutsa, 2015, Iesan, 2013, Iesan and Quintanilla, 2016], Green tensors and regularized
fundamental solutions for isotropic first strain-gradient elasticity [Lazar and Po, 2018], and comparisons with
experiments for the isotropic linear strain-gradient case [Lam et al., 2003]. Fundamental questions related to
positive definiteness and strong ellipticity are studied in [Lazar et al., 2022, Eremeyev and Lazar, 2022]. In
particular, Lazar et al. [2022] specialize the Toupin–Mindlin first strain-gradient theory to cubic and isotropic
materials, derive the corresponding gradient-elastic constants and characteristic lengths, and compute them
for selected materials. A brief summary of these results is also given in [Lazar and Agiasofitou, 2023].
A broad overview of gradient elasticity formulations, including length-scale identification and numerical
implementations, is provided in [Askes and Aifantis, 2011].

In gradient elasticity, the balance of linear momentum in the absence of inertial and body forces reads
[Mindlin and Eshel, 1968]

σik,i − τijk,ij = 0 . (3.1)

The constitutive equations for the Cauchy stress σ and hyper-stress τ are written as

σik = Ciklmelm +Miklmnelm,n , τijk = Mlmijkelm + Aijklmnelm,n , (3.2)

where elm = 1
2 (ul,m + um,l) is the strain tensor of linear elasticity. These correspond to the following

quadratic elastic energy density

W =
1

2
e : C : e+ e : M : ∇e+

1

2
∇e : A : ∇e . (3.3)

The elasticity tensors C, M, and A have the following symmetries

Cijlm = Cjilm = Clmij , (3.4)

Mijklm = Mjiklm = Mijlkm , (3.5)

Aijklmn = Ajiklmn = Almnijk . (3.6)

The tensor A has 17 symmetry classes [Auffray et al., 2013, Table 1, p. 1205], the tensor M has 29 symmetry
classes [Auffray et al., 2019, Theorem 3.5, p. 203], and the classical elasticity tensor C has 8 symmetry
classes [see, e.g., Forte and Vianello, 1996].
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All symmetry classes of strain gradient elasticity are defined as [Auffray et al., 2019]

GL = GA ∩GM ∩GC , (3.7)

where

GC = {Q ∈ O(3) : QioQjpQkqQlrCopqr = Cijkl} , (3.8)

GM = {Q ∈ O(3) : QioQjpQkqQlrQmsMopqrs = Mijklm} , (3.9)

GA = {Q ∈ O(3) : QioQjpQkqQlrQmsQmtAopqrst = Aijklmn} . (3.10)

In total there are 48 symmetry classes defined in [Auffray et al., 2019].
In the two-dimensional setting, the explicit matrix representations were derived by Auffray et al. [2009]

for the sixth-order tensor and by Auffray et al. [2015] for the fifth-order tensor. The role of centrosymmetry
in the fifth-order coupling tensor was emphasized by Lakes and Benedict [1982] and Lakes [2001], who
noted that this tensor vanishes for centrosymmetric microstructures and may be nonzero otherwise. In three
dimensions, an explicit isotropic form of the sixth-order tensor was given by dell’Isola F et al. [2009], and
the fifth-order tensor was examined for specific cases by Papanicolopoulos [2011]. A general framework for
counting and classifying the symmetry classes of the fifth- and sixth-order tensors was developed by Olive
and Auffray [2013, 2014]. Finally, complete expressions for the sixth- and fifth-order tensors, including their
full symmetry classification, are given in [Auffray et al., 2013, 2019].

The subdivision of three-dimensional strain-gradient elasticity into 48 classes by Auffray and co-workers
is based on requiring the least symmetric triplet (C,M,A) of physical symmetry classes to be compatible
with the material symmetries. It is worth noting that a classification based on plane symmetries has only
recently been proposed [Quang et al., 2021].

Universal displacements satisfy the equilibrium equations, in the absence of body forces, for any mate-
rial within a prescribed class. Considering arbitrariness of the classical elastic constants, one recovers the
universal displacements of classical linear elasticity [Yavari et al., 2020]. When additional elastic constants
are present, one expects further universality constraints beyond those of the classical theory. Consequently,
for a given symmetry class, the set of universal displacements may be a proper subset of the classical one.
This possibility is examined carefully, class by class, in the following sections. The matrix representations of
M and A in §3 are taken from Auffray et al. [2013, 2019], who provided the complete matrix representation
and full symmetry classification for strain-gradient linear elastic solids.

General strategy: To obtain the universal displacements, we first use the independence of the material
constants in the classical linear elastic part, which yields potential universal displacements from the known
results of linear elasticity [Yavari et al., 2020]. For these potential universal displacements, we then examine
whether the independence of the material constants associated with the fifth- and sixth-order tensors of
strain-gradient elasticity [Auffray et al., 2013, 2019] imposes additional constraints. When this occurs, we
report the resulting simplifications; otherwise, we simply report the additional constraints.

3.1 Triclinic classes

Triclinic classes are the richest material classes in terms of the number of independent elastic constants. There
are 300 independent elastic constants for the triclinic 1 class and 192 for the Zc

2 class. For both classes, the
elasticity tensor C has the same form as in the triclinic class of classical linear elasticity. Therefore, we
examine whether the classical universal displacements also satisfy the additional universality constraints
imposed by the independent elastic constants of the generalized elasticity tensors A and M.
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3.1.1 Triclinic class 1

The tensor AZc
2
has 171 independent components; it is an 18× 18 symmetric matrix of the form

AZc
2
(x) =



A(15) B(25) C(25) D(15)

B(25) E(15) F (25) G(15)

C(25) F (25) H(15) I(15)

D(15) G(15) I(15) J (6)


, (3.11)

where A(15), E(15), H(15) ∈ Ms(5), B(25), C(25), F (25) ∈ M(5), D(15), G(15), I(15) ∈ M(5, 3), and J (6) ∈
Ms(3). Here, Ms(n), M(n), and M(n,m) denote the sets of symmetric n × n, all n × n, and all n × m
matrices, respectively. The tensor M1 has 108 independent components; it is a 6× 18 matrix of the form

M1(x) =



Ā(15) B̄(15) C̄(15) D̄(9)

Ē(5) F̄ (5) Ḡ(5) H̄(3)

Ī(5) J̄ (5) K̄(5) L̄(3)

M̄ (5) N̄ (5) Ō(5) P̄ (3)


, (3.12)

where Ā(15), B̄(15), C̄(15) ∈ M(3, 5), D̄(9) ∈ M(3), Ē(5), F̄ (5), Ḡ(5), Ī(5), J̄ (5), K̄(5), M̄ (5), N̄ (5), Ō(5) ∈ M(1, 5),
and H̄(3), L̄(3), P̄ (3) ∈ M(1, 3). The remaining 21 components stem from the classical form of the elasticity
tensor C for the triclinic class (Hermann–Maugin symbol 1 [Haussuhl, 2007, Newnkam, 2005]), giving a total
of 300 independent components in this case. From the classical linear elastic part we obtain the universality
constraints (2.1) and (2.2). Thus, the only potential universal displacements are homogeneous displacement
fields.

The universality constraints corresponding to the fifth-order tensor are as follows (third-order PDEs):

∂3u1

∂x3
1

=
∂3u1

∂x1∂x2
2

=
∂3u1

∂x2
1∂x2

=
∂3u1

∂x2
1∂x3

= 0 ,

∂3u1

∂x2
2∂x3

=
∂3u1

∂x3
3

=
∂3u1

∂x1∂x2∂x3
=

∂3u1

∂x1∂x2
3

=
∂3u1

∂x3
2

= 0 ,

∂3u2

∂x1∂x2
2

=
∂3u2

∂x3
1

=
∂3u2

∂x1∂x2
3

=
∂3u2

∂x1∂x2∂x3
= 0 ,

∂3u2

∂x2
1∂x2

=
∂3u2

∂x3
2

=
∂3u2

∂x2
2∂x3

=
∂3u2

∂x2∂x2
3

=
∂3u2

∂x3
3

=
∂3u2

∂x2
1∂x3

= 0 ,

∂3u3

∂x1∂x2
3

=
∂3u3

∂x3
1

=
∂3u3

∂x1∂x2
2

=
∂3u3

∂x2
1∂x2

= 0 ,

∂3u3

∂x2
1∂x3

=
∂3u3

∂x2
2∂x3

=
∂3u3

∂x3
3

=
∂3u3

∂x1∂x2∂x3
=

∂3u3

∂x2∂x2
3

= 0 .

(3.13)
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The universality constraints corresponding to the sixth-order tensor are (fourth-order PDEs):

∂4u1

∂x4
1

=
∂4u1

∂x3
1∂x2

=
∂4u1

∂x3
1∂x3

=
∂4u1

∂x4
2

=
∂4u1

∂x2
2∂x

2
3

= 0 ,

∂4u1

∂x1∂x3
2

=
∂4u1

∂x1∂x2
2∂x3

=
∂4u1

∂x3
2∂x3

=
∂4u1

∂x4
3

=
∂4u1

∂x1∂x2∂x2
3

= 0 ,

∂4u1

∂x2∂x3
3

=
∂4u1

∂x2
1∂x

2
2

=
∂4u1

∂x2
1∂x2∂x3

=
∂4u1

∂x3
2∂x3

= 0 ,

∂4u2

∂x3
1∂x2

=
∂4u2

∂x2
1∂x

2
2

=
∂4u2

∂x4
1

=
∂4u2

∂x2
1∂x

2
3

=
∂4u2

∂x2
1∂x2∂x3

= 0 ,

∂4u2

∂x3
1∂x3

=
∂4u2

∂x1∂x3
2

=
∂4u2

∂x4
2

=
∂4u2

∂x3
2∂x3

=
∂4u2

∂x2
2∂x

2
3

= 0 ,

∂4u2

∂x1∂x3
3

=
∂4u2

∂x1∂x2
2∂x3

=
∂4u2

∂x1∂x2∂x2
3

=
∂4u2

∂x4
3

= 0 ,

∂4u3

∂x3
1∂x2

=
∂4u3

∂x2
1∂x

2
3

=
∂4u3

∂x4
1

=
∂4u3

∂x2
1∂x

2
2

=
∂4u3

∂x3
1∂x2

= 0 ,

∂4u3

∂x1∂x2
2∂x3

=
∂4u3

∂x2
2∂x

2
3

=
∂4u3

∂x3
2∂x3

=
∂4u3

∂x4
2

=
∂4u3

∂x1∂x3
2

= 0 ,

∂4u3

∂x1∂x3
3

=
∂4u3

∂x4
3

=
∂4u3

∂x1∂x2∂x2
3

=
∂4u3

∂x2
1∂x2∂x3

=
∂4u3

∂x2∂x3
3

= 0 .

(3.14)

Third-order universality PDEs are associated with the matrix M1, while fourth-order universality PDEs are
associated with the matrix AZc

2
. The additional PDEs induced by M1 and AZc

2
are therefore of third and

fourth order, respectively, and are satisfied trivially by any homogeneous displacement field. Thus, one has
the following result.

Proposition 3.1. The only universal displacements in triclinic 1 class linear strain-gradient elastic solids
are homogeneous displacement fields.

3.1.2 Triclinic class Zc
2

Tensor AZc
2
has 171 independent components and has the same form as that of class 1. Tensor MZc

2
is

null. Tensor CZc
2
has the same form as that of class 1, with the only difference that it corresponds to the

Hermann–Maugin symbol 1̄. Since the triclinic Zc
2 class is obtained from the triclinic 1 class by setting

MZc
2
= 0, the following result follows immediately.

Proposition 3.2. The only universal displacements in triclinic Zc
2 class linear strain-gradient elastic solids

are homogeneous displacement fields.

Table 1: Summary of universal displacements: Triclinic classes.

Symmetry class Universal displacement family

Triclinic class 1 Homogeneous displacement fields

Triclinic class Zc
2 Homogeneous displacement fields

3.2 Monoclinic classes

For the monoclinic classes Z2, Z2 ⊕ Zc
2, and Z−

2 , the matrix C has 13 independent elastic constants and
coincides with that of the classical monoclinic linear elastic case. By contrast, for the monoclinic class
Dv

2, the matrix C has 9 independent components and coincides with that of the classical orthotropic case.
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Accordingly, for the classes Z2, Z2 ⊕Zc
2, and Z−

2 we examine whether the additional universality constraints
stemming from the fifth- and sixth-order tensors are satisfied by the universal displacements of the classical
monoclinic case. For the class Dv

2, the same procedure is followed, but the candidate universal displacements
are those of the classical orthotropic case.

3.2.1 Monoclinic class Z2

Tensor AZ2⊕Zc
2
has 91 independent components ; it is of the form

AZe3
2 ⊕Zc

2
(x) =



A(15) B(25) 0 0

B(25) E(15) 0 0

0 0 H(15) I(15)

0 0 I(15) J (6)


, (3.15)

or

AZe1
2 ⊕Zc

2
(x) =



A(15) 0 D(15)

0 E(15) F (25) 0

0 F (25) H(15) 0

D(15) 0 0 J (6)


, (3.16)

depending on whether the π rotation is taken to be around e3 or e1, respectively. As previously, A(15),
E(15), H(15) ∈ Ms(5), B(25), F (25) ∈ M(5), D(15), I(15) ∈ M(5, 3), and J (6) ∈ Ms(3). The expressions
AZe3

2 ⊕Zc
2
(x) and AZe1

2 ⊕Zc
2
(x) provide two conjugate representations of the same symmetry class Z2: in the

first representation, AZe3
2 ⊕Zc

2
(x), the π rotation is taken about e3, whereas in the second representation,

AZe1
2 ⊕Zc

2
(x), it is taken about e1. In our calculations, we take e3 to be normal to the plane of material

symmetry folloiwng Yavari et al. [2020].
The tensor MZ2

has 52 components; it is written as

MZ2 = MD2 +MDv
2
, (3.17)

where

MD2(x) =



0 0 0 D̄(9)

Ē(5) 0 0 0

0 J̄ (5) 0 0

0 0 Ō(5) 0


, (3.18)

and

MDv
2
(x) =



0 0 C̄(15) 0

0 F̄ (5) 0 0

Ī(5) 0 0 0

0 0 0 P̄ (3)


. (3.19)
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As before, C̄(15) ∈ M(3, 5), D̄(9) ∈ M(3), Ē(5), F̄ (5), J̄ (5), Ō(5) ∈ M(1, 5), and P̄ (3) ∈ M(1, 3). The remain-
ing 13 components stem from the classical form of the elasticity tensor for the monoclinic case (Hermann–
Maugin symbol 2). Thus, in total, this case has 156 independent components. From the classical linear
elastic part, we obtain constraints of the monoclinic type (see §2.2), which admit as candidate universal
displacements the superposition of a homogeneous displacement field and the one-parameter inhomogeneous
field (cx2x3,−cx1x3, 0).

From the components of the fifth-order tensor we obtain the following third-order universality PDEs:

∂3u1

∂x2
1∂x3

=
∂3u1

∂x2
2∂x3

=
∂3u1

∂x3
3

=
∂3u1

∂x1∂x2∂x3
= 0 ,

∂3u1

∂x1∂x2
3

=
∂3u1

∂x1∂x2
2

=
∂3u1

∂x3
1

=
∂3u1

∂x2∂x2
3

=
∂3u1

∂x2
1∂x2

=
∂3u1

∂x3
2

= 0 ,

∂3u2

∂x1∂x2∂x3
=

∂3u2

∂x2
1∂x3

=
∂3u2

∂x2
2∂x3

=
∂3u2

∂x3
3

=
∂3u2

∂x1∂x2
3

= 0 ,

∂3u2

∂x2∂x2
3

=
∂3u2

∂x2
1∂x2

=
∂3u2

∂x3
2

=
∂3u2

∂x1∂x2
2

=
∂3u2

∂x3
1

= 0 ,

∂3u3

∂x1∂x2
3

=
∂3u3

∂x3
1

=
∂3u3

∂x1∂x2
2

=
∂3u3

∂x2
1∂x2

= 0 ,

∂3u3

∂x2∂x2
3

=
∂3u3

∂x3
2

=
∂3u3

∂x3
3

=
∂3u3

∂x2
1∂x3

= 0 .

(3.20)

From the components of the sixth-order tensor we obtain the following fourth-order PDEs:

∂4u1

∂x4
1

=
∂4u1

∂x3
1∂x2

=
∂4u1

∂x4
2

=
∂4u1

∂x2
2∂x

2
3

=
∂4u1

∂x1∂x3
2

= 0 ,

∂4u1

∂x1∂x3
3

=
∂4u1

∂x4
3

=
∂4u1

∂x1∂x2∂x2
3

=
∂4u1

∂x2
1∂x

2
2

=
∂4u1

∂x2
1∂x

2
3

= 0 ,

∂4u1

∂x3
1∂x3

=
∂4u1

∂x2
1∂x2∂x3

=
∂4u1

∂x1∂x2
2∂x3

=
∂4u1

∂x3
2∂x3

=
∂4u1

∂x2∂x3
3

= 0 ,

∂4u2

∂x3
1∂x2

=
∂4u2

∂x2
1∂x

2
2

=
∂4u2

∂x2
1∂x

2
3

=
∂4u2

∂x1∂x3
2

=
∂4u2

∂x4
2

= 0 ,

∂4u2

∂x2
2∂x

2
3

=
∂4u2

∂x4
3

=
∂4u2

∂x1∂x2∂x2
3

=
∂4u2

∂x4
1

=
∂4u2

∂x2
1∂x2∂x3

= 0 ,

∂4u2

∂x1∂x2
2∂x3

=
∂4u2

∂x3
1∂x3

=
∂4u2

∂x2∂x3
3

=
∂4u2

∂x3
2∂x3

= 0 ,

∂4u3

∂x3
1∂x3

=
∂4u3

∂x2
1∂x

2
3

=
∂4u3

∂x1∂x2
2∂x3

=
∂4u3

∂x4
2

=
∂4u3

∂x4
3

= 0 ,

∂4u3

∂x1∂x2∂x2
3

=
∂4u3

∂x1∂x3
3

=
∂4u3

∂x2∂x3
3

=
∂4u3

∂x3
2∂x3

=
∂4u3

∂x4
1

= 0 ,

∂4u3

∂x2
1∂x

2
2

=
∂4u3

∂x3
1∂x2

=
∂4u3

∂x1∂x3
2

= 0 .

(3.21)

Substituting the superposition of homogeneous displacement fields and the one-parameter inhomogeneous
field (cx2x3 , −cx1x3 , 0) into (3.20) and (3.21), we find that these constraints are satisfied trivially. Thus,
we have the following result.

Proposition 3.3. The only universal displacements in monoclinic Z2 class linear strain-gradient elastic
solids are the superposition of homogeneous displacement fields and the one-parameter inhomogeneous field
(cx2x3 , −cx1x3 , 0).
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3.2.2 Monoclinic class Z2 ⊕ Zc
2

The tensor AZ2⊕Zc
2
has 91 independent components and has the same form as that of class Z2. Tensor

MZ2⊕Zc
2
is null. Tensor CZ2⊕Zc

2
has the same form as that of class Z2, with 13 independent components, with

the only difference that it corresponds to the Hermann–Maugin symbol 2/m. We thus arrive at the following
result.

Proposition 3.4. The only universal displacements in monoclinic Z2⊕Zc
2 class linear strain-gradient elastic

solids are the superposition of homogeneous displacement fields and the one-parameter inhomogeneous field
(cx2x3 , −cx1x3 , 0).

3.2.3 Monoclinic class Z−
2

Tensor AZ2⊕Zc
2
has 91 independent components and has the same form as that of class Z2. Tensor MZ−

2
has

56 independent components and has the form

MZ−
2
=



Ā(15) B̄(15) 0 0

0 0 Ḡ(5) H̄(13)

0 0 K̄(5) L̄(3)

M̄ (5) N̄ (5) 0 0


. (3.22)

Tensor CZ−
2
has 13 independent components and corresponds to the Hermann–Maugin symbol m.

The fourth-order universality constraints coincide with those of class Z2; the difference lies in the third-
order constraints on the displacement field, which in this case are

∂3u1

∂x3
3

=
∂3u1

∂x1∂x2
2

=
∂3u1

∂x1∂x2
3

=
∂3u1

∂x2
1∂x2

= 0 ,

∂3u1

∂x2∂x2
3

=
∂3u1

∂x3
2

=
∂3u1

∂x2
1∂x3

=
∂3u1

∂x1∂x2∂x3
=

∂3u1

∂x2
2∂x3

= 0 ,

∂3u2

∂x1∂x2
2

=
∂3u2

∂x3
1

=
∂3u2

∂x1∂x2
3

=
∂3u2

∂x2
1∂x2

=
∂3u2

∂x3
2

= 0 ,

∂3u2

∂x2∂x2
3

=
∂3u2

∂x1∂x2∂x3
=

∂3u2

∂x2
2∂x3

=
∂3u2

∂x2
1∂x3

=
∂3u2

∂x3
3

= 0 ,

∂3u3

∂x1∂x2
3

=
∂3u3

∂x2
1∂x3

=
∂3u3

∂x2
2∂x3

=
∂3u3

∂x3
3

= 0 ,

∂3u3

∂x1∂x2∂x3
=

∂3u3

∂x2∂x2
3

=
∂3u3

∂x2
1∂x2

=
∂3u3

∂x3
2

=
∂3u3

∂x1∂x2
2

=
∂3u3

∂x3
1

= 0 .

(3.23)

Substituting the superposition of a homogeneous displacement field and the one-parameter inhomogeneous
displacement field (cx2x3 ,−cx1x3 , 0), we obtain the following result.

Proposition 3.5. The only universal displacements in monoclinic Z−
2 class linear strain-gradient elastic

solids are the superposition of homogeneous displacement fields and the one-parameter inhomogeneous field
(cx2x3 ,−cx1x3 , 0).

3.2.4 Monoclinic class Dv
2

Tensor AD2⊕Zc
2
has 51 independent components and has the same form as that of class D2. Tensor MDv

2
has

28 independent components and has the same form as (3.19). Tensor CD2⊕Zc
2
has 9 independent compo-

nents and corresponds to the Hermann–Maugin symbol 2mm. Thus, although it belongs to the monoclinic

15



strain-gradient class, Dv
2 has the same classical elasticity tensor as the orthotropic class of linear elasticity.

Consequently, from the classical linear elastic part we obtain constraints of the form (2.6), and the candidate
universal displacements are the superposition of a homogeneous displacement field and the three-parameter
inhomogeneous displacement field (α1x2x3 , α2x1x3 , α3x1x2).

The fourth-order universality constraints coincide with those of class D2 and are given in the next sub-
section in (3.27). The third-order universality constraints for this case are

∂3u1

∂x3
3

=
∂3u1

∂x2
1∂x3

=
∂3u1

∂x2
2∂x3

=
∂3u1

∂x3
3

= 0 ,

∂3u1

∂x1∂x2∂x3
=

∂3u1

∂x1∂x2
3

=
∂3u1

∂x3
1

=
∂3u1

∂x1∂x2
2

= 0 ,

∂3u2

∂x1∂x2∂x3
=

∂3u2

∂x2
2∂x3

=
∂3u2

∂x2
1∂x3

=
∂3u2

∂x3
3

=
∂3u2

∂x2∂x2
3

= 0 ,

∂3u2

∂x2
1∂x2

=
∂3u2

∂x3
2

= 0 ,

∂3u3

∂x1∂x2
3

=
∂3u3

∂x3
1

=
∂3u3

∂x1∂x2
2

=
∂3u3

∂x2∂x2
3

= 0 ,

∂3u3

∂x2
1∂x2

=
∂3u3

∂x3
2

=
∂3u3

∂x3
3

=
∂3u3

∂x2
1∂x3

=
∂3u3

∂x2
2∂x3

= 0 .

(3.24)

Substituting the superposition of a homogeneous displacement field and the three-parameter inhomoge-
neous displacement field (α1x2x3 , α2x1x3 , α3x1x2) into (3.24) and into the fourth-order constraints of the
orthotropic class D2 given in (3.27), we obtain the following result.

Proposition 3.6. The only universal displacements in monoclinic Dv
2 class linear strain-gradient elastic

solids are the superposition of homogeneous displacement fields and the following three-parameter inhomoge-
neous displacement field: (α1x2x3 , α2x1x3 , α3x1x2).

Table 2: Summary of universal displacements: Monoclinic classes.

Symmetry class Universal displacement family

Monoclinic class Z2 Superposition of homogeneous fields and (cx2x3 , −cx1x3 , 0)

Monoclinic class Z2 ⊕ Zc
2 Superposition of homogeneous fields and (cx2x3 , −cx1x3 , 0)

Monoclinic class Z−
2 Superposition of homogeneous fields and (cx2x3 , −cx1x3 , 0)

Monoclinic class Dv
2 Superposition of homogeneous fields and (α1x2x3 , α2x1x3 , α3x1x2)

3.3 Orthotropic classes

There are five orthotropic classes in total. For the classes D2 and D2 ⊕ Zc
2, the elasticity matrix C coincides

with that of the orthotropic class of classical linear elasticity. For the classes Z−
4 and Dh

4 , the elasticity
tensor C coincides with that of the tetragonal class of classical linear elasticity. Finally, for the class Dv

3, the
elasticity matrix C coincides with that of the trigonal class of classical linear elasticity.
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3.3.1 Orthotropic class D2

Tensor AD2⊕Zc
2
has 51 independent components and has the form

AD2⊕Zc
2
(x) =



A(15) 0 0 0

0 E(15) 0 0

0 0 H(15) 0

0 0 0 J (6)


S

, (3.25)

where, as previously, A(15), E(15), H(15) ∈ Ms(5) and J (6) ∈ Ms(3), and the superscript S indicates
symmetrization. Tensor MD2

has the form (3.18) and has 24 independent components. Thus, in total, this
case has 84 independent components, since 9 components stem from the classical linear elasticity tensor for
the orthorhombic case (Hermann–Maugin symbol 222). The sixth-order tensor for this class coincides with
that of the monoclinic class Dv

2. Hence, from the classical linear elastic part we infer that the candidate
universal displacements are the superposition of homogeneous displacement fields and the following three-
parameter inhomogeneous displacement field: (α1x2x3 , α2x1x3 , α3x1x2). From the components of the
fifth-order tensor we obtain the following third-order universality PDEs:

∂3u1

∂x1∂x2∂x3
=

∂3u1

∂x2
1∂x3

=
∂3u1

∂x2
2∂x3

=
∂3u1

∂x1∂x2
3

= 0 ,

∂3u1

∂x2
1∂x2

=
∂3u1

∂x2∂x2
3

=
∂3u1

∂x3
2

= 0 ,

∂3u2

∂x2
1∂x3

=
∂3u2

∂x2
2∂x3

=
∂3u2

∂x3
3

=
∂3u2

∂x1∂x2∂x3
=

∂3u2

∂x1∂x2
2

= 0 ,

∂3u2

∂x1∂x2
3

=
∂3u2

∂x3
1

= 0 ,

∂3u3

∂x2
1∂x2

=
∂3u3

∂x2∂x2
3

=
∂3u3

∂x3
2

=
∂3u3

∂x3
3

= 0 ,

∂3u3

∂x1∂x2
2

=
∂3u3

∂x3
1

=
∂3u3

∂x1∂x2
3

=
∂3u3

∂x1∂x2∂x3
= 0 .

(3.26)
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From the components of the sixth-order tensor we obtain the following fourth-order universality PDEs:

∂4u1

∂x4
1

=
∂4u1

∂x4
2

=
∂4u1

∂x2
2∂x

2
3

=
∂4u1

∂x4
3

=
∂4u1

∂x2
1∂x

2
2

= 0 ,

∂4u1

∂x2
1∂x

2
3

=
∂4u1

∂x3
1∂x3

=
∂4u1

∂x1∂x3
3

=
∂4u1

∂x1∂x2∂x2
3

=
∂4u1

∂x1∂x2
2∂x3

= 0 ,

∂4u2

∂x3
1∂x3

=
∂4u2

∂x1∂x3
2

=
∂4u2

∂x1∂x2∂x2
3

=
∂4u2

∂x2
1∂x

2
2

=
∂4u2

∂x4
2

= 0 ,

∂4u2

∂x4
1

=
∂4u2

∂x2
2∂x

2
3

=
∂4u2

∂x4
3

=
∂4u2

∂x2
1∂x2∂x3

= 0 ,

∂4u2

∂x3
2∂x3

=
∂4u2

∂x2∂x3
3

= 0 ,

∂4u3

∂x3
1∂x3

=
∂4u3

∂x1∂x3
3

=
∂4u3

∂x1∂x2∂x2
3

=
∂4u3

∂x1∂x2
2∂x3

=
∂4u3

∂x2
1∂x2∂x3

= 0 ,

∂4u3

∂x3
2∂x3

=
∂4u3

∂x2
1∂x

2
3

=
∂4u3

∂x4
3

=
∂4u3

∂x2∂x3
3

=
∂4u3

∂x4
1

= 0 ,

∂4u3

∂x2
1∂x

2
2

=
∂4u3

∂x4
2

= 0 .

(3.27)

Substituting the superposition of homogeneous displacement fields and the three-parameter inhomogeneous
displacement field (α1x2x3 , α2x1x3 , α3x1x2) into the above third- and fourth-order PDEs, we find that they
are satisfied trivially. This yields the following result.

Proposition 3.7. The only universal displacements in orthotropic D2 class linear strain-gradient elastic
solids are the superposition of homogeneous displacement fields and the following three-parameter inhomoge-
neous displacement field: (α1x2x3 , α2x1x3 , α3x1x2).

3.3.2 Orthotropic class D2 ⊕ Zc
2

Tensor AD2⊕Zc
2
has 51 independent components and has the same form as that of class D2. Tensor MD2⊕Zc

2

is null. Tensor CD2⊕Zc
2
has the same form as that of class D2, with 9 independent components, with the only

difference that it corresponds to the Hermann–Maugin symbol mmm. This yields the following result:

Proposition 3.8. The only universal displacements in orthotropic D2 ⊕ Zc
2 class linear strain-gradient

elastic solids are the superposition of homogeneous displacement fields and the following three-parameter
inhomogeneous displacement field: (α1x2x3 , α2x1x3 , α3x1x2).

3.3.3 Orthotropic class Z−
4

Tensor AZ4⊕Zc
2
has 45 independent components and has the same form as that of class Z4. Tensor MZ−

4
has

26 independent components and has the form

MZ−
4
=



0 0 C̄(7) D̄(5)

Ē(5) F̄ (5) 0 0

−F̄ (5) Ē(5) 0 0

0 0 Ō(3) P̄ (1)


, (3.28)
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where

C̄(7) ∈


c̄11 c̄12 c̄13 c̄14 c̄15

−c̄11 −c̄14 −c̄15 −c̄12 −c̄13

c̄31 c̄32 c̄33 −c̄32 −c̄33

 , Ō(3) ∈
[
ō11 ō12 ō13 ō12 ō13

]
, (3.29)

and

D̄(5) ∈


d̄11 d̄12 d̄13

d̄12 d̄11 d̄13

d̄31 d̄31 d̄33

 , P̄ (1) ∈
[
p̄11 −p̄11 0

]
. (3.30)

Tensor CD4⊕Zc
2
has 6 independent components and corresponds to the Hermann–Maugin symbol 4mm. The

classical linear elastic part coincides with the tetragonal case, so we obtain constraints of the form (2.7), and
the candidate universal displacements are the superposition of a homogeneous displacement field and the
inhomogeneous field (2.8).

The third-order universality PDEs induced by the fifth-order tensor read

∂3u2

∂x2
1∂x3

=
∂3u3

∂x2
1∂x2

=
∂3u3

∂x2∂x2
3

=
∂3u3

∂x1∂x2
3

=
∂3u1

∂x2
1∂x3

= 0 ,

∂3u3

∂x3
1

=
∂3u2

∂x1∂x2∂x3
=

∂3u3

∂x1∂x2
2

=
∂3u3

∂x3
2

=
∂3u3

∂x3
3

= 0 ,

∂3u2

∂x3
3

=
∂3u1

∂x2
2∂x3

=
∂3u1

∂x3
3

=
∂3u1

∂x1∂x2∂x3
=

∂3u3

∂x1∂x2∂x3
= 0 ,

∂3u3

∂x2
1∂x3

=
∂3u3

∂x2∂x2
3

= 0 ,

∂3u2

∂x1∂x2
2

+
∂3u1

∂x2
1∂x2

= 0 ,

− ∂3u2

∂x2∂x2
3

+
∂3u1

∂x1∂x2
3

= 0 ,

−∂3u2

∂x3
2

+
∂3u1

∂x3
1

= 0 ,

∂3u1

∂x1∂x2
2

− ∂3u2

∂x2
1∂x2

= 0 ,

∂3u2

∂x1∂x2
2

+
∂3u1

∂x2
1∂x2

= 0 ,

∂3u1

∂x3
2

+
∂3u2

∂x3
1

= 0 ,

∂3u1

∂x2∂x2
3

+
∂3u2

∂x1∂x2
3

= 0 .

(3.31)
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The fourth-order universality PDEs induced by the sixth-order tensor are

∂4u1

∂x4
1

=
∂4u3

∂x3
1∂x3

=
∂4u2

∂x1∂x3
2

=
∂4u3

∂x1∂x2
2∂x3

=
∂4u1

∂x2
2∂x

2
3

= 0 ,

∂4u3

∂x1∂x2∂x2
3

=
∂4u3

∂x1∂x3
3

=
∂4u1

∂x4
3

=
∂4u2

∂x4
1

=
∂4u2

∂x2
1∂x

2
3

= 0 ,

∂4u3

∂x2
1∂x2∂x3

=
∂4u1

∂x1∂x2∂x2
3

=
∂4u2

∂x4
3

=
∂4u1

∂x2
1∂x

2
3

=
∂4u2

∂x1∂x2∂x2
3

= 0 ,

∂4u2

∂x2
2∂x

2
3

=
∂4u2

∂x4
1

=
∂4u1

∂x3
1∂x2

=
∂4u3

∂x2
2∂x

2
3

=
∂4u3

∂x3
2∂x3

= 0 ,

∂4u3

∂x2
2∂x

2
3

=
∂4u2

∂x2
1∂x

2
3

=
∂4u3

∂x4
3

=
∂4u3

∂x2∂x3
3

=
∂4u3

∂x3
1∂x3

= 0 ,

∂4u3

∂x2
1∂x

2
2

=
∂4u2

∂x2
1∂x2∂x3

=
∂4u1

∂x1∂x2
2∂x3

= 0 ,

∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

= 0 ,
∂4u1

∂x4
2

+ 2
∂4u1

∂x2
1∂x

2
2

= 0 ,

∂4u1

∂x1∂x3
2

+ 3
∂4u2

∂x2
1∂x2

= 0 ,
∂4u1

∂x1∂x3
2

+
∂4u2

∂x2
1∂x

2
2

= 0 ,

2
∂4u2

∂x2
1∂x

2
2

+
∂4u2

∂x4
1

= 0 ,
∂4u2

∂x1∂x3
2

+
∂4u1

∂x4
1

= 0 ,

−∂4u1

∂x4
2

− 3
∂4u2

∂x1∂x3
2

= 0 ,− ∂4u3

∂x1∂x2
2∂x3

+
∂4u1

∂x2
1∂x

3
2

= 0 ,

−3
∂4u1

∂x2
1∂x

2
2

− ∂4u2

∂x3
1∂x2

= 0 ,
∂4u2

∂x3
2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,

∂4u2

∂x2∂x3
3

+
∂4u1

∂x1∂x3
3

= 0 ,− ∂4u2

∂x1∂x2
2∂x3

+
∂4u1

∂x2
1∂x2∂x3

= 0 ,

∂4u1

∂x3
2∂x3

− ∂4u2

∂x3
1∂x3

= 0 ,
∂4u3

∂x4
2

+
∂4u3

∂x4
1

= 0 ,

∂4u2

∂x1∂x3
2

+
∂4u3

∂x1∂x2∂x2
3

= 0 ,
∂4u2

∂x3
1∂x3

+
∂4u3

∂x3
1∂x2

= 0 ,

∂4u1

∂x3
2∂x3

− 3
∂4u2

∂x1∂x2
2∂x3

= 0 ,

− ∂4u1

∂x2
2∂x3

− ∂4u3

∂x1∂x3
2

+ 3
∂4u1

∂x2
1∂x2∂x3

+
∂4u2

∂x3
1∂x3

= 0 ,

∂4u2

∂x1∂x2
2∂x3

+
∂4u3

∂x1∂x3
2

= 0 ,
∂4u1

∂x2
1∂x2∂x3

+
∂4u3

∂x3
1∂x2

= 0 .

(3.32)

Substituting the tetragonal linear elastic candidate displacement field (2.8) into the above third- and
fourth-order constraints, we obtain the following additional constraints on the function g(x1, x2):

∂3g

∂x3
1

=
∂3g

∂x1∂x2
2

=
∂3g

∂x3
2

=
∂3g

∂x2
1∂x2

=
∂4g

∂x2
1∂x

2
2

=
∂4g

∂x1∂x3
2

=
∂4g

∂x3
1∂x2

= 0 ,

∂4g

∂x4
1

+
∂4g

∂x4
2

= 0 ,

∂2g

∂x2
1

+
∂2g

∂x2
2

= 0 .

(3.33)
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After straightforward manipulations, these constraints yield g(x1, x2) in the form

g(x1, x2) = c1 + c2x1 + c3x2 + c4x1x2 + c5(x
2
2 − x2

1) . (3.34)

This gives the following characterization:

Proposition 3.9. The universal displacements in trigonal Z−
4 class linear strain-gradient elastic solids are

the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.8), with
g(x1, x2) given by (3.34).

3.3.4 Orthotropic class Dv
3

Tensor AD3⊕Zc
2
has 34 independent components and has the same form as that of class D3. Tensor MDv

3
has

20 independent components and has the same form as (3.61). Tensor CD3⊕Zc
2
has 6 independent components

and corresponds to the Hermann–Maugin symbol 3m. The classical linear elastic part coincides with the
trigonal case, so we have the universality constraints (2.9), and the candidate universal displacements are
the superposition of homogeneous displacement fields and the inhomogeneous field (2.10).

The third-order universality constraints for this case read

−∂3u2

∂x3
2

+
1√
2

(
2

∂3u2

∂x1∂x2
2

+
∂3u1

∂x2
1∂x2

+
∂3u2

∂x3
1

)
= 0 ,

1√
2

∂3u1

∂x3
2

+
√
2

∂3u2

∂x1∂x2
2

+

(
1− 1√

2

)
∂3u1

∂x2
1∂x2

= 0 ,

−1

2

(
2 +

√
2
) ∂3u1

∂x3
2

−
(
1 +

√
2
) ∂3u2

∂x1∂x2
2

+
1√
2

(
2

∂3u1

∂x2
1∂x2

+ 3
∂3u2

∂x3
1

)
= 0 ,

∂3u1

∂x2∂x2
3

=
∂3u2

∂x1∂x2
3

= 0 ,
∂3u3

∂x1∂x2∂x3
=

∂3u3

∂x1∂x2
3

= 0 ,

∂3u1

∂x2
1∂x3

= 0 ,
√
2

∂3u3

∂x1∂x2
2

+
∂3u3

∂x3
1

= 0 ,
∂3u1

∂x2
2∂x3

= 0 ,

∂3u2

∂x1∂x2∂x3
= 0 ,

∂3u3

∂x1∂x2
2

= 0 ,
∂3u3

∂x3
3

= 0 ,
∂3u1

∂x3
3

= 0 .

(3.35)

21



and 

∂3u3

∂x2∂x2
3

=
∂3u2

∂x2
1∂x3

=
∂3u3

∂x2
1∂x2

= 0 ,

∂3u3

∂x3
2

=
∂3u3

∂x3
3

=
∂3u2

∂x3
3

= 0 ,

1√
2

∂3u1

∂x1∂x2
2

− 1

2

(
−2 +

√
2
) ∂3u2

∂x2
1∂x2

− 2√
2

∂3u1

∂x3
1

= 0 ,

− 1√
2

∂3u2

∂x2
1∂x2

− 1

2

(
−2 +

√
2
) ∂3u1

∂x3
1

= 0 ,(
2 +

1√
2

)
∂3u1

∂x1∂x2
2

+
2√
2

∂3u2

∂x2
1∂x2

− 1√
2

∂3u1

∂x3
1

= 0 ,

− ∂3u2

∂x2∂x2
3

+
∂3u1

∂x1∂x2
3

−
√
2

∂3u3

∂x2
1∂x3

= 0 ,

− ∂3u2

∂x2∂x2
3

− ∂3u3

∂x2
2∂x3

−
√
2

(
∂3u1

∂x1∂x2
3

+
∂3u3

∂x2
1∂x3

)
= 0 ,(

1− 1√
2

)
∂3u2

∂x2
1∂x3

−
(
−1 +

√
2
) ∂3u3

∂x2
1∂x2

= 0 ,

3

(
∂3u2

∂x2∂x2
3

+
∂3u3

∂x2
2∂x3

)
+

∂3u1

∂x1∂x2
3

+
∂3u3

∂x2
1∂x3

= 0 ,

∂3u2

∂x2∂x2
3

− ∂3u1

∂x1∂x3
2

= 0 ,

(3.36)

as well as 

∂3u1

∂x1∂x2∂x3
=

∂3u2

∂x2
2∂x3

= 0 ,

∂3u2

∂x2∂x2
3

+
∂3u1

∂x1∂x2
3

= 0 ,

∂3u2

∂x3
2

+
∂3u1

∂x3
1

= 0 ,

∂3u1

∂x1∂x2
2

+
∂3u2

∂x2
1∂x2

= 0 ,

∂3u3

∂x2
2∂x3

+
∂3u3

∂x2
1∂x3

= 0 ,

∂3u2

∂x3
2

+
∂3u1

∂x3
1

= 0 ,

∂3u3

∂x2∂x2
3

+
∂3u3

∂x2
1∂x3

= 0 .

(3.37)
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The fourth-order universality constraints for this case are written as

∂4u3

∂x1∂x3
3

=
∂4u1

∂x4
3

=
∂4u2

∂x1∂x3
3

=
∂4u1

∂x2∂x3
3

= 0 ,

1√
2

∂4u1

∂x4
2

+
1√
2

∂4u2

∂x1∂x3
2

+
(
1 +

√
2
) ∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

+
∂4u1

∂x4
1

= 0 ,

∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

= 0 ,

∂4u2

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

+
∂4u1

∂x2
1∂x

2
3

+
∂4u3

∂x3
1∂x3

= 0 ,

∂4u1

∂x2
2∂x

2
3

+
∂4u3

∂x1∂x2
2∂x3

+
∂4u1

∂x2
1∂x

2
3

+
∂4u3

∂x3
1∂x3

= 0 ,

− 1√
2

∂4u1

∂x2
2

+

(
1− 1√

2

)
∂4u2

∂x1∂x3
2

−
(
−1 +

√
2
) ∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

= 0 ,

∂4u1

∂x2
2∂x

2
3

−
(
−1 +

√
2
) ∂4u2

∂x1∂x2∂x2
3

+ 2
∂4u3

∂x1∂x2∂x2
3

−
√
2

∂4u3

∂x1∂x2
2∂x3

= 0 ,

−
√
2

(
∂4u1

∂x2
2∂x

2
3

+
∂4u3

∂x1∂x2
2∂x3

)
+ 2

(
∂4u2

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

)
= 0 ,

−
√
2

∂4u1

∂x2
2∂x

2
3

−
(
−4 +

√
2
) ∂4u2

∂x1∂x2
2∂x3

+
∂4u1

∂x1∂x3
2

− ∂4u1

∂x2
1∂x2∂x3

= 0 ,

∂4u2

∂x1∂x2
2∂x3

− ∂4u3

∂x1∂x3
2

− ∂4u3

∂x3
1∂x3

+
∂4u3

∂x3
1∂x2

= 0 ,

∂4u1

∂x3
2∂x3

+

(
1− 3√

2

)
∂4u2

∂x1∂x2
2∂x3

+
1√
2

(
∂4u1

∂x2
1∂x2∂x3

+
∂4u2

∂x3
1∂x3

+
∂4u3

∂x3
1∂x2

)
= 0 ,

2
∂4u1

∂x3
2∂x3

+
(
5− 2

√
2
) ∂4u2

∂x1∂x2
2∂x3

−
(
−1 + 2

√
2
)(

∂4u1

∂x1∂x3
2

+ 2
∂4u1

∂x2
1∂x2∂x3

+
∂4u2

∂x3
1∂x3

+
∂4u3

∂x3
1∂x2

)
= 0 ,

− ∂4u1

∂x3
2∂x3

− 1

2

(
2 +

√
2
) ∂4u2

∂x1∂x2
2∂x3

− 5√
2

(
5

∂4u1

∂x2
1∂x2∂x3

+
∂4u2

∂x3
1∂x3

+
∂4u3

∂x3
1∂x2

)
= 0 ,

∂4u1

∂x3
2∂x3

+
∂4u2

∂x1∂x2
2∂x3

−
(
1 + 4

√
2
) ∂4u1

∂x2
1∂x2∂x3

+
(
1 + 2

√
2
) ∂4u2

∂x3
1∂x3

− 2
√
2

∂4u3

∂x3
1∂x2

= 0 ,

4
∂4u1

∂x3
2∂x3

+
(
3 + 2

√
2
) ∂4u2

∂x1∂x2
2∂x3

+
(
1 + 2

√
2
) ∂4u3

∂x2
1∂x

3
2

−4
(
−1 +

√
2
) ∂4u1

∂x2
1∂x2∂x3

−
(
1 + 2

√
2
) ∂4u2

∂x3
1∂x3

+
(
1− 2

√
2
) ∂4u3

∂x3
1∂x2

= 0 ,

∂4u2

∂x1∂x2∂x2
3

+
∂4u1

∂x2
1∂x

2
3

= 0 ,

∂4u1

∂x2
1∂x

2
3

+
∂4u3

∂x3
1∂x3

= 0 ,

2
∂4u1

∂x2
1∂x

2
3

−
(
−1 + 2

√
2
) ∂4u2

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

−
√
2

(
∂4u1

∂x2
1∂x

2
3

+
∂4u3

∂x3
1∂x3

)
= 0 ,

∂4u1

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

= 0 ,

√
2
∂4u1

∂x4
2

+
(
1 +

√
2
) ∂4u2

∂x1∂x3
2

−
(
1 +

√
2
) ∂4u1

∂x2
1∂x

2
2

−
(
1 + 2

√
2
) ∂4u2

∂x3
1∂x2

+
∂4u1

∂x4
1

= 0 ,

(3.38)
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and 

∂4u1

∂x1∂x2∂x2
3

=
∂4u3

∂x4
3

=
∂4u2

∂x4
3

=
∂4u3

∂x2∂x3
3

=
∂4u3

∂x3
2∂x3

=
∂4u1

∂x1∂x3
2

= 0 ,

∂4u2

∂x4
2

+
∂4u1

∂x1∂x3
2

+
(
1 +

√
2
) ∂4u2

∂x2
1∂x

2
2

+
1√
2

∂4u2

∂x4
1

= 0 ,

∂4u1

∂x1∂x3
2

+
∂4u2

∂x2
1∂x

2
2

= 0 ,

∂4u1

∂x1∂x3
2

− ∂4u2

∂x2
1∂x

2
2

− ∂4u2

∂x4
1

= 0 ,

∂4u2

∂x2
2∂x

2
3

+
∂4u2

∂x2
1∂x

2
3

+
∂4u3

∂x2
1∂x2∂x3

= 0 ,

∂4u1

∂x1∂x3
2

−
(
−1 +

√
2
) ∂4u2

∂x2
1∂x

2
2

+

(
1− 1√

2

)
∂4u1

∂x3
1∂x2

− 1√
2

∂4u2

∂x4
1

= 0 ,

√
2

∂4u3

∂x2
1∂x

2
3

+ 2
∂4u1

∂x1∂x2∂x2
3

= 0 ,

−3
∂4u2

∂x2
1∂x2∂x3

− 2
∂4u3

∂x2
1∂x

2
2

+
∂4u1

∂x3
1∂x3

= 0 ,

√
2

(
∂4u1

∂x2
1∂x2∂x3

+
∂4u3

∂x2
1∂x

2
2

)
+

∂4u1

∂x3
1∂x3

= 0 ,

− ∂4u2

∂x2∂x3
3

+
∂4u1

∂x1∂x3
3

= 0 ,

∂4u3

∂x2
2∂x

2
3

+
∂4u3

∂x2
1∂x

2
3

= 0 ,

∂4u1

∂x1∂x2
2∂x3

+
1

2

∂4u2

∂x2
1∂x2∂x3

+
∂4u3

∂x2
1∂x

2
2

− 1

2

∂4u1

∂x3
1∂x3

= 0 ,

−
(
1 +

√
2
) ∂4u1

∂x1∂x2
2∂x3

−
√
2

∂4u2

∂x2
1∂x2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,

∂4u2

∂x3
2∂x3

− 3

2

∂4u2

∂x2
1∂x2∂x3

− ∂4u3

∂x2
1∂x

2
2

− 1

2

∂4u1

∂x3
1∂x3

= 0 ,

3
∂4u2

∂x3
2∂x3

+
∂4u3

∂x4
2

−
(
1 + 2

√
2
)(

2
∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

+
∂4u3

∂x2
1∂x

2
2

)
= 0 ,

−
(
2 + 2

√
2
) ∂4u1

∂x1∂x2
2∂x3

−
√
2

∂4u2

∂x2
1∂x2∂x3

−
(
1 + 2

√
2
) ∂4u3

∂x2
1∂x

2
2

+ 2
∂4u1

∂x3
1∂x3

+
∂4u3

∂x4
1

= 0 ,

− ∂4u2

∂x2∂x3
3

− 2
∂4u3

∂x2∂x3
3

− ∂4u3

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x3
3

+ 3
∂4u3

∂x2
1∂x

2
3

= 0 ,

− ∂4u2

∂x2∂x3
3

− ∂4u3

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x3
3

+
∂4u3

∂x2
1∂x

2
3

= 0 ,

∂4u2

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x2∂x2
3

= 0 ,

(3.39)
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as well as 

∂4u2

∂x2
1∂x

2
3

=
∂4u2

∂x2
1∂x

2
2

=
∂4u1

∂x3
1∂x2

=
∂4u3

∂x2
1∂x2∂x3

=
∂4u3

∂x4
3

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,

∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

= 0 ,

∂4u3

∂x2∂x3
3

+
∂4u3

∂x2
1∂x

2
3

= 0 ,

∂4u2

∂x2∂x3
3

+
∂4u3

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x3
3

+
∂4u3

∂x2
1∂x

2
3

= 0 ,

−
(
−1 +

√
2
) ∂4u1

∂x1∂x3
2

+
(
−1 +

√
2
) ∂4u1

∂x3
1∂x3

− ∂4u2

∂x4
1

= 0 ,

√
2

∂4u1

∂x1∂x3
2

− ∂4u1

∂x3
1∂x2

= 0 ,

− ∂4u3

∂x2
2∂x

2
3

+
∂4u3

∂x2
1∂x

2
3

= 0 ,

− 3√
2

∂4u2

∂x2
2∂x

2
3

− 1√
2

∂4u3

∂x3
2∂x3

+
√
2

∂4u1

∂x1∂x2∂x2
3

= 0 ,

∂4u2

∂x2
2∂x

2
3

−
(
1 +

√
2
) ∂4u1

∂x1∂x2∂x2
3

= 0 ,

−
(
2 + 3

√
2
) ∂4u1

∂x1∂x3
2

−
√
2
∂4u2

∂x4
1

= 0 ,

4
∂4u2

∂x4
2

−
(
2 +

√
2
) ∂4u1

∂x1∂x3
2

−
√
2

∂4u2

∂x2
1∂x

2
2

−
(
2 + 3

√
2
) ∂4u1

∂x3
1∂x2

− 3
√
2
∂4u2

∂x4
1

= 0 ,

∂4u2

∂x2
2∂x

2
2

+
∂4u3

∂x3
2∂x3

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u3

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x3
3

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u3

∂x4
3

+
∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

= 0 ,

2
∂4u3

∂x2
1∂x

2
2

+
∂4u1

∂x3
1∂x3

+
∂4u3

∂x4
1

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,

∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x2

3

= 0 ,

2
∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

+
∂4u3

∂x2
1∂x

2
3

= 0 ,

√
2

∂4u1

∂x1∂x2
2∂x3

+
(
−2 +

√
2
) ∂4u2

∂x2
1∂x2∂x3

+ 2
(
−1 +

√
2
) ∂4u3

∂x2
1∂x

2
3

= 0 .

(3.40)

Substituting the inhomogeneous displacement field (2.10) into the above universality PDEs, we find that
they are satisfied provided that a123 = 0. Thus, we have proved the following result.

Proposition 3.10. The universal displacements in orthotropic Dv
3 class linear strain-gradient elastic solids
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are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.10)
with a123 = 0.

3.3.5 Orthotropic class Dh
4

Tensor AD4⊕Zc
2
has 28 independent components and has the same form as that of class D4. Tensor MDh

4
has

13 independent components and has the form

MDh
4
=



0 0 C̄(7) 0

0 F̄ (5) 0 0

−F̄ (5) 0 0 0

0 0 0 P̄ (1)


. (3.41)

Tensor CD4⊕Zc
2
has 6 independent components and corresponds to the Hermann–Maugin symbol 4mm. The

classical linear elastic part coincides with the tetragonal case. Thus, from the classical linear elastic part we
have the universality constraints (2.7), and the candidate universal displacements are the superposition of a
homogeneous displacement field and the inhomogeneous displacement field (2.8).

The third-order universality PDEs induced by the fifth-order tensor read

∂3u3

∂x1∂x2
3

=
∂3u1

∂x2
1∂x3

=
∂3u3

∂x3
1

=
∂3u2

∂x1∂x2∂x3
=

∂3u3

∂x1∂x2
2

= 0 ,

∂3u1

∂x2∂x2
3

=
∂3u1

∂x3
3

=
∂3u3

∂x2∂x2
3

=
∂3u2

∂x2
2∂x3

=
∂3u3

∂x3
2

= 0 ,

∂3u1

∂x1∂x2∂x3
=

∂3u3

∂x2
1∂x2

=
∂3u2

∂x2
1∂x3

=
∂3u3

∂x3
3

=
∂3u2

∂x3
3

= 0 ,

∂3u2

∂x2∂x2
3

=
∂3u2

∂x3
2

=
∂3u1

∂x1∂x2
=

∂3u1

∂x1∂x2
2

=
∂3u1

∂x1∂x2
3

=
∂3u1

∂x3
1

= 0 ,

∂3u2

∂x2
1∂x2

=
∂3u3

∂x2
1∂x3

=
∂3u3

∂x2
2∂x3

= 0 .

(3.42)
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The fourth-order universality PDEs induced by the sixth-order tensor are

∂4u1

∂x4
1

=
∂4u3

∂x3
1∂x3

=
∂4u2

∂x1∂x3
2

=
∂4u3

∂x1∂x2
2∂x3

=
∂4u1

∂x2
2∂x

2
3

= 0 ,

∂4u3

∂x1∂x2∂x2
3

=
∂4u3

∂x1∂x3
3

=
∂4u1

∂x2
1∂x

2
3

=
∂4u2

∂x1∂x2∂x2
3

= 0 ,

∂4u2

∂x2
2

=
∂4u1

∂x3
1∂x2

=
∂4u3

∂x2
2∂x

2
3

=
∂4u3

∂x2
1∂x

2
3

=
∂4u3

∂x2
1∂x2∂x3

= 0 ,

∂4u3

∂x4
3

=
∂4u2

∂x4
3

=
∂4u3

∂x2∂x3
3

=
∂4u2

∂x2
2∂x

2
3

=
∂4u1

∂x1∂x2∂x2
3

= 0 ,

∂4u3

∂x3
2∂x3

=
∂4u2

∂x2
1∂x

2
3

=
∂4u3

∂x2
1∂x

2
3

=
∂4u2

∂x2
1∂x2∂x3

=
∂4u1

∂x1∂x2
2∂x3

= 0 ,

∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

= 0 ,
∂4u1

∂x4
2

+ 2
∂4u1

∂x2
1∂x

2
2

= 0 ,

∂4u1

∂x4
3

+
∂4u3

∂x1∂x3
3

= 0 ,
∂4u1

∂x1∂x3
2

+
∂4u2

∂x2
1∂x

2
2

= 0 ,

2
∂4u2

∂x2
1∂x

2
2

+
∂4u2

∂x4
1

= 0 ,
∂4u2

∂x3
2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,

∂4u3

∂x3
2∂x3

+
∂4u3

∂x2
1∂x

2
3

= 0 ,
∂4u2

∂x2∂x3
3

+
∂4u1

∂x1∂x3
3

= 0 ,

∂4u3

∂x4
2

+
∂4u3

∂x4
1

= 0 .

(3.43)

Substituting the tetragonal linear elastic candidate displacement field (2.8) into the above third- and
fourth-order universality PDEs, we obtain the following additional universality PDEs for the function
g(x1, x2):

∂3g

∂x3
1

=
∂3g

∂x1∂x2
2

=
∂3g

∂x3
2

=
∂3g

∂x2
1∂x2

=
∂4g

∂x2
1∂x

2
2

= 0 ,

∂4g

∂x4
1

+
∂4g

∂x4
2

= 0 ,

∂2g

∂x2
1

+
∂2g

∂x2
2

= 0 .

(3.44)

After straightforward manipulations, one finds that g(x1, x2) has the same form as in (3.34). This gives the
following characterization:

Proposition 3.11. The universal displacements in orthotropic Dh
4 class linear strain-gradient elastic solids

are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.8),
with g(x1, x2) given by (3.34).

Table 3: Summary of universal displacements: Orthotropic classes.

Symmetry class Universal displacement family

Orthotropic class D2 Superposition of homogeneous fields and (α1x2x3 , α2x1x3 , α3x1x2)

Orthotropic class D2 ⊕ Zc
2 Superposition of homogeneous fields and (α1x2x3 , α2x1x3 , α3x1x2)

Orthotropic class Z−
4 Superposition of a homogeneous field and (2.8) with g(x1, x2) given by

(3.34)

Orthotropic class Dv
3 Superposition of a homogeneous field and (2.10) with a123 = 0
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Symmetry class Universal displacement family (continued)

Orthotropic class Dh
4 Superposition of a homogeneous field and (2.8) with g(x1, x2) given by

(3.34)

3.4 Trigonal classes

Out of the seven trigonal classes, Z3 and Z3 ⊕ Zc
2, as well as D3 and D3 ⊕ Zc

2, have an elasticity matrix C
that coincides with that of the trigonal classical linear elasticity. The classes Z−

6 and Dh
6 have an elasticity

tensor C that coincides with that of the transversely isotropic classical linear elasticity. Finally, the class Dv
4

has an elasticity matrix C that coincides with that of the tetragonal classical linear elasticity.

3.4.1 Trigonal class Z3

Tensor AZ3⊕Zc
2
has 57 independent components ; it has the form

AZ3⊕Zc
2
(x) =



A(11) + ηAc B(6) + θBC C(3) D(4)

A(11) F (8) G(9)

H(6) I(4)

J (4)


S

+



0 0 f(G(9)) f(F (8))

0 f(D(4)) 0

f(J (4)) 0

0


S

. (3.45)

Matrix A(11) has 11 independent components and has the following form

A(11) =



a11 a12 a13 a14 a15

a22 −a13 +
√
2 aIII aI aII

−a12 + a∗III a34 a35

a44 a45

a55


S

, (3.46)

where

aI = a14 −
√
2 a34 , aII = a15 −

√
2 a35 , aIII =

a11 − a22
2

, a∗III =
a11 + a22

2
. (3.47)

The expressions for B(6), C(3), D(4), G(9), H(6), and I(4) are

B(6) =



0 b12 −
√
2
2 b12 b24 +

√
2 b34 b25 +

√
2 b35

0 −
√
2
2 b12 b24 b25

0 b34 b35

0 b45

0


A

, (3.48)
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C(3) =



c11 c12 c13 c12 c13

−c11 −c12 −c13 −c12 −c13

−
√
2 c11 −

√
2 c12 −

√
2 c13 −

√
2 c12 −

√
2 c13

0 0 0 0 0

0 0 0 0 0


, (3.49)

D(4) =



0 d12 −d12

d21 −d12 d12

−d21√
2

−
√
2 d12

√
2 d12

d41 0 0

d51 0 0


, (3.50)

F (8) =



f11 f12 f13 f14 f15

−f11 −f12 + βI f23 −f12 + βI −f15 − 2βII

−
√
2 f11 −

√
2(f12 −

3

2
βI) −

√
2(f15 + βII) −

√
2(f12 −

1

2
βI) −

√
2(f13 − βII)

0 0 f43 0 −f43

0 0 f53 0 −f53


,

βI =
f12 − f14

2
, βII =

f13 + f23
2

,

(3.51)

G(9) =



g11 g12 g13

g21 g23 − 2 γIII g23

√
2 γI

√
2 γII

√
2(2 γIII + γII)

g41 g42 g42

g51 g52 g52


,

γI =
g11 − g21

2
, γII =

g13 − g23
2

, γIII =
g12 − g13

2
,

(3.52)
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H(6) =



h11 h12 h13 h12 h13

h22 h23 h22 h23

h33 h23 h33

h22 h23

h33


S

, I(4) =



0 i12 −i12

0 i22 −i22 −
√
2 i31

i31 i32 −i32

0 i22 +
√
2 i31 −i22

−i31 i32 −i32


, (3.53)

and matrix J (4) is given in (3.110). Matrices Ac and Bc are independent of material parameters and are
given as

Ac =



1 −1 −
√
2 0 0

1
√
2 0 0

2 0 0

0 0

0


S

, Bc =



1 0 − 3
√
2

2 0 0

−2 1
√
2
2 0 0

−
√
2
2

3
√
2

2 2 0 0

0 0 0 0 0

0 0 0 0 0


. (3.54)

The matrix-valued functions f(G(9)), f(F (8)), f(D(4)) and f(J (4)) are defined as

f(G(9)) =



0 −
√
2
2 γ∗

I −g12 − γII
√
2
2 (g11 + γI) γ∗

II

0 −
√
2
2 γ∗

I −g12 + 3γII + 4γIII
√
2
2 (g11 + γI) γ∗

II

0 −2γI 0 0 2
√
2(γIII + γII)

0 −
√
2
2 g41 −g42

√
2
2 g41 g42

0 −
√
2
2 g51 −g52

√
2
2 g51 g52


, (3.55)

f(F (8)) =



√
2βI βII 2βIII − βII

0 βII 3βII − 2βIII

βI −2
√
2(βII − βIII) 0

0 f43 f43

0 f53 f53


, (3.56)

where

γ∗
I =

g11 + g21
2

, γ∗
II =

g13 + g23
2

, βIII =
f13 − f15

2
, (3.57)
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and

f(D(4)) =



0 0 0 0 0

0 d21√
2

0 −d21√
2

0

0 −d21

2 0 d21

2 0

0
√
2
2 d41 0 −

√
2
2 d41 0

0
√
2
2 d51 0 −

√
2
2 d51 0


, f(J (4)) =



0 0 0 0 0

0 0 −j11 −
√
2j12

0 −
√
2j12 −(j22 + j23)

0 0

0


S

. (3.58)

Matrix MZ3
has 36 independent components and it is of the form

MZ3 = MD3 +MDv
3
, (3.59)

where

MD3 =



Ā(6) 0 0 D̄(4)

Ē(4) 0 0 H̄(2)

0 −Ē(4) 0 0

0 0 0 0


+



0 0 0

0 0 0 0

0 0 g(H̄(2)) 0

0 g(Ā(6)) g(D̄(4)) 0


, (3.60)

MDv
3
=



0 B̄(6) C̄(8) 0

0 F̄ (4) 0 0

F̄ (4) 0 0 L̄(2)

0 0 0 0


+



0 0 0 0

0 0 −g(L̄(2)) 0

0 0 0 0

−g(B̄(6)) 0 0 g(C̄(8))


, (3.61)

Ā(6), B̄(6) ∈


ā11 ā12

√
2
2 (ā11 + ā12 + 2ā22) ā14 ā15

−(ā11 + ā12 + ā22) ā22 −
√
2
2 (ā11 − 2ā22) −ā14 −ā15

−
√
2
2 ā33

√
2
2 ā33 ā33 0 0

 , (3.62)

C̄(8) ∈


c̄11 c̄12 c̄13 c̄22 c̄23

c̄11 c̄22 c̄23 c̄12 c̄13

c̄31 c̄32 c̄33 c̄32 c̄33

 , D̄(4) ∈


d̄11 d̄12 d̄13

−d̄12 −d̄11 −d̄13

d̄31 −d̄31 0

 , (3.63)

Ē(4), F̄ (4) ∈
[
ē11 ē12

√
2
2 (ē11 − ē12) ē14 ē15

]
, H̄(2), L̄(2) ∈

[
h̄11 h̄11 h̄13

]
, (3.64)

g(Ā(6)), g(B̄(6)) =

[
−

√
2
2 (2ā11 + ā12 + ā22) −

√
2
2 (ā12 − ā22) −(ā11 + ā22) −

√
2ā14 −

√
2ā15

]
, (3.65)
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g(C̄(8)) =

[
√
2
2 (c̄13 − c̄23)

√
2
2 (c̄13 − c̄23) (c̄12 − c̄22)

]
, (3.66)

g(D̄(4)) =

[
0 d̄13 −

√
2
2 (d̄11 + d̄12) d̄13

√
2
2 (d̄11 + d̄12)

]
, (3.67)

g(H̄(2)), g(L̄(2)) =

[
0 −

√
2
2 h̄13 −h̄11

√
2
2 h̄13 h̄11

]
. (3.68)

Tensor CD3⊕Zc
2
corresponds to the trigonal class with Hermann–Maugin symbol 32 and has 6 independent

components. Thus, from the classical linear elastic part we obtain universality PDEs of the form (2.9),
and the candidate universal displacements are the superposition of homogeneous displacement fields and the
inhomogeneous field (2.10).

The third-order universality PDEs induced by the fifth-order tensor read

∂3u3

∂x2∂x2
3

=
∂3u3

∂x2
1∂x3

=
∂3u3

∂x3
3

=
∂3u2

∂x3
3

=
∂3u3

∂x1∂x2
3

=
∂3u3

∂x1∂x2∂x3
= 0 ,

∂3u2

∂x1∂x2∂x3
=

∂3u3

∂x3
1

=
∂3u1

∂x2
2∂x3

=
∂3u3

∂x1∂x2
2

=
∂3u1

∂x3
3

=
∂3u1

∂x2∂x2
3

= 0 ,

∂3u2

∂x1∂x2
3

=
∂3u3

∂x1∂x2∂x3
=

∂3u1

∂x2
1∂x3

=
∂3u2

∂x2
2∂x3

=
∂3u3

∂x3
2

=
∂3u2

∂x2
1∂x3

= 0 ,

∂3u1

∂x1∂x2∂x3
=

∂3u1

∂x2
1∂x3

= 0 ,

(3.69)

as well as 

−
√
2
∂3u2

∂x3
2

+

(
1 +

1√
2

)
∂3u1

∂x1∂x2
2

+
1

2

(
4 +

√
2
) ∂3u2

∂x2
1∂x2

= 0 ,

− 1√
2

∂3u2

∂x3
2

− ∂3u1

∂x1∂x2
2

+
1

2

(
4 +

√
2
) ∂3u2

∂x2
1∂x2

= 0 ,

−1

2

(
2 +

1√
2

)
∂3u2

∂x3
2

+

(
1 +

3√
2

)
∂3u1

∂x1∂x2
2

+
(
2 +

√
2
) ∂3u2

∂x2
1∂x2

= 0 ,

− ∂3u2

∂x2∂x2
3

− ∂3u1

∂x1∂x2
3

+
∂3u3

∂x2
1∂x3

= 0 ,

−
√
2

(
∂3u2

∂x2∂x2
3

+
∂3u3

∂x2
2∂x3

)
+

∂3u1

∂x1∂x2
3

+
∂3u3

∂x2
1∂x3

= 0 ,

∂3u3

∂x2
2∂x3

− ∂3u3

∂x2
1∂x3

= 0 ,

− ∂3u2

∂x2∂x2
3

− ∂3u3

∂x2
2∂x3

+
∂3u1

∂x1∂x2
3

+
∂3u3

∂x2
1∂x3

= 0 ,

∂3u2

∂x2∂x2
3

− ∂3u1

∂x1∂x2
3

= 0 ,

(3.70)

and 

−∂3u1

∂x3
2

+
1√
2

(
2

∂3u2

∂x1∂x2
2

− ∂3u1

∂x2
1∂x2

+
∂3u2

∂x3
1

)
= 0 ,

1√
2

∂3u1

∂x3
2

+

(
1− 3√

2

)
∂3u2

∂x1∂x2
2

+
√
2

∂3u1

∂x2
1∂x2

= 0 ,

−1

2

(
2 +

1√
2

)
∂3u1

∂x3
2

−
(
1 +

√
2
) ∂3u2

∂x1∂x2
2

− 2√
2

∂3u1

∂x2
1∂x2

+
3√
2

∂3u2

∂x3
1

= 0 .

(3.71)
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We also have

1√
2

∂3u1

∂x3
2

+
1√
2

∂3u2

∂x1∂x2
2

−
(
2 +

√
2
) ∂3u1

∂x2
1∂x2

− ∂3u2

∂x3
1

= 0 ,

1√
2

∂3u1

∂x3
2

−
(
1 +

√
2
) ∂3u1

∂x2
1∂x2

+
1√
2

∂3u2

∂x3
1

= 0 ,

√
2
∂3u1

∂x3
2

+

(
1− 1√

2

)
∂3u2

∂x1∂x2
2

− 2
(
1 +

√
2
) ∂3u1

∂x2
1∂x2

− 1

2

(
2 +

√
2
) ∂3u2

∂x3
1

= 0 ,

(3.72)

and 

− 1√
2

∂3u1

∂x1∂x2
2

− 1

2

(
−2 +

√
2
) ∂3u2

∂x2
1∂x2

+
2√
2

∂3u1

∂x3
1

= 0 ,

− 1√
2

∂3u2

∂x2
1∂x2

− 1

2

(
2 +

√
2
) ∂3u1

∂x3
1

= 0 ,(
2 +

1√
2

)
∂3u1

∂x1∂x2
2

+
2√
2

∂3u2

∂x2
1∂x2

− 1√
2

∂3u1

∂x3
1

= 0 ,

∂3u2

∂x2∂x2
3

− ∂3u3

∂x2∂x2
3

− ∂3u1

∂x1∂x2
3

−
√
2

∂3u3

∂x2
1∂x3

= 0 ,

− ∂3u2

∂x2∂x2
3

− ∂3u3

∂x2∂x2
3

−
√
2

(
∂3u1

∂x1∂x2
3

−
√
2

∂3u3

∂x2
1∂x3

)
= 0 ,

− ∂3u3

∂x2
2∂x3

+
∂3u3

∂x2
1∂x3

= 0 ,

− ∂3u2

∂x2∂x2
3

− ∂3u3

∂x2
2∂x3

+ 3

(
∂3u1

∂x1∂x2
3

+
∂3u3

∂x2
1∂x3

)
= 0 ,

∂3u2

∂x2∂x2
3

− ∂3u1

∂x1∂x2
3

= 0 .

(3.73)

We furthermore find

−∂3u1

∂x3
2

+
∂3u2

∂x2
1∂x2

− ∂3u1

∂x2
1∂x2

+
∂3u2

∂x3
1

= 0 ,

∂3u1

∂x1∂x2
2

+
1√
2

(
∂3u1

∂x3
2

+
∂3u2

∂x1∂x2
2

)
+

∂3u1

∂x2
1∂x2

+
1√
2

(
∂3u1

∂x2
1∂x2

+
∂3u2

∂x3
1

)
= 0 ,

∂3u1

∂x1∂x2
2

− 1√
2

(
∂3u1

∂x3
2

+
∂3u2

∂x1∂x2
2

)
+

∂3u1

∂x2
1∂x2

− 1√
2

(
∂3u1

∂x2
1∂x2

+
∂3u2

∂x3
1

)
= 0 ,

(3.74)
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and 

∂3u2

∂x1∂x2
2

+
∂3u1

∂x1∂x2
3

= 0 ,

∂3u2

∂x3
2

+
∂3u1

∂x3
1

= 0 ,

∂3u1

∂x1∂x2
2

+
∂3u2

∂x2
1∂x2

= 0 ,

∂3u3

∂x2
2∂x3

+
∂3u1

∂x1∂x2
3

+
∂3u3

∂x2
1∂x3

= 0 ,

∂3u3

∂x2∂x2
3

+
∂3u3

∂x2
1∂x3

= 0 ,

∂3u2

∂x2∂x2
3

+
∂3u3

∂x2
2∂x2

+
∂3u1

∂x1∂x2
3

+
∂3u3

∂x2
1∂x3

= 0 ,

∂3u2

∂x2
2∂x3

+
∂3u3

∂x3
2

+
∂3u2

∂x2
1∂x3

+
∂3u3

∂x2
1∂x3

= 0 ,

√
2
∂3u3

∂x3
2

+
(
2 +

√
2
) ∂3u2

∂x2
1∂x3

+
(
−4 +

√
2
) ∂3u3

∂x2
1∂x2

= 0 .

(3.75)

The fourth-order universality PDEs read

∂4u3

∂x1∂x3
2

=
∂4u1

∂x4
3

=
∂4u2

∂x1∂x3
2

=
∂4u1

∂x2∂x3
2

= 0 ,

∂4u1

∂x1∂x3
3

=
∂4u2

∂x4
2

=
∂4u1

∂x1∂x3
2

=
∂4u2

∂x4
1

=
∂4u3

∂x4
3

=
∂4u3

∂x2∂x3
3

= 0 ,

∂4u3

∂x1∂x3
3

=
∂4u3

∂x2
1∂x

2
3

=
∂4u2

∂x2∂x3
3

=
∂4u3

∂x2
2∂x

2
2

= 0 ,

∂4u1

∂x3
1∂x2

=
∂4u2

∂x2
1∂x

2
2

=
∂4u3

∂x1∂x2∂x2
3

=
∂4u3

∂x2
1∂x2∂x3

=
∂4u3

∂x4
3

= 0 ,

(3.76)
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as well as

1√
2

∂4u1

∂x4
2

+
1√
2

∂4u2

∂x1∂x3
2

+
(
1 +

√
2
) ∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

+
∂4u3

∂x4
1

= 0 ,

∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

= 0 ,

−∂4u1

∂x4
2

+
∂4u2

∂x1∂x3
2

− ∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

= 0 ,

∂4u2

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

+
∂4u1

∂x2
1∂x

2
3

+
∂4u3

∂x3
1∂x3

= 0 ,

∂4u1

∂x2
1∂x

2
3

+
∂4u3

∂x1∂x2
2∂x3

+
∂4u1

∂x2
1∂x

2
3

+
∂4u3

∂x3
1∂x3

= 0 ,

− 1√
2

∂4u1

∂x4
2

+

(
1− 1√

2

)
∂4u2

∂x1∂x3
2

−
(
−1 +

√
2
) ∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

= 0 ,

∂4u1

∂x2
2∂x

2
3

−
(
−1 +

√
2
) ∂4u2

∂x1∂x2∂x2
3

− 2
∂4u3

∂x1∂x2∂x2
3

−
√
2

∂4u3

∂x1∂x2
2∂x3

= 0 ,

−
√
2

(
∂4u1

∂x2
2∂x

2
3

+
∂4u3

∂x1∂x2
2∂x3

)
+ 2

(
∂4u2

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

)
= 0 ,

−
√
2

∂4u1

∂x3
2∂x3

−
(
−4 +

√
2
) ∂4u2

∂x1∂x2
2∂x3

+
∂4u3

∂x1∂x3
2

− ∂4u1

∂x2
1∂x2∂x3

= 0 ,

∂4u2

∂x1∂x2
2∂x3

− ∂4u3

∂x1∂x3
2

− ∂4u2

∂x3
1∂x2

+
∂4u3

∂x3
1∂x3

= 0 ,

∂4u1

∂x2
1∂x2∂x3

+

(
1− 3√

2

)
∂4u2

∂x1∂x2
2∂x3

+
1√
2

(
∂4u1

∂x2
1∂x2∂x3

+
∂4u2

∂x3
1∂x3

+
∂4u3

∂x3
1∂x2

)
= 0 ,

2
∂4u1

∂x3
2∂x3

+
(
5− 2

√
2
) ∂4u2

∂x1∂x2
2∂x3

−
(
−1 + 2

√
2
)(

∂4u3

∂x1∂x3
2

+ 2
∂4u2

∂x2
1∂x2∂x3

+
∂4u2

∂x3
1∂x3

+
∂4u3

∂x3
1∂x2

)
= 0 ,

− ∂4u1

∂x3
2∂x3

− 1

2

(
2 +

√
2
) ∂4u2

∂x1∂x2
2∂x3

− 1√
2

(
∂4u1

∂x2
1∂x2∂x3

+
∂4u2

∂x3
1∂x3

+
∂4u3

∂x3
1∂x2

)
= 0 ,

∂4u1

∂x3
2∂x3

+
∂4u2

∂x1∂x2
2∂x3

−
(
1 + 2

√
2
) ∂4u2

∂x3
1∂x3

− 2
√
2

∂4u3

∂x3
1∂x2

= 0 ,

4
∂4u1

∂x3
2∂x3

+
(
3 + 2

√
2
) ∂4u2

∂x1∂x2
2∂x3

− 4
(
−1 +

√
2
) ∂4u1

∂x2
1∂x2∂x3

−
(
1 + 2

√
2
) ∂4u2

∂x3
1∂x3

+
(
1− 2

√
2
) ∂4u3

∂x3
1∂x2

= 0 ,

∂4u2

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

= 0 ,

2
∂4u1

∂x2
2∂x

2
3

−
(
−1 +

√
2
) ∂4u2

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

−
√
2

(
∂4u1

∂x2
1∂x

2
3

+
∂4u3

∂x3
1∂x3

)
= 0 ,

√
2
∂4u1

∂x4
2

+
(
1 +

√
2
) ∂4u2

∂x1∂x3
2

−
(
1 +

√
2
) ∂4u1

∂x2
1∂x

2
2

−
(
1 +

√
2
) ∂4u2

∂x3
1∂x2

+
∂4u1

∂x4
1

= 0 ,

(3.77)
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and

∂4u2

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x2∂x2
3

= 0 ,

−
√
2

∂4u2

∂x2
2∂x

2
3

− ∂4u1

∂x1∂x2∂x2
3

− ∂4u2

∂x2
1∂x

2
3

− 2
∂4u3

∂x2
1∂x2∂x3

= 0 ,

∂4u2

∂x2
2∂x

2
3

+
∂4u3

∂x3
2∂x3

+
∂4u2

∂x2
1∂x

2
3

+
∂4u3

∂x2
1∂x2∂x3

= 0 ,

−2
∂4u2

∂x1∂x2∂x2
3

+
√
2

∂4u2

∂x2
1∂x

2
3

+
(
−2 +

√
2
) ∂4u3

∂x2
1∂x2∂x3

= 0 ,

∂4u2

∂x4
3

+
∂4u3

∂x1∂x3
3

= 0 ,(
10 +

√
2
) ∂4u1

∂x1∂x3
2

− 3
√
2
∂4u2

∂x4
1

= 0 ,

− ∂4u2

∂x3
2∂x3

− ∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,

− ∂4u2

∂x3
2∂x3

− ∂4u3

∂x4
2

−
(
1 + 2

√
2
) ∂4u1

∂x1∂x2
2∂x3

−
(
1 + 2

√
2
) ∂4u2

∂x2
1∂x2∂x3

+ 3
∂4u3

∂x3
1∂x3

+
∂4u3

∂x4
1

= 0 ,(
8 + 3

√
2
) ∂4u2

∂x3
2∂x3

+
√
2

(
3

∂4u1

∂x1∂x2
2∂x3

+ 11
∂4u2

∂x2
1∂x2∂x3

+ 4
∂4u3

∂x2
1∂x

2
2

− ∂4u1

∂x3
1∂x3

)
= 0 ,(

1 + 2
√
2
) ∂4u1

∂x1∂x2
2∂x3

+ 2
(
1 +

√
2
) ∂4u2

∂x2
1∂x2∂x3

+
∂4u3

∂x2
1∂x

2
2

− 3
∂4u1

∂x3
1∂x3

− ∂4u3

∂x4
1

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u3

∂x4
2

− ∂4u1

∂x1∂x2
2∂x3

−
(
1 + 2

√
2
) ∂4u2

∂x2
1∂x2∂x3

+ 2
√
2

∂4u3

∂x2
1∂x

2
2

− 3
∂4u1

∂x3
1∂x3

− ∂4u3

∂x4
1

= 0 ,

−
√
2

∂4u2

∂x3
2∂x3

+
(
8− 5

√
2
) ∂4u1

∂x1∂x2
2∂x3

−
√
2

(
∂4u2

∂x2
1∂x2∂x3

+ 4
∂4u3

∂x2
1∂x

2
2

+
∂4u1

∂x3
1∂x3

)
= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u3

∂x4
2

−
(
3 + 4

√
2
) ∂4u1

∂x1∂x2
2∂x3

−
(
5 + 2

√
2
) ∂4u2

∂x2
1∂x2∂x3

− 2
(
1 +

√
2
) ∂4u3

∂x2
1∂x

2
2

+ 3
∂4u1

∂x3
1∂x3

+
∂4u3

∂x4
1

= 0 ,

1√
2

∂4u2

∂x2∂x3
3

+ 2
∂4u3

∂x2∂x3
3

− 1√
2

∂4u2

∂x1∂x3
3

= 0 ,

∂4u2

∂x2∂x3
3

− ∂4u1

∂x1∂x3
3

= 0 ,

∂4u2

∂x2∂x3
3

+
∂4u3

∂x2
2∂x

2
3

= 0 ,

− ∂4u2

∂x2
2∂x

2
3

− ∂4u3

∂x3
2∂x3

+
∂4u1

∂x1∂x2∂x2
3

+
∂4u2

∂x2
1∂x

2
3

+ 2
∂4u3

∂x2
1∂x2∂x3

= 0 ,

− ∂4u2

∂x2
1∂x

2
3

+
∂4u2

∂x2
1∂x2∂x3

= 0 ,

(3.78)
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We also have

∂4u2

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x2∂x2
3

= 0 ,

∂4u2

∂x2
2∂x

2
3

+
∂4u3

∂x3
2∂x3

+
∂4u2

∂x2
1∂x

2
3

+
∂4u3

∂x2
1∂x2∂x2

3

= 0 ,

−
(
−1 +

√
2
) ∂4u1

∂x1∂x2∂x2
3

+
∂4u2

∂x2
1∂x

2
3

+ 2
∂4u3

∂x2
1∂x2∂x2

3

= 0 ,

2

(
∂4u1

∂x1∂x2∂x2
3

+
∂4u3

∂x2
1∂x2∂x3

)
−
√
2

(
∂4u2

∂x2
1∂x

2
3

+
∂4u3

∂x2
1∂x2∂x3

)
= 0 ,

∂4u2

∂x4
3

+
∂4u3

∂x2∂x3
3

= 0 ,

−3
∂4u2

∂x2
1∂x2∂x3

− 2
∂4u3

∂x2
1∂x

2
2

+
∂4u1

∂x3
1∂x3

= 0 ,

− ∂4u2

∂x2
1∂x2∂x2

3

−
√
2

(
∂4u1

∂x1∂x2
2∂x

2
3

+
∂4u3

∂x2
1∂x

2
2

)
+

∂4u1

∂x3
1∂x3

= 0 ,

− ∂4u2

∂x2∂x3
3

+
∂4u1

∂x1∂x3
3

= 0 ,

∂4u1

∂x1∂x2
2∂x3

+
1

2

∂4u2

∂x2
1∂x2∂x2

3

+
∂4u3

∂x2
1∂x

2
2

− 1

2

∂4u1

∂x3
1∂x2

= 0 ,

−
(
1 +

√
2
) ∂4u1

∂x1∂x2
2∂x3

−
√
2

∂4u2

∂x2
1∂x2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,

∂4u2

∂x3
2∂x3

− 3

2

∂4u2

∂x2
1∂x2∂x3

− ∂4u3

∂x2
1∂x

2
2

− 1

2

∂4u1

∂x3
1∂x3

= 0 ,

3
∂4u2

∂x3
2∂x3

+
∂4u3

∂x4
2

−
(
1 + 2

√
2
)(

2
∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

+
∂4u3

∂x2
1∂x

2
2

)
= 0 ,

−
(
2 + 3

√
2
) ∂4u1

∂x1∂x2
2∂x3

−
√
2

∂4u2

∂x2
1∂x2∂x3

−
(
1 + 2

√
2
) ∂4u3

∂x2
1∂x

2
2

+ 2
∂4u1

∂x3
1∂x3

+
∂4u3

∂x4
1

= 0 ,

− ∂4u2

∂x2∂x3
3

− ∂4u3

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x3
3

= 0 ,

∂4u2

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x2∂x2
3

= 0 ,

∂4u3

∂x3
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

= 0 ,

−
√
2

∂4u1

∂x1∂x2∂x2
3

+
∂4u3

∂x2
1∂x2∂x3

= 0 ,

∂4u2

∂x2
1∂x

2
3

− ∂4u3

∂x2
1∂x2∂x3

= 0 ,

2
(
2 +

√
2
) ∂4u2

∂x2
1∂x

2
2

− 2
√
2

∂4u1

∂x3
1∂x2

= 0 ,

(3.79)
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∂4u1

∂x4
1

+
(
−
√
2 + 3

) ∂4u2

∂x1∂x3
2

+ 3
∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

+
√
2
∂4u1

∂x4
1

= 0 ,

∂4u2

∂x1∂x2∂x2
3

− ∂4u3

∂x1∂x2
2∂x3

+
∂4u1

∂x2
1∂x

2
3

− ∂4u3

∂x3
1∂x3

= 0 ,

∂4u1

∂x2
2∂x

2
3

+
∂4u2

∂x1∂x2∂x2
3

+
√
2

(
− ∂4u3

∂x1∂x2
2∂x3

+
∂4u1

∂x2
1∂x

2
3

)
= 0 ,

− ∂4u1

∂x2
2∂x

2
3

− ∂4u3

∂x1∂x2
2∂x3

− ∂4u1

∂x2
1∂x

2
3

− ∂4u3

∂x3
1∂x3

= 0 ,

−
√
2

(
∂4u1

∂x2
2∂x

2
3

+
∂4u3

∂x1∂x2
2∂x3

)
+ 2

(
∂4u2

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

)
= 0 ,

−
√
2
∂4u1

∂x4
2

−
(
4 + 3

√
2
) ∂4u2

∂x1∂x3
2

+
(
10 + 9

√
2
) ∂4u1

∂x2
1∂x

2
2

+
(
10 + 3

√
2
) ∂4u2

∂x3
1∂x2

= 0 ,

∂4u2

∂x1∂x2∂x2
3

+
∂4u1

∂x2
1∂x2∂x3

= 0 ,

√
2

∂4u1

∂x3
2∂x3

+
(
1 + 2

√
2
) ∂4u2

∂x1∂x2
2∂x3

+
√
2

∂4u3

∂x1∂x3
2

+
(
−1 +

√
2
) ∂4u1

∂x2
1∂x2∂x3

+
√
2

∂4u3

∂x3
1∂x2

= 0 ,

∂4u2

∂x1∂x2
2∂x3

+
∂4u3

∂x1∂x3
2

− 2
∂4u1

∂x2
1∂x2∂x3

= 0 ,(
1 + 2

√
2
) ∂4u1

∂x3
2∂x3

+
(
2 + 4

√
2
) ∂4u2

∂x1∂x2
2∂x3

+
(
1 + 2

√
2
) ∂4u3

∂x1∂x3
2

− 3
∂4u1

∂x2
1∂x2∂x3

= 0 ,

∂4u1

∂x3
2∂x3

+ 2
∂4u2

∂x1∂x2
2∂x3

+
(
4 +

√
2
) ∂4u1

∂x2
1∂x2∂x3

+
√
2

∂4u2

∂x3
1∂x3

+
∂4u3

∂x3
1∂x2

= 0 ,

2
∂4u1

∂x2
1∂x2∂x3

+
∂4u2

∂x3
1∂x3

+
∂4u3

∂x3
1∂x2

= 0 ,

−2
√
2

∂4u1

∂x3
2∂x3

+
(
1− 4

√
2
) ∂4u2

∂x1∂x2
2∂x3

− 2
√
2

∂4u3

∂x1∂x3
2

−
(
−5 +

√
2
) ∂4u1

∂x2
1∂x2∂x3

−
(
−1 +

√
2
) ∂4u2

∂x3
1∂x2

+
∂4u3

∂x3
1∂x2

= 0 ,

∂4u2

∂x1∂x2∂x2
3

+
∂4u1

∂x2
1∂x

2
3

= 0 ,(
−1 +

√
2
) ∂4u2

∂x1∂x2∂x2
3

− ∂4u3

∂x1∂x2∂x2
3

= 0 ,

2
∂4u3

∂x1∂x2
2∂x3

+
∂4u1

∂x2
1∂x

2
3

+
∂4u3

∂x3
1∂x3

= 0 ,

(3.80)
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∂4u2

∂x3
2∂x3

+
∂4u1

∂x1∂x2∂x2
3

+
∂4u2

∂x2
1∂x2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,

∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

= 0 ,

− 3√
2

∂4u2

∂x2
1∂x

2
3

− 1√
2

∂4u3

∂x3
2∂x3

+
√
2

∂4u1

∂x1∂x2∂x2
3

+
1

2

(
4 +

√
2
)(

∂4u2

∂x2
1∂x

2
3

+
∂4u3

∂x2
1∂x2∂x3

)
= 0 ,

∂4u2

∂x2
2∂x

2
3

−
(
1 +

√
2
) ∂4u1

∂x1∂x2∂x2
3

−
√
2

∂4u2

∂x2
1∂x

2
3

= 0 ,

4
∂4u2

∂x4
2

−
(
2 +

√
2
) ∂4u1

∂x1∂x3
2

− 3
√
2
∂4u2

∂x4
1

= 0 ,

∂4u2

∂x2
2∂x

2
3

+
∂4u3

∂x3
2∂x3

− 4
∂4u1

∂x1∂x2∂x2
3

− ∂4u2

∂x2
1∂x

2
3

= 0 ,

2
∂4u3

∂x2
1∂x

2
2

+
∂4u1

∂x3
1∂x3

+
∂4u3

∂x4
1

+
∂4u2

∂x3
2∂x3

+
∂4u3

∂x24
+

∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,

∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

= 0 ,

−
√
2

∂4u1

∂x2
1∂x2∂x3

−
(
−2 +

√
2
) ∂4u2

∂x2
1∂x2∂x3

− 2
(
−1 +

√
2
) ∂4u3

∂x2
1∂x

2
2

= 0 ,

2
∂4u1

∂x1∂x∂
2x3

+
∂4u2

∂x2
1∂x2∂x3

+
∂4u3

∂x2
1∂x

2
2

= 0 ,

(3.81)
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∂4u1

∂x3
2∂x3

−
(
−1 +

√
2
) ∂4u2

∂x1∂x2
2∂x3

+
(
−1 +

√
2
) ∂4u1

∂x2
1∂x2∂x3

− ∂4u2

∂x3
1∂x3

= 0 ,

−
√
2

∂4u1

∂x2
2∂x

2
3

−
(
1 +

√
2
) ∂4u2

∂x1∂x2∂x2
3

+
∂4u1

∂x2
1∂x

2
3

= 0 ,

−
√
2
∂4u1

∂x4
2

−
(
1 +

√
2
) ∂4u2

∂x1∂x3
2

−
(
−1 +

√
2
) ∂4u1

∂x2
1∂x

2
2

−
(
1 +

√
2
) ∂4u2

∂x3
1∂x2

+
∂4u1

∂x4
1

= 0 ,

3
√
2

∂4u2

∂x1∂x3
2

+
(
−4 + 2

√
2
) ∂4u1

∂x2
1∂x

2
2

−
(
4 +

√
2
) ∂4u2

∂x3
1∂x2

−
√
2
∂4u1

∂x4
1

= 0 ,

∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

= 0 ,

2
∂4u2

∂x1∂x3
2

−
√
2

(
∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

)
= 0 ,

−
√
2

∂4u2

∂x1∂x3
2

−
(
−4 +

√
2
) ∂4u1

∂x2
1∂x

2
2

−
(
−4 +

√
2
) ∂4u2

∂x3
1∂x2

−
√
2
∂4u1

∂x4
1

= 0 ,

−
(
−2 +

√
2
) ∂4u1

∂x2
1∂x

2
2

−
√
2

∂4u2

∂x3
1∂x2

= 0 ,

∂4u3

∂x1∂x2
2∂x3

− ∂4u3

∂x3
1∂x3

= 0 ,

1√
2

∂4u1

∂x2
2∂x

2
3

+
(
2 +

√
2
) ∂4u2

∂x1∂x2∂x2
3

+

(
2 +

1√
2

)
∂4u3

∂x1∂x2
2∂x3

− 1√
2

(
∂4u1

∂x2
1∂x

2
3

+
∂4u3

∂x3
1∂x3

)
= 0 ,

4
∂4u1

∂x2
2∂x

2
3

+ 6
∂4u2

∂x1∂x2∂x2
3

+ 6
∂4u3

∂x1∂x2
2∂x3

− 2

(
∂4u1

∂x2
1∂x

2
3

+
∂4u3

∂x3
1∂x3

)
= 0 ,

−3
∂4u2

∂x1∂x2
2∂x3

+
∂4u3

∂x1∂x3
2

− 2
∂4u1

∂x2
1∂x2∂x3

− ∂4u2

∂x3
1∂x3

+
∂4u3

∂x3
1∂x3

= 0 ,

∂4u1

∂x3
2∂x3

+
∂4u3

∂x1∂x3
2

− 3
∂4u1

∂x2
1∂x2∂x3

− ∂4u2

∂x3
1∂x3

= 0 ,

∂4u2

∂x1∂x2
2∂x3

+
∂4u3

∂x∂x3
2

+
∂4u1

∂x2
1∂x2∂x3

+
∂4u3

∂x3
1∂x2

= 0 .

(3.82)

Substituting the inhomogeneous displacement field (2.10) into the above universality PDEs, we find that
they are satisfied provided that a123 = 0 . We therefore arrive at the following result:

Proposition 3.12. The universal displacements in trigonal Z3 class linear strain-gradient elastic solids are
the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.10) with
a123 = 0.

3.4.2 Trigonal class D3

Tensor AD3⊕Zc
2
has 34 independent components; it is of the form

AD3⊕Zc
2
(x) =



A(11) + ηAc 0 0 D(4)

A(11) F (8) 0

H(6) 0

J (4)


S

+



0 0 0 f(F (8))

0 f(D(4)) 0

f(J (4)) 0

0


S

, (3.83)
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where the coefficients of these two matrices are the same as those of AZ3⊕Zc
2
in the trigonal Z3 class. Tensor

MD3 has 16 independent components and has the form (3.60). Thus, this case has 56 independent components
in total, since 6 components stem from the classical linear elasticity tensor for the trigonal case (Hermann–
Maugin symbol 32).

The third-order universality PDEs induced by the fifth-order tensor read

∂3u3

∂x2∂x2
3

=
∂3u2

∂x3
3

=
∂3u3

∂x1∂x2∂x3
=

∂3u1

∂x3
3

=
∂3u3

∂x1∂x2
3

=
∂3u1

∂x2∂x2
3

=
∂3u2

∂x1∂x2
3

= 0 . (3.84)
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−
√
2
∂3u2

∂x3
2

+

(
1 +

1√
2

)
∂3u1

∂x1∂x2
2

+
1

2

(
4 +

√
2
) ∂3u2

∂x2
1∂x2

= 0 ,

− 1√
2

∂3u2

∂x3
2

− ∂3u1

∂x1∂x2
2

+
1

2

(
4 +

√
2
) ∂3u2

∂x2
1∂x2

= 0 ,

−1

2

(
2 +

1√
2

)
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we also have
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√
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(3.86)
and finally
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The fourth-order universality PDEs are written as
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as well as
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(3.91)

Substituting the inhomogeneous displacement field (2.10) into the above universality PDEs, we find that
they are satisfied provided that a123 = 0. Accordingly, we have the following result.

Proposition 3.13. The universal displacements in trigonal D3 class linear strain-gradient elastic solids are
the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.10) with
a123 = 0.

3.4.3 Trigonal class Z3 ⊕ Zc
2

Tensor AZ3⊕Zc
2
has 57 independent components and has the same form as that of class Z3. Tensor MZ3⊕Zc

2

is a null tensor. Tensor CD3⊕Zc
2
has 6 independent components and corresponds to the Hermann–Maugin

symbol 3̄m.
The universality PDEs for this class are only of fourth order and coincide with those of the trigonal class

Z3. Substituting the inhomogeneous displacement field (2.10) into these universality PDEs, we find that
they are satisfied. Accordingly, we have the following result.

Proposition 3.14. The universal displacements in trigonal Z3⊕Zc
2 class linear strain-gradient elastic solids

are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.10).

3.4.4 Trigonal class D3 ⊕ Zc
2

Tensor AD3⊕Zc
2
has 34 independent components and has the same form as that of class D3. Tensor MD3⊕Zc

2

is a null tensor. Tensor CD3⊕Zc
2
has the same form as that of class D3, with 6 independent components, the

only difference being that it corresponds to the Hermann–Maugin symbol 3̄m.
The universality PDEs for this class are only of fourth order and coincide with those of the trigonal class

D3. Substituting the inhomogeneous displacement field (2.10) into these universality PDEs, we find that
they are satisfied. Accordingly, we have the following result.
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Proposition 3.15. The universal displacements in trigonal D3⊕Zc
2 class linear strain-gradient elastic solids

are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.10).

3.4.5 Trigonal class Z−
6

Tensor AZ6⊕Zc
2
has 33 independent components and has the same form as that of class Z6. Tensor MZ−

6
has

16 independent components and is of the form

MZ−
6
= MDh

6
+



0 B̄(6) 0 0

0 0 0 0

0 0 0 L̄(2)

0 0 0 0


+



0 0 0 0

0 0 −g(L̄(2)) 0

0 0 0 0

−g(B̄(6)) 0 0 0


, (3.92)

where

MDh
6
=



Ā(6) 0 0 0
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0 0 0 0

0 0 0 0
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. (3.93)

Tensor CO(2)⊕Zc
2
has 5 independent components and corresponds to the Curie group with Hermann–Maugin

symbol ∞m. Consequently, from the classical linear elastic part we obtain the universality constraints (2.11),
and the candidate universal displacements are those given in (2.12).

We obtain for this class the following third-order universality PDEs:
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(3.94)
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(3.95)
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Thus, we obtain the following result.

Proposition 3.16. The universal displacements in trigonal Z−
6 class strain gradient linear elastic solids are

the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.12) with
the constraints (3.94), (3.95), and (3.96), together with the constraints (3.97), (3.98), and (3.99).

3.4.6 Trigonal class Dh
6

Tensor AD6⊕Zc
2
has 22 independent components and has the same form as that of class D6. Tensor MDh

6
has

8 independent components and has the same form as that of class Z−
6 . Tensor CO(2)⊕Zc

2
has 5 independent

components and corresponds to the Curie group with Hermann–Maugin symbol ∞m.
We obtain, for this class, the following third-order universality PDEs:
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(3.100)
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∂3û33

∂x1
1∂x

2
2

− ∂2h1

∂x2
1

− ∂3û33
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(3.102)
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We also obtain the following fourth-order universality PDEs:
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(
∂4k1

∂x3
1∂x2

+ x3
∂4h1

∂x3
1∂x2

)
= 0 ,

(3.104)
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as well as 

∂3h2

∂x3
2

+
∂3h1

∂x3
1

= 0 ,

∂3h1

∂x1∂x2
2

+
∂3h2

∂x2
1∂x2

= 0 ,

∂4û33

∂x4
2

+ 2
∂4û33

∂x2
1∂x

2
2

+
∂3û33

∂x4
1

= 0 ,

∂3h1

∂x1∂x2
2

−
(
−2 +

√
2
) ∂3h2

∂x2
1∂x2

− 2
(
−1 +

√
2
) ∂4û33

∂x2
1∂x

2
2

= 0 ,

2
∂3h1

∂x1∂x2
2

+
∂3h2

∂x2
1∂x2

+
∂4û33

∂x2
1∂x

2
2

= 0 ,

∂3h1

∂x3
2

−
(
−1 +

√
2
) ∂3h2

∂x1∂x2
2

+
(
−1 +

√
2
) ∂3h1

∂x2
1∂x2

− ∂3h2

∂x3
1

= 0 .

(3.105)

Hence, we have the following result.

Proposition 3.17. The universal displacements in trigonal Dh
6 class linear strain-gradient elastic solids

are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.12),
subject to the third-order universality PDEs (3.100)–(3.102) and the fourth-order universality PDEs (3.103)–
(3.105).

3.4.7 Trigonal class Dv
4

Tensor AD4⊕Zc
2
has 28 independent components and has the same form as that of class Z4. Tensor MDv

4

has 15 independent components and has the same form as that given in class Z4. Tensor CD4⊕Zc
2
has 6

independent components and corresponds to the group with Hermann–Maugin symbol 4mm. The classical
linear elastic part coincides with the tetragonal case of linear elasticity. The third-order universality PDEs
for this class read 

∂3u3

∂x1∂x2
3

=
∂3u1

∂x2
1∂x3

=
∂3u3

∂x3
1

=
∂3u2

∂x1∂x2∂x3
=

∂3u3

∂x1∂x2
2

= 0 ,

∂3u1

∂x2
2∂x3

=
∂3u1

∂x3
3

=
∂3u3

∂x2∂x2
3

=
∂3u2

∂x2
2∂x3

=
∂3u3

∂x3
2

= 0 ,

∂3u1

∂x1∂x2∂x3
=

∂3u3

∂x2
1∂x2

=
∂3u3

∂x2∂x2
3

=
∂3u2

∂x3
3

=
∂3u2

∂x2
1∂x3

= 0 ,

∂3u3

∂x3
3

=
∂3u3

∂x2
1∂x3

= 0 ,

∂3u2

∂x2∂x2
3

+
∂3u1

∂x1∂x2
3

= 0 ,

∂3u2

∂x3
2

+
∂3u1

∂x3
1

= 0 ,

∂3u1

∂x1∂x2
2

+
∂3u2

∂x2
1∂x2

= 0 .

(3.106)
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The fourth-order universality PDEs for this class are induced by the sixth-order tensor and read

∂4u1

∂x4
1

=
∂4u3

∂x3
1∂x3

=
∂4u2

∂x1∂x3
2

=
∂4u3

∂x1∂x2
2∂x3

=
∂4u1

∂x2
2∂x

2
3

= 0 ,

∂4u3

∂x1∂x2∂x2
3

=
∂4u3

∂x1∂x3
3

=
∂4u1

∂x4
3

=
∂4u1

∂x2
1∂x

2
3

=
∂4u2

∂x1∂x2∂x2
3

= 0 ,

∂4u2

∂x4
2

=
∂4u3

∂x2
2∂x

2
3

=
∂4u

∂x3
2∂x3

=
∂4u1

∂x3
1∂x2

=
∂4u3

∂x2
1∂x

2
3

= 0 ,

∂4u2

∂x2
1∂x

2
3

=
∂4u3

∂x2
1∂x2∂x3

=
∂4u3

∂x4
3

=
∂4u2

∂x4
3

=
∂4u3

∂x2∂x3
3

= 0 ,

∂4u2

∂x2
2∂x

2
3

=
∂4u1

∂x1∂x2∂x2
3

=
∂4u3

∂x2
1∂x

2
2

=
∂4u2

∂x2
1∂x2∂x3

=
∂4u1

∂x1∂x2
2∂x3

= 0 ,

∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

= 0 ,

∂4u1

∂x1∂x3
2

+
∂4u2

∂x2
1∂x

2
2

= 0 ,

2
∂4u2

∂x2
1∂x

2
2

+
∂4u1

∂x3
1∂x2

+
∂4u2

∂x4
1

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,

∂4u2

∂x2∂x3
3

+
∂4u3

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x3
3

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u3

∂x4
2

+
∂4u1

∂x3
1∂x3

+
∂4u3

∂x4
1

= 0 .

(3.107)

Substituting the tetragonal linear elastic candidate displacement field (2.8) into the above third- and
fourth-order universality PDEs, we obtain the following additional universality PDEs for the function
g(x1, x2):

∂3g

∂x3
1

=
∂3g

∂x1∂x2
2

=
∂3g

∂x3
2

=
∂3g

∂x2
1∂x2

=
∂4g

∂x2
1∂x

2
2

= 0 . (3.108)

After straightforward manipulations, one finds that g(x1, x2) has the same form as in (3.34). This gives the
following characterization:

Proposition 3.18. The universal displacements in trigonal Dv
4 class linear strain-gradient elastic solids are

the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.8), with
g(x1, x2) given by (3.34) .

Table 4: Summary of universal displacements: Trigonal classes.

Symmetry class Universal displacement family

Trigonal class Z3 Superposition of a homogeneous field and (2.10) with a123 = 0

Trigonal class D3 Superposition of a homogeneous field and (2.10) with a123 = 0

Trigonal class Z3 ⊕ Zc
2 Superposition of a homogeneous field and (2.10)

Trigonal class D3 ⊕ Zc
2 Superposition of a homogeneous field and (2.10)
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Symmetry class Universal displacement family (continued)

Trigonal class Z−
6 Superposition of a homogeneous field and (2.12) subject to (3.94)–(3.96)

and (3.97)–(3.99)

Trigonal class Dh
6 Superposition of a homogeneous field and (2.12) subject to (3.100)–

(3.102) and (3.103)–(3.105)

Trigonal class Dv
4 Superposition of a homogeneous field and (2.8) with g(x1, x2) given by

(3.34)

3.5 Tetragonal classes

Out of the seven strain-gradient tetragonal classes, Z4, Z4⊕Zc
2, D4, and D4⊕Zc

2 share the same linear elastic
symmetry as the tetragonal classical linear elasticity. Therefore, the universality PDEs (2.7) remain valid,
and the candidate universal displacement fields are those of (2.8). Substituting (2.8) into the higher-order
universality PDEs, we examine the resulting conditions on the scalar function g(x1, x2) appearing in (2.8).
The remaining tetragonal classes, namely Dh

8 , Dv
5, and Z−

8 , have a linear elastic part corresponding to the
Curie group with Hermann–Mauguin symbol∞m and are characterized by five independent elastic constants.
These classes are closely analogous to certain ∞-gonal strain-gradient symmetry classes. In particular, Dh

8

is related to O(2) ⊕ Zc
2, Dv

5 to O−
2 , and Z−

8 to SO(2) ⊕ Zc
2. We exploit these structural similarities and

compare with the corresponding ∞-gonal results to determine what additional universality PDEs arise from
the presence of discrete tetragonal parameters.

3.5.1 Tetragonal class Z4

The tensor AZ4⊕Zc
2
admits 45 independent components and has the following structure

AZ4⊕Zc
2
(x) =



A(15) B(10) 0 0

A(15) 0 0

H(9) I(7)

J (4)


S

, (3.109)

where A(15) ∈ MS(5) and B(10) ∈ MA(5), with MA(n) denoting the n(n−1)
2 -dimensional space of n × n

skew-symmetric matrices. The blocks H(9), I(7), and J (4) contain 9, 7, and 4 independent components,
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respectively, and are given by

H(9) =



h11 h12 h13 h12 h13

h22 h23 h24 h25

h33 h25 h35

h22 h23

h33


S

, I(7) =



0 i12 −i12

i21 i22 i23

i31 i32 i33

−i21 −i23 −i22

−i31 −i33 −i32


,

J (4) =


j11 j12 j12

j22 j23

j22


S

.

(3.110)

Matrix MZ4
admits 26 independent components and is given by

MZ4 = MD4 +MDv
4
, (3.111)

where the constituent blocks are defined as

MD4
=



0 0 0 D̄(4)

Ē(5) 0 0 0

0 −Ē(5) 0 0

0 0 Ō(2) 0


, MDv

4
=



0 0 C̄(8) 0

0 F̄ (5) 0 0

F̄ (5) 0 0 0

0 0 0 P̄ (2)


. (3.112)

The submatrices P̄ (2) and Ō(2) are given by

P̄ (2) =

[
h̄11 h̄11 h̄13

]
, Ō(2) =

[
0 ō12 ō13 −ō12 −ō13

]
. (3.113)

The remaining matrices C̄(8), D̄(4), Ē(5), and F̄ (5) are defined in the corresponding preceding classes. The
tensor CD4⊕Zc

2
corresponds to the tetragonal symmetry class with Hermann–Mauguin symbol 422 and con-

tains 6 independent components.
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The third-order universality PDEs induced by the fifth-order tensor for the class Z4 are

∂3u2

∂x2
1∂x3

=
∂3u3

∂x2
1∂x2

=
∂3u3

∂x2∂x2
3

=
∂3u3

∂x1∂x2
3

=
∂3u1

∂x2
1∂x3

= 0 ,

∂3u3

∂x3
1

=
∂3u2

∂x1∂x2∂x3
=

∂3u3

∂x2
3

=
∂3u2

∂x3
3

=
∂3u1

∂x2
2∂x3

= 0 ,

∂3u1

∂x3
3

=
∂3u3

∂x1∂x2∂x3
=

∂3u3

∂x3
3

=
∂3u2

∂x1∂x2
2

=
∂3u2

∂x2
2∂x3

= 0 ,

− ∂3u2

∂x1∂x2
2

+
∂3u1

∂x2
1∂x2

= 0 , − ∂3u1

∂x2∂x2
3

+
∂3u2

∂x1∂x2
3

= 0 ,

∂3u2

∂x2∂x2
3

− ∂3u1

∂x1∂x2
3

= 0 ,
∂3u2

∂x3
2

+
∂3u1

∂x3
1

= 0 ,

∂3u3

∂x1∂x2
2

+
∂3u2

∂x1∂x2
2

= 0 ,
∂3u3

∂x2
2∂x3

+
∂3u3

∂x2
1∂x3

= 0 ,

∂3u1

∂x3
2

− ∂3u2

∂x3
1

= 0 , − ∂3u3

∂x1∂x2
3

+
∂3u3

∂x1∂x2∂x3
= 0 ,

∂3u3

∂x1∂x2
2

+
∂3u2

∂x2
1∂x2

= 0 ,
∂3u3

∂x2∂x2
3

+
∂3u3

∂x2
1∂x3

= 0 .

(3.114)
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The fourth-order universality PDEs induced by the sixth-order tensor for the class Z4 are

∂4u1

∂x4
1

=
∂4u2

∂x3
1∂x2

=
∂4u3

∂x3
1∂x3

=
∂4u2

∂x1∂x3
2

=
∂4u1

∂x2
1∂x

2
1

= 0 ,

∂4u3

∂x1∂x2
2∂x3

=
∂4u1

∂x2
2∂x

2
3

=
∂4u3

∂x1∂x2∂x2
3

=
∂4u3

∂x1∂x3
3

=
∂4u1

∂x4
3

= 0 ,

∂4u2

∂x4
2

=
∂4u2

∂x4
1

=
∂4u3

∂x2
1∂x

2
3

=
∂4u2

∂x2
1∂x

2
3

=
∂4u1

∂x1∂x3
2

= 0 ,

∂4u3

∂x2
2∂x

2
3

=
∂4u3

∂x3
2∂x3

=
∂4u2

∂x4
3

=
∂4u1

∂x2
1∂x

2
3

=
∂4u2

∂x1∂x2∂x2
3

= 0 ,

∂4u1

∂x1∂x2∂x2
3

=
∂4u3

∂x2
1∂x2∂x3

=
∂4u1

∂x3
1∂x2

=
∂4u2

∂x2
1∂x

2
2

=
∂4u3

∂x4
3

= 0 ,

∂4u2

∂x1∂x3
2

=
∂4u1

∂x4
2

=
∂4u3

∂x2∂x3
3

=
∂4u2

∂x2
2∂x

2
3

=
∂4u3

∂x2
1∂x

2
3

= 0 ,

∂4u1

∂x2
1∂x

2
2

=
∂4u3

∂x2∂x3
3

=
∂4u3

∂x4
3

=
∂4u2

∂x1∂x3
3

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,
∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

= 0 ,

∂4u2

∂x2∂x3
3

+
∂4u1

∂x1∂x3
3

= 0 , −2
∂4u2

∂x1∂x2
2∂x3

+
∂4u1

∂x2
1∂x2∂x3

= 0 ,

∂4u1

∂x3
2∂x3

+
∂4u2

∂x1∂x2
2∂x3

= 0 ,
∂4u2

∂x2∂x3
3

+
∂4u1

∂x1∂x3
3

= 0 ,

∂4u3

∂x4
2

+
∂4u3

∂x4
1

= 0 ,
∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

+ 2
∂4u3

∂x2
1∂x

2
2

= 0 ,

− ∂4u2

∂x1∂x2
2∂x3

− ∂4u3

∂x1∂x3
2

+
∂4u2

∂x3
1∂x3

+
∂4u3

∂x3
1∂x2

= 0 ,

− ∂4u1

∂x3
2∂x3

− 3
∂4u2

∂x1∂x2
2∂x3

+
∂4u1

∂x2
1∂x2∂x3

+
∂4u3

∂x3
1∂x2

= 0 ,

− ∂4u1

∂x3
2∂x3

− ∂4u3

∂x1∂x3
2

+ 3
∂4u1

∂x2
1∂x2∂x3

+
∂4u2

∂x3
1∂x3

= 0 ,

− ∂4u2

∂x1∂x2
2∂x3

+
∂4u3

∂x1∂x3
2

= 0 ,
∂4u1

∂x2
1∂x2∂x3

+
∂4u3

∂x3
1∂x2

= 0 ,

∂4u2

∂x2
1∂x2∂x3

+
∂4u3

∂x2
1∂x

2
2

= 0 ,
∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

= 0 ,

∂4u1

∂x1∂x2
2∂x3

+
∂4u3

∂x2
1∂x

2
2

= 0 .

(3.115)

Substituting the candidate universal displacements (2.8) into the above third- and fourth-order universality
PDEs, we obtain the following additional conditions on g(x1, x2):

∂3g

∂x3
1

=
∂3g

∂x1∂x2
2

=
∂3g

∂x3
2

=
∂3g

∂x2
1∂x2

=
∂4g

∂x2
1∂x

2
2

=
∂4g

∂x4
1

+
∂4g

∂x4
2

=
∂4g

∂x3
1∂x2

=
∂4g

∂x1∂x3
2

= 0 . (3.116)

The first five conditions coincide with those in (3.108) . Therefore, the expression (3.34) remains valid in the
present case. One can then verify directly that (3.34) also satisfies the remaining three conditions in (3.116) .
Consequently, one obtains the following result:

Proposition 3.19. The universal displacements in tetragonal Z4 class linear strain-gradient elastic solids
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are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.8),
with g(x1, x2) given by (3.34).

3.5.2 Tetragonal class D4

Tensor AD4⊕Zc
2
has 28 independent components and is of the form

AD4⊕Zc
2
(x) =



A(15) 0 0 0

A(15) 0 0

H(9) 0

J (4)


S

, (3.117)

where A(15), H(9), and J (4) are defined as in the preceding classes. Tensor MD4
has 11 independent com-

ponents and has the structure given in (3.112). Tensor CD4⊕Zc
2
corresponds to the tetragonal class with

Hermann–Mauguin symbol 422 and has 6 independent components.
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The third-order universality PDEs induced by the fifth-order tensor read

∂3u3

∂x2∂x2
3

=
∂3u3

∂x3
3

=
∂3u2

∂x3
3

=
∂3u3

∂x2
2∂x3

=
∂3u1

∂x3
3

=
∂3u3

∂x1∂x2∂x3
= 0 ,

−2
∂3u1

∂x1∂x2∂x3
+

∂3u2

∂x2
1∂x3

+
∂3u3

∂x2
1∂x2

= 0 ,

2
∂3u2

∂x2
2∂x3

+
∂3u1

∂x1∂x2∂x3
+

∂3u3

∂x2
1∂x2

= 0 ,

∂3u1

∂x1∂x2∂x3
+

∂3u2

∂x2
1∂x3

= 0 ,

∂3u2

∂x2
2∂x3

+
∂3u2

∂x2
1∂x3

+
∂3u3

∂x2
1∂x2

= 0 ,

∂3u2

∂x2
2∂x3

+
∂3u3

∂x3
2

+
∂3u1

∂x1∂x2∂x3
= 0 ,

− ∂3u2

∂x2
2∂x3

+
∂3u1

∂x1∂x2∂x3
= 0 ,

− ∂3u2

∂x2
2∂x3

− ∂3u3

∂x3
2

− ∂3u1

∂x1∂x2∂x3
− 2

∂3u2

∂x2
1∂x3

+
∂3u3

∂x2
1∂x2

= 0 ,

− ∂3u1

∂x2
2∂x3

+ 2
∂3u2

∂x1∂x2∂x3
− ∂3u3

∂x1∂x2
2

= 0 ,

∂3u2

∂x1∂x2∂x3
+

∂3u3

∂x1∂x2
2

+ 2
∂3u1

∂x2
1∂x3

= 0 ,

∂3u1

∂x2
2∂x3

− ∂3u2

∂x1∂x2∂x3
= 0 ,

∂3u1

∂x2
2∂x3

+
∂3u3

∂x1∂x2
2

+
∂3u1

∂x2
1∂x3

= 0 ,

∂3u2

∂x1∂x2∂x3
+

∂3u1

∂x2
1∂x3

+
∂3u3

∂x3
1

= 0 ,

∂3u1

∂x2
2∂x3

− ∂3u2

∂x1∂x2∂x3
− 2

∂3u3

∂x1∂x2
2

= 0 ,

∂3u2

∂x1∂x2∂x3
+ 2

∂3u1

∂x2
1∂x3

= 0 ,

2
∂3u1

∂x2
2∂x3

+
∂3u2

∂x1∂x2∂x3
− ∂3u3

∂x1∂x2
2

+
∂3u1

∂x2
1∂x3

+
∂3u3

∂x3
1

= 0 ,

−2
∂3u2

∂x1∂x2
2

+ 2
∂3u1

∂x2
1∂x2

= 0 ,

− ∂3u1

∂x2∂x2
3

+
∂3u2

∂x1∂x2
3

= 0 ,

∂3u1

∂x3
2

+
∂3u2

∂x1∂x2
2

− ∂3u1

∂x2
1∂x2

− ∂3u2

∂x3
1

= 0 .

(3.118)
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The fourth-order universality PDEs induced by the sixth-order tensor are written as

∂4u1

∂x4
1

=
∂4u3

∂x3
1∂x2

=
∂4u2

∂x1∂x3
2

=
∂4u1

∂x2
2∂x

2
3

=
∂4u3

∂x1∂x2∂x2
3

= 0 ,

∂4u3

∂x1∂x3
3

=
∂4u1

∂x4
3

=
∂4u1

∂x2
1∂x

2
3

=
∂4u2

∂x1∂x2∂x2
3

=
∂4u3

∂x1∂x2
2∂x3

= 0 ,

∂4u1

∂x3
1∂x2

=
∂4u3

∂x2
2∂x

2
3

=
∂4u3

∂x3
2∂x3

=
∂4u3

∂x2
1∂x

2
3

= 0 ,

∂4u2

∂x4
3

=
∂4u3

∂x2∂x3
3

=
∂4u2

∂x2
2∂x

2
3

=
∂4u1

∂x1∂x2∂x2
3

=
∂4u3

∂x2
1∂x2∂x3

= 0 ,

∂4u2

∂x2
1∂x

2
3

=
∂4u3

∂x4
3

=
∂4u2

∂x2
1∂x

2
2

=
∂4u2

∂x2
1∂x2∂x3

=
∂4u1

∂x1∂x2
2∂x3

= 0 ,

∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

= 0 ,

∂4u1

∂x4
2

+ 2
∂4u1

∂x2
1∂x

2
2

= 0 ,

∂4u1

∂x1∂x3
2

+
∂4u2

∂x2
1∂x

2
2

= 0 ,

2
∂4u2

∂x2
1∂x

2
2

+
∂4u2

∂x4
1

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,

∂4u2

∂x2∂x3
3

+
∂4u3

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x3
3

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u3

∂x4
2

+
∂4u1

∂x3
1∂x3

+
∂4u3

∂x4
1

= 0 .

(3.119)

Substituting the tetragonal linear elastic candidate displacement field (2.8) into the above third- and fourth-
order universality PDEs, we obtain the following additional conditions that the function g(x1, x2) must
satisfy:

∂3g

∂x3
1

=
∂3g

∂x1∂x2
2

=
∂3g

∂x3
2

=
∂3g

∂x2
1∂x2

=
∂4g

∂x2
1∂x

2
2

=
∂4g

∂x4
1

+
∂4g

∂x4
2

= 0 . (3.120)

The first five of the above universality PDEs coincide with those in (3.108). Hence, the representation (3.34)
remains valid and also satisfies the final condition in (3.120). We thus obtain the following result:

Proposition 3.20. The universal displacements in tetragonal D4 class linear strain-gradient elastic solids
are the superposition of homogeneous displacement fields and the inhomogeneous displacement field (2.8),
with g(x1, x2) given by (3.34) .

3.5.3 Tetragonal class Z4 ⊕ Zc
2

Tensor AZ4⊕Zc
2
has 45 independent components and is of the same form as that of class Z4. Tensor MZ4⊕Zc

2

is a null tensor. Tensor CZ4⊕Zc
2
has the same form as that of class Z4, with 6 independent components,

the only difference being that it corresponds to the Hermann–Mauguin symbol 4/mmm. The fourth-order
universality PDEs coincide with those of the preceding class Z4, and there are no third-order universality
PDEs because the fifth-order tensor vanishes. Substituting the candidate displacement field (2.8) into the
fourth-order universality PDEs, we obtain the following additional conditions that the function g(x1, x2)
must satisfy:

∂4g

∂x2
1∂x

2
2

=
∂4g

∂x4
1

+
∂4g

∂x4
2

=
∂4g

∂x3
1∂x2

=
∂4g

∂x1∂x3
2

= 0 . (3.121)
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These constraints render g(x1, x2) in the following form:

g(x1, x2) = f1(x1) + x2f2(x1) + f3(x2) + x1f4(x2) ,

f ′′′
2 (x1) = 0 , f ′′′

4 (x2) = 0 , f ′′′′
3 (x2) = −f ′′′′

1 (x1) = c .
(3.122)

Therefore, we have obtained the following result:

Proposition 3.21. The universal displacements in tetragonal Z4 ⊕ Zc
2 class linear strain-gradient elastic

solids are the superposition of homogeneous displacement fields and the inhomogeneous displacement field
(2.8), with g(x1, x2) given by (3.122) .

3.5.4 Tetragonal class D4 ⊕ Zc
2

Tensor AD4⊕Zc
2
has 28 independent components and is of the same form as that of class D4. Tensor MD4⊕Zc

2

is a null tensor. Tensor CD4⊕Zc
2
has the same form as that of class D4 with 6 independent components ;

the only difference is that it corresponds to the Hermann–Mauguin symbol 4/mmm. The fourth-order
universality PDEs coincide with those of class D4 ; moreover, there are no third-order universality PDEs
since the fifth-order tensor vanishes. Substituting the candidate displacement field (2.8) into the above
fourth-order universality PDEs, we obtain the following additional universality PDEs for g(x1, x2):

∂4g

∂x2
1∂x

2
2

=
∂4g

∂x4
1

+
∂4g

∂x4
2

= 0 , (3.123)

which imply that g(x1, x2) has the following representation:

g(x1, x2) = f1(x1) + x2f2(x1) + f3(x2) + x1f4(x2) ,

f ′′′′
3 (x2) + x1f

′′′′
4 (x2) + f ′′′′

1 (x1) + x2f
′′′′
2 (x1) = 0 .

(3.124)

Proposition 3.22. The universal displacements in tetragonal D4 ⊕ Zc
2 class linear strain-gradient elastic

solids are the superposition of homogeneous displacement fields and the inhomogeneous displacement field of
eq. (2.8) with g(x1, x2) given by eq. (3.124) .

3.5.5 Tetragonal class Z−
8

Tensor ASO(2)⊕Zc
2
has 32 independent components and is of the same form as that of class SO(2). Tensor

MZ−
8
has 6 independent components and the form

MZ−
8
= MDh

8
+



0 0 C̄(2) 0

0 F̄ (1) 0 0

F̄ (1) 0 0 0

0 0 0 0


+



0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 g(C̄(2))


, (3.125)

where

MDh
8
=



0 0 0 D̄(2)

Ē(1) 0 0 0

0 −Ē(1) 0 0

0 0 0 0


+



0 0 0 0

0 0 0 0

0 0 0 0

0 0 g(D̄(2)) 0


, (3.126)
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C̄(2) ∈


0 c̄12 c̄13 −c̄12 −c̄13

0 −c̄12 −c̄13 c̄12 c̄13

0 0 0 0 0

 , Ē(1), F̄ (1) ∈
[
ē11 −ē11 −

√
2ē11 0 0

]
, (3.127)

D̄(2) ∈


d̄11 d̄11 d̄13

−d̄11 −d̄11 −d̄13

0 0 0

 , (3.128)

g(D̄(2)) ∈
[
0 d̄13

√
2d̄11 −d̄13 −

√
2d̄11

]
, g(C̄(2)) ∈

[
−
√
2c̄13 −

√
2c̄13 −2c̄12

]
, (3.129)

Tensor CO(2)⊕Zc
2
has 5 independent components and corresponds to the Curie group with Hermann–Mauguin

symbol ∞m. In addition to those of class SO(2)⊕Zc
2, there are six independent parameters associated with

the fifth-order tensor, which collectively induce 16 additional universality PDEs. The independent content
of these 16 universality PDEs is

−
(
−2 +

√
2
) ∂2h2

∂x2
2

−
√
2
∂3u33

∂x3
2

−
(
1 +

√
2
) ∂2h1

∂x1∂x2
−

(
1− 2

√
2
) ∂2h2

∂x2
1

+
(
2 +

√
2
) ∂3u33

∂x2
1∂x2

= 0 ,

−∂2h2

∂x2
2

−
(
−1 +

√
2
) ∂2h1

∂x1∂x2
+
(
−1 +

√
2
) ∂2h2

∂x2
1

−
(
1 + 2

√
2
) ∂3u22

∂x2
1∂x2

= 0 ,

∂3u33

∂x3
2

−
(
−1 +

√
2
) ∂2h1

∂x1∂x2
+
(
−1 +

√
2
) ∂2h2

∂x2
1

−
(
1 + 2

√
2
) ∂3u33

∂x2
1∂x2

= 0 ,

−
(
−1 +

√
2
) ∂2h1

∂x2
2

+
(
−1 +

√
2
) ∂2h2

∂x1∂x2
+

(
1 + 2

√
2
) ∂3u33

∂x1∂x2
2

− ∂3u33

∂x3
1

= 0 ,

−2
∂2h1

∂x2
2

+
(
1 +

√
2
) ∂2h2

∂x1∂x2
+

∂2h1

∂x2
1

= 0 ,

√
2
∂2h1

∂x2
2

+
(
1 +

√
2
) ∂2h2

∂x1∂x2
−
(
1 + 2

√
2
) ∂3u33

∂x1∂x2
2

= 0 ,

(3.130)
as well as

(
−1 +

√
2
) ∂2h1

∂x2
2

+
(
1 +

√
2
) ∂2h2

∂x1∂x2
−

(
2 +

√
2
) ∂3u33

∂x1∂x2
2

+
(
−2 +

√
2
) ∂2h1

∂x2
1

+
√
2
∂3u33

∂x3
1

= 0 ,

−∂2h1

∂x2
2

− 2
∂2h2

∂x1∂x2
+

∂2h1

∂x2
1

= 0 ,

−
(
−1 +

√
2
) ∂2h1

∂x2
2

+
(
−1 +

√
2
) ∂2h2

∂x1∂x2
+
(
1 + 2

√
2
) ∂3u33

∂x1∂x2
2

− ∂3u33

∂x3
1

= 0 ,

−∂3u33

∂x3
2

+
(
−1 +

√
2
) ∂2h1

∂x1∂x2
−
(
−1 +

√
2
) ∂2h2

∂x2
1

+
(
1 + 2

√
2
) ∂3u33

∂x2
1∂x2

= 0 ,

∂2h2

∂x2
2

− 3
∂2h1

∂x1∂x2
− 2

∂2h2

∂x2
1

= 0 ,

−∂2h2

∂x2
2

+
∂3u33

∂x3
2

+
(
1 +

√
2
) ∂2h1

∂x1∂x2
+
√
2
∂2h2

∂x2
1

−
(
1 + 2

√
2
) ∂3u33

∂x2
1∂x2

= 0 ,

(3.131)
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and

∂3k1
∂x3

2

+ x3
∂3h1

∂x3
2

+ 3

(
∂3k2

∂x1∂x2
2

+ x3
∂3h2

∂x1∂x2
2

)
− 3

(
∂3k1

∂x2
1∂x2

+ x3
∂3h1

∂x3
2

)
−
(
∂3k2
∂x3

1

+ x3
∂3h2

∂x3
1

)
= 0 ,

−
√
2

(
∂3k1
∂x3

2

+ x3
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(3.132)
We therefore obtain the following result:

Proposition 3.23. The universal displacements in tetragonal Z−
8 class linear strain-gradient elastic solids

coincide with those of class SO(2)⊕ Zc
2, subject to the additional constraints (3.130)–(3.132) .

3.5.6 Tetragonal class Dv
5

Tensor AD5⊕Zc
2
has 23 independent components and is of the same form as that of class D5. Tensor MDv

5

has 13 independent components and has the same form as that given in class Z5. Tensor CO(2)⊕Zc
2
has

5 independent components and corresponds to the Curie group with Hermann–Maugin symbol ∞m. In
addition to those of class O(2)−, this class introduces three independent parameters: one stemming from the
fifth-order tensor and the remaining two from the sixth-order tensor. The resulting universality constraints
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(3.133)
With the universality PDEs of class O(2)−, in particular the linearity of the functions hi, i = 1, 2, one verifies
that all of the above universality PDEs are satisfied identically. Hence, we have the following result.

Proposition 3.24. The universal displacements in tetragonal Dv
5 class linear strain-gradient elastic solids

are the same as those of class O(2)− .

3.5.7 Tetragonal class Dh
8

Tensor AO(2)⊕Zc
2
has 21 independent components and is of the same form as that of class O(2). Tensor

MDh
8
has 3 independent components and is of the same form as that given in class Z−

8 . Tensor CO(2)⊕Zc
2

has 5 independent components and corresponds to the Curie group with Hermann–Maugin symbol ∞m.
Compared with class SO(2) ⊕ Zc

2, there are three additional independent parameters stemming from the
fifth-order tensor MDh

8
. Consequently, we obtain three additional sets of universality PDEs, comprising nine
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constraints in total; one of them is identically zero, so only eight independent constraints remain, which read
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(3.134)

We therefore obtain the following result.

Proposition 3.25. The universal displacements in the tetragonal Dh
8 class linear strain-gradient elastic

solids are the same as those of the class SO(2)⊕ Zc
2, supplemented by the additional constraints (3.134).

Table 5: Summary of universal displacements: Tetragonal classes.

Symmetry class Universal displacement family

Tetragonal class Z4 Superposition of a homogeneous field and (2.8) with g(x1, x2) given by
(3.34)

Tetragonal class D4 Superposition of a homogeneous field and (2.8) with g(x1, x2) given by
(3.34)

Tetragonal class Z4 ⊕ Zc
2 Superposition of a homogeneous field and (2.8) with g(x1, x2) given by

(3.122)

Tetragonal class D4 ⊕ Zc
2 Superposition of a homogeneous field and (2.8) with g(x1, x2) given by

(3.124)

Tetragonal class Z−
8 Same as class SO(2)⊕ Zc

2 with additional constraints (3.130)–(3.132)

Tetragonal class Dv
5 Same as class O(2)−

Tetragonal class Dh
8 Same as class SO(2)⊕ Zc

2 with additional constraint (3.134)

3.6 Pentagonal classes

All five pentagonal classes Z5, Z5 ⊕ Zc
2, D5, D5 ⊕ Zc

2 and Dh
10 have an elasticity matrix C identical to that

of the transversely isotropic linear elastic case. Therefore, the candidate universal displacements for these
classes are those of (2.12) and (2.13).
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3.6.1 Pentagonal class Z5

The tensor AZ5⊕Zc
2
has 35 independent components and has the form

AZ5⊕Zc
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S

, (3.135)

where the matrices A(11), B(6), I(4), and J (4) are defined in the preceding classes Z3 and D3, and the
remaining terms are
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, (3.136)
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(3.137)
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. (3.138)

Matrix MZ5 has 22 independent components, and is given by

MZ5
= MD5

+MDv
5
, (3.139)
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where

MD5 =


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, (3.141)

Ā(1), B̄(1) ∈
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g(Ā(1)), g(B̄(1)) =

[
√
2ā11 −

√
2ā11 2ā11 0 0

]
, (3.143)

and the remaining components coincide with those of the preceding symmetry classes Z4 and D4. The
tensor CO(2)⊕Zc

2
corresponds to the Curie group with Hermann–Mauguin symbol ∞2 and has 5 independent

components.
The third-order universality PDEs for this class read
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67
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The fourth-order universality PDEs for this class read
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as well as
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1

= 0 ,

(3.151)

and also 
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2

(
∂4u2

∂x3
2∂x3

+
∂4u3

∂x2
1∂x

2
2

)
+

√
2

(
∂4u1

∂x3
1∂x3

+
∂4u3

∂x4
1

)
= 0 ,
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= 0 ,

(3.152)
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and finally
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2∂x

2
3

−
(
1 +

√
2
) ∂4u1
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∂x3
1∂x2

= 0 .

(3.153)

From these equations, after lengthy but straightforward manipulations, we obtain the following results
for the functions hi, i = 1, 2:

∂2hi

∂x2
1

=
∂2hi

∂x2
2

=
∂2hi

∂x1∂x2
= 0 , (3.154)

which imply that

h1(x1, x2) = c1x1 + c2x2 , (3.155)

h2(x1, x2) = c3x1 + c4x2 . (3.156)

For the function û33 we find:

∂3û33

∂x3
1

=
∂3û33

∂x3
2

=
∂3û33

∂x2
1∂x2
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∂3û33
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∂4û33
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2
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∂4û33

∂x3
1∂x2

= 0 , (3.157)

which implies that (cf. (3.34))

û33(x1, x2) = c5 + c6x1 + c7x2 + c8x1x2 + c9(x
2
2 − x2

1) . (3.158)

For the functions ki there then remains
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1
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(3.159)
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and
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2
2

− 1√
2

∂4k2
∂x3

1∂x2
+
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= 0 ,

(3.160)

as well as
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= 0 ,

∂4k1
∂x1∂x3

2
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(
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√
2
) ∂4k2
∂x2

1∂x
2
2

− ∂4k1
∂x3

1∂x2
= 0 .

(3.161)

Thus, we obtain the following result.

Proposition 3.26. The universal displacements in the pentagonal Z5 class linear strain-gradient elastic
solids are of the form (2.12) and (2.13), with (3.155) and (3.156) for the functions hi, i = 1, 2, (3.158) for
the function û33, and the constraints (3.159)–(3.161) for the functions ki.

3.6.2 Pentagonal class D5

Tensor AD5⊕Zc
2
has 23 independent components and has the following represenation

AD5⊕Zc
2
(x) =



A(11) 0 0 0

A(11) F (2) 0

H(6) 0

J (4)


S

+



0 0 0 f(F (2))

0 0 0

h(J (4)) 0

0


S

, (3.162)

where all relevant matrices are defined in the preceding classes. Tensor MD5
has 9 independent components

and is of the form (3.140). Tensor CO(2)⊕Zc
2
corresponds to the Curie group with Hermann–Mauguin symbol

∞2 and has 5 independent components. This class has the same universality PDEs as those of class O(2),
with one additional constant in the fifth-order tensor and two additional constants in the sixth-order tensor.
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The additional universality PDEs are
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(3.163)

Combining these relations with those of the O(2) class, we obtain the following result.

Proposition 3.27. The universal displacements in pentagonal D5 class linear strain-gradient elastic solids
coincide with those of class O(2), supplemented by the additional constraints (3.163) .

3.6.3 Pentagonal class Z5 ⊕ Zc
2

Tensor AZ5⊕Zc
2
has 35 independent components and is of the same form as that of class Z5. Tensor MZ5⊕Zc

2

is a null tensor. Tensor CO(2)⊕Zc
2
has 5 independent components and corresponds to the Curie group with

Hermann–Mauguin symbol ∞/mm.
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In summary, for this class we obtain the following result.

Proposition 3.28. The universal displacements in the pentagonal Z5⊕Zc
2 class linear strain-gradient elastic

solids coincide with those of (2.12) and (2.13), subject to the additional universality PDEs (3.164)–(3.166)
for the functions hi, i = 1, 2, û33, and ki, i = 1, 2.

3.6.4 Pentagonal class D5 ⊕ Zc
2

Tensor AD5⊕Zc
2
has 23 independent components and is of the same form as that of class D5. Tensor MD5⊕Zc

2

vanishes identically. Tensor CO(2)⊕Zc
2
has 5 independent components and corresponds to the Curie group with

Hermann–Mauguin symbol ∞/mm. This class has the universality PDEs of class O(2)⊕Zc
2 and introduces

two additional constants associated with the sixth-order tensor. The resulting additional universality PDEs
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In summary, for this class we obtain the following result.

Proposition 3.29. The universal displacements in tetragonal D5 ⊕ Zc
2 class linear strain-gradient elastic

solids coincide with those of class O(2)⊕ Zc
2, supplemented by the additional constraints (3.167).

3.6.5 Pentagonal class Dh
10

Tensor AO(2)⊕Zc
2
has 21 independent components and is of the same form as that of class O(2). Tensor MDh

10

has a single independent component and is given by

MDh
10

=
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. (3.168)

Tensor CO(2)⊕Zc
2
has 5 independent components and corresponds to the Curie group with Hermann–Mauguin

symbol ∞m. This class has the same universality PDEs as class O(2) ⊕ Zc
2, with one additional constant

associated with the fifth-order tensor. The resulting additional universality PDEs are
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In conclusion, for this class we obtain the following result.

Proposition 3.30. The universal displacements in tetragonal Dh
10 class linear strain-gradient elastic solids

are the same as those of class O(2)⊕ Zc
2, supplemented by the additional universality PDEs (3.169).

Table 6: Summary of universal displacements: Pentagonal classes.

Symmetry class Universal displacement family

Pentagonal class Z5 Of the form (2.12) and (2.13) with (3.155), (3.156) for hi, (3.158) for
û33, and constraints (3.159)–(3.161)

Pentagonal class D5 Same as class O(2) with additional constraints (3.163)

Pentagonal class Z5 ⊕ Zc
2 Of the form (2.12) and (2.13) with additional PDEs (3.164)–(3.166)
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Symmetry class Universal displacement family (continued)

Pentagonal class D5 ⊕ Zc
2 Same as class O(2)⊕ Zc

2 with additional constraints (3.167)

Pentagonal class Dh
10 Same as class O(2)⊕ Zc

2 with additional PDEs (3.169)

3.7 Hexagonal classes

There are four hexagonal classes: Z6, D6, Z6⊕Zc
2, and D6⊕Zc

2. The class Z6 has the same universality PDEs
as SO(2), augmented by two additional material constants that induce further universality PDEs. Similarly,
the class Z6⊕Zc

2 has the same structure as SO(2)⊕Zc
2, with two additional material constants that generate

further universality PDEs. The classes D6 and D6 ⊕Zc
2 follow the same pattern, each having one additional

material constant compared with O(2) and O(2) ⊕ Zc
2, respectively. For each of these classes, we list the

additional universality PDEs associated with the extra material constants. These universality PDEs appear
as conditions on the functions hi and ki, i = 1, 2, in the candidate universal displacement field (2.12).

3.7.1 Hexagonal class Z6

Tensor AZ6⊕Zc
2
possesses 33 independent components and has the form

AZ6⊕Zc
2
(x) =
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S
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0
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S

. (3.170)

All pertinent matrices have been defined previously. The tensor MSO(2) has 20 independent components and
has the form

MSO(2) = MO(2) +MO−(2) , (3.171)

where

MO(2) =
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, (3.172)

MO(2)− =
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. (3.173)

All relevant components have been introduced in previous sections. The tensor CO(2)⊕Zc
2
corresponds to

the Curie group with Hermann–Mauguin symbol ∞2 and has 5 independent components. This class has
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the same universality PDEs as SO(2), with two additional constants associated with the sixth-order tensor.
These additional universality PDEs are
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Thus, we obtain the following result.

Proposition 3.31. The universal displacements in the hexagonal Z6 class linear strain-gradient elastic solids
coincide with those of the class O(2)⊕ Zc

2, subject to the additional constraints (3.174) .

3.7.2 Hexagonal class D6

Tensor AD6⊕Zc
2
has 22 independent components and has the following representation

AD6⊕Zc
2
(x) =



A(11) + ηAc 0 0 0

A(11) 0 0

H(6) 0

J (4)


S

+



0 0 0 0

0 0 0

h(J (4)) 0

0


S

, (3.175)

where all relevant matrices have been defined in the preceding classes. The tensor MO(2) contains 8 indepen-
dent components and has the structure (3.172). The tensor CO(2)⊕Zc

2
corresponds to the Curie group with

Hermann–Mauguin symbol ∞2 and has 5 independent components. This class has the universality PDEs of
class SO(2), with one additional constant associated with the sixth-order tensor. The resulting additional
universality PDEs are
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(3.176)

Hence, we obtain the following result.

Proposition 3.32. The universal displacements in hexagonal D6 class linear strain-gradient elastic solids
coincide with those of class O(2), supplemented by the additional constraints (3.176) .

3.7.3 Hexagonal class Z6 ⊕ Zc
2

Tensor AZ6⊕Zc
2
has 33 independent components and is of the same form as that of class Z6 . Tensor MZ6⊕Zc

2

is a null tensor . Tensor CO(2)⊕Zc
2
has 5 independent components and corresponds to the Curie group with

Hermann–Mauguin symbol ∞/mm . This class has the same universality PDEs as class SO(2) ⊕ Zc
2, with

81



two additional elastic constants associated with the sixth-order tensor. The resulting additional universality
PDEs are
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(3.177)
In summary, we obtain the following result.

Proposition 3.33. The universal displacements in hexagonal Z6 ⊕ Zc
2 class linear strain-gradient elastic

solids coincide with those of class SO(2)⊕ Zc
2, subject to the additional constraints (3.177) .

3.7.4 Hexagonal class D6 ⊕ Zc
2

Tensor AD6⊕Zc
2
has 22 independent components and is of the same form as that of class D6. Tensor MD6⊕Zc

2

is a null tensor. Tensor CO(2)⊕Zc
2
has 5 independent components and corresponds to the Curie group with

Hermann–Mauguin symbol ∞/mm. This class has the universality PDEs of class O(2) ⊕ Zc
2, with one

additional elastic constant associated with the sixth-order tensor. The resulting additional universality
PDEs are
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(3.178)

Thus, we obtain the following result.

Proposition 3.34. The universal displacements in the hexagonal D6⊕Zc
2 class linear strain-gradient elastic

solids coincide with those of class O(2)⊕ Zc
2, supplemented by the additional constraints (3.178) .

Table 7: Summary of universal displacements: Hexagonal classes.

Symmetry class Universal displacement family

Hexagonal class Z6 Same as class O(2)⊕ Zc
2 with additional constraints (3.174)

Hexagonal class D6 Same as class O(2) with additional constraints (3.176)

Hexagonal class Z6 ⊕ Zc
2 Same as class SO(2)⊕ Zc

2 with additional constraints (3.177)

Hexagonal class D6 ⊕ Zc
2 Same as class O(2)⊕ Zc

2 with additional constraints (3.178)
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3.8 ∞-gonal classes

There are five ∞-gonal symmetry classes: SO(2), O(2), SO(2) ⊕ Zc
2, O(2) ⊕ Zc

2, and O−(2). For all these
classes, the elasticity tensor C admits five independent elastic constants and has the same structure as in
the transversely isotropic classical linear elasticity.

The additional material parameters associated with the tensors M and A are expected to induce further
universality PDEs for the candidate universal displacement field given above. In particular, these parameters
restrict the functions hi and ki, i = 1, 2, as well as the function û33. Our strategy is as follows: we first
determine how the universality PDEs simplify the functions hi, then examine the implications for û33,
and finally analyze the resulting conditions on the functions ki. Throughout, we use the Cauchy–Riemann
equations to rewrite each system in terms of a single function among {hi} or {ki}, thereby reducing the
number of dependent variables. This reduction is used to verify consistency of the overdetermined system.
When consistency cannot be enforced a priori, we simplify the system as far as possible and list explicitly
the remaining universality PDEs.

3.8.1 ∞-gonal class O(2)−

The tensor AO(2)⊕Zc
2
has 21 independent components and is of the same form as that of class O(2). The

tensor MO(2)− has 12 independent components and is of the same form as in the classes SO(2) and O(2). The
tensor CO(2)⊕Zc

2
has 5 independent components and corresponds to the Curie group with Hermann–Mauguin

symbol ∞m. Substituting the transversely isotropic displacement field (2.12) into the universality PDEs,
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∂3û33

∂x2
1∂x2

)
= 0 ,(

1 +
1√
2

)
∂2h1

∂x1∂x2
− 1

2

(
2 +

√
2
) ∂2h2

∂x2
1

+
(
−1 +

√
2
) ∂3û33
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∂4u33

∂x4
2

+
∂3h1

∂x1∂x2
2

+
∂3h2

∂x2
1∂x2

+ 2
∂4u33

∂x2
1∂x

2
2

+
∂3h1

∂x3
1

+
∂4û33

∂x4
1

= 0 ,

∂3h2

∂x3
2

− ∂3h1

∂x1∂x2
2

+
∂3h2

∂x2
1∂x2

+
∂3h1

∂x3
1

= 0 ,

− ∂3h1

∂x1∂x2
2

− ∂3h2

∂x2
1∂x2

= 0 ,

−
√
2

∂3h1

∂x1∂x2
2

− (−2 +
√
2)

∂3h2

∂x2
1∂x2

− 2(−1 +
√
2)

∂4û33

∂x2
1∂x

2
2

= 0 ,

2

(
2

∂3h1

∂x1∂x2
2

+
∂3h2

∂x2
1∂x2

+
∂4û33

∂x2
1∂x

2
2

)
= 0 .

(3.181)

From these equations, after lengthy but straightforward manipulations, we obtain the following results for
the functions hi, i = 1, 2:

∂2hi

∂x2
1

=
∂2hi

∂x2
2

=
∂2hi

∂x1∂x2
= 0 . (3.182)

For the function û33 we find:

∂3û33

∂x3
1

=
∂3û33

∂x2
1∂x2

=
∂3û33

∂x1∂x2
2

=
∂4û33

∂x2
1∂x

2
2

= 0 . (3.183)

For the functions ki with i = 1, 2 we obtain:

∂4ki
∂x3

1∂x2
=

∂4ki
∂x1∂x3

2

=
∂4ki
∂x4

2

=
∂4ki
∂x4

1

= 0 . (3.184)

Additionally, we find:
∂3k1

∂x1∂x2
2

+
∂3k1
∂x3

1

= 0 ,
∂3k2
∂x3

2

+
∂3k1

∂x2
1∂x2

= 0 . (3.185)

Thus, we obtain

h1(x1, x2) = c4x1 + c5x2 , (3.186)

h2(x1, x2) = c6x1 + c7x2 . (3.187)

The functions ki, i = 1, 2, have the following form:

k1(x1, x2) = f1(x2) + x1f2(x2) + f3(x1) + x2f4(x1) ,

k2(x1, x2) = f5(x2) + x1f6(x2) + f7(x1) + x2f8(x1) ,
(3.188)
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where
f1 = c8 + c9x2 + c10x

2
2 + c11x

3
2 ,

f2 = c12 + c13x2 + c14x
2
2 ,

f3 = c15 + c16x1 + c17x
2
1 + c18x

3
1 ,

f4 = c19 + c20x1 + c21x
2
1 ,

f5 = c22 + c23x2 + c24x
2
2 + c25x

3
2 ,

f6 = c26 + c27x2 + c28x
2
2 ,

f7 = c29 + c30x1 + c31x
2
1 + c32x

3
1 ,

f8 = c33 + c34x1 + c35x
2
1 .

(3.189)

Together with the constraints 2c14,28+6c11,25 = 0 and 2c18,32+6c21,35 = 0, we obtain the following expression
for the function û33:

û33 = −c36x
2
2 + c37x2 + c38x1x2 + c39x

2
1 . (3.190)

Proposition 3.35. The universal displacement fields in the class O−(2) linear strain-gradient elastic solids
have the form (2.12), with the functions hi, i = 1, 2, given by (3.186) and (3.187), the functions ki, i = 1, 2,
given by (3.188) and (3.189), and the function û33 given by (3.190).

3.8.2 ∞-gonal class O(2)⊕ Zc
2

Tensor AO(2)⊕Zc
2
has 21 independent components and is of the same form as that of class O(2). Tensor

MO(2)⊕Zc
2
is a null tensor. Tensor CO(2)⊕Zc

2
has 5 independent components and corresponds to the Curie

group with Hermann–Mauguin symbol ∞/mm.
The additional universality PDEs for this case read

1√
2

∂4k1
∂x4
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+
x3√
2
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∂x4

2

+
1√
2

∂4k2
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2

+
x3√
2
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2

+(1 +
√
2)

(
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∂x2
1∂x

2
2

+ x3
∂4h1

∂x2
1∂x

2
2

)
+

∂4k2
∂x3

1∂x2
+ x3

∂4h2

∂x3
1∂x2

+
∂4k1
∂x4

1

+ x3
∂4h1

∂x4
1

= 0 ,

− ∂4k1
∂x2

1∂x
2
2

− x3
∂4h1

∂x2
1∂x

2
2

− ∂4k2
∂x3

1∂x2
− x3

∂4h2

∂x3
1∂x2

= 0 ,

−∂4k1
∂x4

2

− x3
∂4h1

∂x4
2

+
∂4k2

∂x1∂x3
2

+ x3
∂4h2

∂x3
1∂x2

− ∂4k1
∂x2

1∂x
2
2

− x3
∂4h1

∂x2
1∂x

2
2

+
∂4k2

∂x3
1∂x2

+ x3
∂4h2

∂x3
1∂x2

= 0 ,

− 1√
2

∂4k1
∂x4

2

+
x3√
2

∂4h1

∂x4
2

+

(
1− 1√

2

)(
∂4k2

∂x1∂x3
2

+ x3
∂4h2

∂x1∂x3
2

)
+
(
−1 +

√
2
)( ∂4k1

∂x2
1∂x

2
2

+ x3
∂4h1

∂x2
1∂x

2
2

)
+

∂4k2
∂x3

1∂x2
+ x3

∂4h2

∂x3
1∂x2

= 0 ,

(3.191)
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and 

∂4k2
∂x4

2

+ x3
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∂x4
2

+
∂4k1

∂x1∂x3
2

+ x3
∂4h1

∂x1∂x3
2

+ (1 +
√
2)

(
∂4k2

∂x2
1∂x

2
2

+ x3
∂4h2

∂x2
1∂x

2
2

)
+

1√
2

(
∂4k1

∂x3
1∂x2

+ x3
∂4h1

∂x3
1∂x2

+
∂4k2
∂x4

1

+ x3
∂4h2

∂x4
1

)
= 0 ,

− ∂4k1
∂x1∂x3

2

− x3
∂4h1

∂x1∂x3
2

− ∂4k2
∂x2

1∂x
2
2

− x3
∂4h2

∂x2
1∂x

2
2

= 0 ,

∂4k1
∂x1∂x3

2

+ x3
∂4h1

∂x1∂x3
2

− ∂4k2
∂x2

1∂x
2
2

− x3
∂4h2

∂x2
1∂x

2
2

+
∂4k1

∂x3
1∂x2

+ x3
∂4h1

∂x3
1∂x2

− ∂4k2
∂x4

1

− x3
∂4h2

∂x4
1

= 0 ,

∂4k1
∂x1∂x3

2

+ x3
∂4h1

∂x1∂x3
2

−
(
−1 +

√
2
)(

∂4k2
∂x2

1∂x
2
2

+ x3
∂4h2

∂x2
1∂x

2
2

)
+

(
1− 1√

2

)(
∂4k1

∂x3
1∂x2

+ x3
∂4h1

∂x3
1∂x2

)
− 1√

2

(
∂4k2
∂x4

1

+ x3
∂4h2

∂x4
1

)
= 0 ,

(3.192)

and 

∂3h2

∂x3
2

+
∂3h1

∂x1∂x2
2

+
∂3h2

∂x2
1∂x2

+
∂3h1

∂x3
1

= 0 ,

∂3h1

∂x1∂x2
2

+
∂3h2

∂x2
1∂x2

= 0 ,

∂3h2

∂x1∂x3
2

+
∂4û33

∂x4
2

+
∂3h1

∂x1∂x2
2

+
∂3h2

∂x2
1∂x2

+ 2
∂4û33

∂x2
1∂x

2
2

+
∂3h1

∂x3
1

+
∂4û33

∂x4
1

= 0 ,

− ∂3h1

∂x1∂x2
2

− ∂3h2

∂x2
1∂x2

= 0 ,

−
√
2

∂3h1

∂x1∂x2
2

−
(
−2 +

√
2
) ∂3h2

∂x2
1∂x2

− 2
(
−1 +

√
2
) ∂4û33

∂x2
1∂x

2
2

= 0 ,

2
∂3h1

∂x1∂x2
2

+
∂3h2

∂x2
1∂x2

+
∂4û33

∂x2
1∂x

2
2

= 0 .

(3.193)

From this set of equations one obtains the following additional constraint on û33:

∂4û33

∂x2
1∂x

2
2

= 0 . (3.194)

For hi, i = 1, 2, we have
∂3h1

∂x1∂x2
2

=
∂3h1

∂x3
1

=
∂3h2

∂x2
1∂x2

=
∂3h2

∂x3
2

= 0 . (3.195)

From this set of equations, we conclude that the function h1 must be of the following form

h1 = f1(x2) + x1f2(x2) + x2
1f3(x2) with f ′′

2 (x2) + 2x1f
′′
3 (x2) = 0 . (3.196)

Similarly, for the function h2 we obtain

h2 = f4(x1) + x2f5(x1) + x2
2f6(x1) with f ′′

5 (x1) + 2x2f
′′
6 (x1) = 0 . (3.197)

For the functions ki, i = 1, 2, we find

∂4ki
∂x2

1∂x
2
2

=
∂4ki
∂x4

1

=
∂4ki
∂x4

2

= 0 . (3.198)
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Finally, we have
k1 = f7(x2) + x1f8(x2) + f9(x1) + x2f10(x1) ,

k2 = f11(x2) + x1f12(x2) + f13(x1) + x2f14(x1) ,

f ′′′′
9 (x1) + x2f

′′′′
10 (x2) = 0 ,

f ′′′′
7 (x2) + x1f

′′′′
8 (x2) = 0 ,

f ′′′′
13 (x1) + x2f

′′′′
14 (x2) = 0 ,

f ′′′′
11 (x2) + x1f

′′′′
12 (x2) = 0 .

(3.199)

With these expressions, all equations (3.191)–(3.193) are satisfied. In summary, we obtain the following
result.

Proposition 3.36. The sets of universal displacements of linear strain-gradient elasticity for the class
O(2)⊕ Zc

2 are given by (2.12), subject to (3.194), (3.196), (3.197), and (3.199) .

3.8.3 ∞-gonal class SO(2)⊕ Zc
2

Tensor ASO(2)⊕Zc
2
has 31 independent components and is identical in form to that of class SO(2). Tensor

MSO(2)⊕Zc
2
is a null tensor. Tensor CO(2)⊕Zc

2
has 5 independent components and corresponds to the Curie

group with Hermann–Mauguin symbol ∞/mm.
The additional universality PDEs for this case read
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(3.200)
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and
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= 0 ,

(3.201)

as well as 
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(3.202)
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From the third set of equations, eq. (3.202), we obtain for functions hi and û33:

∂3h1

∂x1∂x2
2

=
∂3h2

∂x2
1∂x2

= 0 ,
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∂x3
2

=
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∂x3
1

= 0 ,
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∂x3
2

+
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∂x3
1

= 0 ,

∂4û33

∂x2
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2
2

= 0 ,

∂4û33

∂x1∂x3
2

+
∂4û33

∂x3
1∂x2

= 0 ,

∂4û33

∂x1∂x3
2

− 5
∂3h1

∂x2
1∂x2

= 0 .

(3.203)

With these expressions, the third set of universality PDEs is satisfied, whereas the first and second sets
remain unchanged and therefore provide additional universality PDEs that the functions must satisfy. We
obtain the following result.

Proposition 3.37. The sets of universal displacements of linear strain-gradient elasticity for class SO(2)⊕Zc
2

are those in (2.12), subject to the conditions (3.200), (3.201), and (3.203).

3.8.4 ∞-gonal class O(2)

Tensor AO(2)⊕Zc
2
has 21 independent components and has the form

AO(2)⊕Zc
2
(x) =



A(11) 0 0 0

A(11) 0 0

H(6) 0

J (4)


S

+



0 0 0 0

0 0 0

f(J (4)) 0

0


S

, (3.204)

where the matrices A(11), H(6), J (4), and f
(
J (4)

)
are the same as in the preceding classes. Tensor MO(2)

has 8 independent components and has the form given in (3.172). Tensor CO(2)⊕Zc
2
corresponds to the Curie

group with Hermann–Mauguin symbol ∞2 and has 5 independent components.
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∂x1∂x2
2

−
(
4 +

√
2
) ∂2h1

∂x2
1

−
√
2
∂3û33
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(3.207)

From the third set of equations, the remaining conditions are

∂4û33
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=
∂3h1

∂x1∂x2
2

=
∂3h2

∂x2
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= 0 , (3.208)

∂3h2

∂x3
2

+
∂3h1

∂x3
1

= 0 . (3.209)

With (3.208) and (3.209) imposed, the third set (3.207) is satisfied identically. The first and second sets,
(3.205) and (3.206), remain coupled and hence must be retained in their present form. One then obtains the
following result.

Proposition 3.38. The universal displacements of linear strain-gradient elasticity for the class SO(2)⊕Zc
2

are given by (2.12), and the fields hi, i = 1, 2, û33, and ki, i = 1, 2, satisfy (3.205), (3.206), (3.208), and
(3.209).
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3.8.5 ∞-gonal class SO(2)

Tensor ASO(2)⊕Zc
2
has 31 independent components and can be written as

ASO(2)⊕Zc
2
(x) =



A(11) B(6) 0 0

A(11) 0 0

H(6) I(4)

J (4)


S

+



0 0 0 0

0 0 0

f(J (4)) 0

0


S

, (3.210)

where the matrices A(11), B(6), H(6), I(4), J (4), and f(J (4)) are the same as in the preceding classes. Tensor
MSO(2) has 20 independent components and has the form (3.171). Tensor CO(2)⊕Zc

2
corresponds to the Curie

group with Hermann–Mauguin symbol ∞2 and has 5 independent components .
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(
2 +

√
2
) ∂2h1

∂x1∂x2
+

1√
2

(
∂2h2

∂x2
1

− 2
∂3û33

∂x2
1∂x2

)
= 0 ,

∂2h1

∂x2
2

+
∂2h2

∂x1∂x2
+

∂2h1

∂x2
1

= 0 ,

− 1√
2

∂2h1

∂x2
2

− 1√
2

∂2h2

∂x1∂x2
+
√
2
∂3û33

∂x1∂x2
2

− ∂2h1

∂x2
1

+
∂3û33

∂x3
1

= 0 ,

−∂2h2

∂x2
2

= 0 ,

1√
2

∂2h1

∂x2
2

+

(
−1 +

1√
2

)
∂2h2

∂x1∂x2
−
(
−1 +

√
2
) ∂3û33

∂x1∂x2
2

= 0 ,

1√
2

(
∂4k1
∂x4

2

+ x3
∂4h1

∂x4
2

)
+

1√
2

(
∂4k2

∂x1∂x3
2

+ x3
∂4h2

∂x1∂x3
2

)
+

(
1 +

√
2
)(

∂4k1
∂x2

1∂x
2
2

+ x3
∂4h1

∂x2
1∂x

2
2

)
+

∂4k2
∂x3

1∂x2
+ x3

∂4h2

∂x3
1∂x2

+
∂4k1
∂x4

1

+ x3
∂4h1

∂x4
1∂x2

= 0 ,

−∂4k1
∂x4

2

− x3
∂4h1

∂x4
2

+
∂4k2

∂x1∂x3
2

+ x3
∂4h2

∂x1∂x3
2

− ∂4k1
∂x2

1∂x
2
2

− x3
∂4h1

∂x2
1∂x

2
2

+
∂4k2

∂x3
1∂x2

+ x3
∂4h2

∂x3
1∂x2

= 0 ,

− 1√
2

(
∂4k1
∂x4

2

+ x3
∂4h1

∂x4
2

)
+

(
1− 1√

2

)(
∂4k2

∂x1∂x3
2

+ x3
∂4h2

∂x1∂x3
2

)
−
(
−1 +

√
2
)(

∂4k1
∂x2

1∂x
2
2

+ x3
∂4h1

∂x2
1∂x

2
2

)
+

∂4k2
∂x3

1∂x2
+ x3

∂4h2

∂x3
1∂x2

= 0 ,

∂4k2
∂x4

2

+ x3
∂4h2

∂x4
2

−
√
2

2

(
∂4k1

∂x1∂x3
2

+ x3
∂4h1

∂x1∂x3
2

)
− 3

√
2

2

(
∂4k2

∂x2
1∂x

2
2

+ x3
∂4h2

∂x2
1∂x

2
2

)
+
2− 3

√
2

2

(
∂4k1

∂x3
1∂x2

+ x3
∂4h1

∂x3
1∂x2

)
−

√
2

2

(
∂4k2
∂x4

1

+ x3
∂4h2

∂x4
1

)
= 0 .
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−2
(
1 +

√
2
) ∂2h1

∂x1∂x2
2

−
(
−4 +

√
2
) ∂2h2

∂x1∂x2
+

(
−2 +

√
2
) ∂3û33

∂x1∂x2
2

−
√
2

2

(
∂2h1

∂x2
1

+
∂3û33

∂x3
1

)
= 0,

−
√
2
∂2h1

∂x2
2

+
−2 +

√
2

2

∂2h2

∂x1∂x2
+

−2 +
√
2

2

∂3û33

∂x1∂x2
2

− 4 +
√
2

2

∂2h1

∂x2
1

−
√
2

2

∂3û33

∂x3
1

= 0,

−∂2h1

∂x2
2

− ∂2h1

∂x2
1

= 0,

−∂3û33

∂x3
2

+
1√
2

(
3

∂2h1

∂x1∂x2
+

∂2h2

∂x2
1

+ 2
∂3û33

∂x2
1∂x2

)
= 0,(

1 +
1√
2

)
∂2h1

∂x1∂x2
+

1

2

(
2 +

√
2
) ∂2h2

∂x2
1

+
(
−1 +

√
2
) ∂3û33

∂x2
1∂x2

= 0,(
1 +

1√
2

)
∂2h1

∂x2
2

− 1√
2

∂2h2

∂x1∂x2
−
(
−1 +

√
2
) ∂3û33

∂x1∂x2
2

+
∂2h1

∂x2
1

= 0,

− 1√
2

∂2h1

∂x2
2

+

(
1 +

1√
2

)
∂2h2

∂x1∂x2
+
√
2
∂3u33

∂x1∂x2
2

+
∂2h1

∂x2
1

+
∂3û33

∂x3
1

= 0,

∂2h2

∂x2
2

+
∂2h1

∂x1∂x2
+

∂2h2

∂x2
1

= 0,

−∂2h2

∂x2
2

+
∂3u33

∂x3
2

− 1√
2

(
∂2h1

∂x1∂x2
+

∂2h2

∂x2
1

− 2
∂3û33

∂x2
1∂x2

)
= 0,

−∂2h2

∂x2
1

= 0,(
−1− 3√

2

)
∂2h1

∂x1∂x2
+

1√
2

∂2h2

∂x2
1

−
(
−1 +

√
2
) ∂3û33

∂x2
1∂x2

= 0,

∂4k2
∂x4

2

+ x3
∂4h2

∂x4
2

+
∂4k1

∂x1∂x3
2

+ x3
∂4h1

∂x1∂x3
2

+
(
1 +

√
2
)(

∂4k2
∂x2

1∂x
2
2

)
+

1√
2

(
∂4k1

∂x3
1∂x2

+ x3
∂4h1

∂x3
1∂x2

+
∂4k2
∂x4

1

+ x3
∂4h2

∂x4
1

)
= 0,

− ∂4k1
∂x1∂x3

2

− x3
∂4h1

∂x1∂x3
2

− ∂4k2
∂x2

1∂x
2
2

− x3
∂4h2

∂x2
1∂x

2
2

= 0,

∂4k1
∂x1∂x3

2

+ x3
∂4h1

∂x1∂x3
2

− ∂4k2
∂x2

1∂x
2
2

+
∂4k1

∂x3
1∂x2

+ x3
∂4h1

∂x3
1∂x2

− ∂4k2
∂x4

1

− x3
∂4h2

∂x4
1

= 0,

∂4k1
∂x1∂x3

2

+ x3
∂4h1

∂x1∂x3
2

−
(
−1 +

√
2
)(

∂4k2
∂x2

1∂x
2
2

+ x3
∂4mh3

∂x2
1∂x

2
2

)
+

(
1− 1√

2

)(
∂4k1

∂x3
1∂x2

+ x3
∂4h1

∂x3
1∂x2

)
− 1√

2

(
∂4k2
∂x4

1

+ x3
∂4h2

∂x4
1

)
= 0,

− 1√
2

(
∂4k1
∂x4

2

+ x3
∂4h1

∂x4
2

)
+

(
1− 3√

2

)(
∂4k2

∂x1∂x3
2

)
+ x3

∂4h2

∂x1∂x3
2

− 3√
2

(
∂4k1

∂x2
1∂x

2
2

+ x3
∂4h1

∂x2
1∂x

2
2

)
− 1√

2

(
∂4k2

∂x3
1∂x2

+ x3
∂4h2

∂x3
1∂x2

)
+

∂4k1
∂x4

1

+ x3
∂4h1

∂x4
1

= 0.
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∂3k1
∂x3

2

+ x3
∂3h1

∂x3
2

− ∂3k2
∂x1∂x2

2

− x3
∂3h2

∂x1∂x2
2

+
∂3k1

∂x2
1∂x2

+ x3
∂3h1

∂x2
1∂x2

− ∂3k2
∂x3

1

− x3
∂3h2

∂x3
1
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∂3k2
∂x3

2

+ x3
∂3h2

∂x3
2

+
√
2

(
∂3k1

∂x1∂x2
2

+ x3
∂3h1

∂x1∂x2
2

+ x3
∂3nh2

∂x2
1∂x2
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+

∂3k1
∂x3

1
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∂3h1

∂x3
1

= 0 ,

∂3k1
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2

+ x3
∂3h1
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2

+
∂3k2

∂x2
1∂x2

+ x3
∂3h2

∂x2
1∂x2

= 0 ,

− ∂3k2
∂x1∂x2

2

− x3
∂3h2

∂x1∂x2
2

+
1√
2

(
∂3k1
∂x3

2

+ x3
∂3h1

∂x3
2

+
∂3k1

∂x1∂x2
2

)
+

∂3k1
∂x2

1∂x2

+x3
∂3h1

∂x2
1∂x2

− 1√
2

(
∂3k1

∂x2
1∂x2

+ x3
∂3h1

∂x2
1∂x2

+
∂3k2
∂x3

1

+ x3
∂3h2

∂x3
1

)
= 0 ,

∂3k2
∂x1∂x2

2

+ x3
∂3h2

∂x1∂x2
2

− 1√
2

(
∂3k1
∂x3

2

+ x3
∂3h1

∂x3
2

+
∂3k2

∂x1∂x2
2

+ x3
∂3h2

∂x1∂x2
2

)
− ∂3k1
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− x3

∂3h1

∂x2
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1
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∂x3

2
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∂x3
2

+ 2

(
∂3k1

∂x1∂x2
2

+ x3
∂3h1

∂x1∂x2
2

+
∂3k2

∂x2
1∂x2

+ x3
∂3h2

∂x2
1∂x2

)
+

∂3k1
∂x3

1

+ x3
∂3h1

∂x3
1

= 0 ,

− ∂3k1
∂x1∂x2

2

− x3
∂3h1

∂x1∂x2
2

− ∂3k2
∂x2

1∂x2
− x3

∂3h2

∂x2
1∂x2

= 0 ,

∂3h2

∂x3
2

+
∂3h1

∂x1∂x2
2

+
∂3h2

∂x2
1∂x2

+
∂3h1

∂x3
1

= 0 ,

∂3h1

∂x1∂x2
2

+
∂3h2

∂x2
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= 0 ,

∂3h2
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+
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+
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2

+
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∂x2
1∂x2
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∂x2
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2

+
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1
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+
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∂x3
1

= 0 ,
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2
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∂x2
1∂x2
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−
√
2
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2

−
(
−2 +

√
2
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∂x2
1∂x2
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√
2
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∂x2
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∂3h1
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+
∂3h2

∂x2
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− ∂4û33

∂x2
1∂x

2
2

= 0 ,

∂3h2

∂x1∂x2
2

+
∂3h1

∂x2
1∂x2

= 0 ,

∂3h1

∂x3
2

+
(
1 +

√
2
) ∂3h2

∂x1∂x2
2

+
(
1 +

√
2
) ∂3h1

∂x2
1∂x2

+
∂3h2

∂x3
1

= 0 ,
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∂3h2
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2

+
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∂x1∂x3
2
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∂3h1

∂x2
1∂x2

− ∂3h2

∂x3
1

+
∂4u33

∂x3
1∂x2

= 0 ,

∂3h1

∂x3
2

+
∂4u33

∂x1∂x3
2

− 3
∂3h1

∂x2
1∂x2

− ∂3h2

∂x3
1

= 0 ,

∂3h2

∂x1∂x2
2

+
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We obtain for hi, i = 1, 2, that
∂2hi

∂x1∂x2
=

∂2hi

∂x2
1

=
∂2hi

∂x2
2

= 0 , (3.214)

which shows that hi, i = 1, 2, depend at most linearly on (x1, x2), i.e., they are of the form (3.186) and
(3.187) . For û33 we obtain

∂3û33

∂x3
1

=
∂3û33

∂x3
2

= 0 . (3.215)

For ki, i = 1, 2, we find
∂4ki

∂x2
1∂x

2
2

=
∂4ki
∂x4

1

=
∂4ki
∂x4

2

=
∂4ki

∂x1∂x3
2

=
∂4ki

∂x3
1∂x2

= 0 , (3.216)

which is consistent with (3.188), together with the preceding conditions, and implies that

f1(x2) = c4 + c5x2 + c6x
2
2 + c7x

3
2 , f2(x2) = c1 + c2x2 + c3x

2
2 ,

f3(x1) = c11 + c12x1 + c13x
2
1 + c14x

3
1 , f4(x1) = c8 + c9x1 + c10x

2
1 ,

f5(x2) = c18 + c19x2 + c20x
2
2 + c21x

3
2 , f6(x2) = c15 + c16x2 + c17x

2
2 ,

f7(x1) = c25 + c26x1 + c27x
2
1 + c28x

3
1 , f8(x1) = c22 + c23x1 + c24x

2
1 .

(3.217)

We therefore obtain the following result.

Proposition 3.39. The set of universal displacements of linear strain-gradient elasticity for the class
SO(2)⊕ Zc

2 coincides with those of the class O−(2), except that (3.217) replaces (3.189).

Table 8: Summary of universal displacements: ∞-gonal classes.

Symmetry class Universal displacement family

∞-gonal class O−(2) Of the form (2.12) with hi given by (3.186), (3.187), ki by (3.188),
(3.189), and û33 by (3.190)

∞-gonal class O(2)⊕ Zc
2 Of the form (2.12) with hi, û33, and ki satisfying (3.194), (3.196),

(3.197), (3.199)

∞-gonal class SO(2)⊕ Zc
2 Of the form (2.12) subject to (3.200), (3.201), (3.203)

∞-gonal class O(2) Of the form (2.12) with hi, û33, and ki satisfying (3.205), (3.206),
(3.208), (3.209)

∞-gonal class SO(2) Same as class O−(2) with (3.217) replacing (3.189)

3.9 Tetrahedral classes

For all tetrahedral strain-gradient classes, the elasticity tensor C has three independent components and has
the same form as that of the cubic class in classical linear elasticity. Therefore, the classical linear elastic
part yields universality PDEs of the form (2.14), which restrict the candidate universal displacement field to
the form (2.15).
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3.9.1 Tetrahedral class T

Tensor AT⊕Zc
2
has 17 independent components and has the form

AT⊕Zc
2
(x) =



A(15) 0 0 0

PA(15)PT 0 0

A(15) 0

J (2)


S

, (3.218)

where

P =



1 0 0 0 0

0 0 0 1 0

0 0 0 0 1

0 1 0 0 0

0 0 1 0 0


. (3.219)

Tensor MT has 8 independent components and takes the form

MT =



0 0 0 D̄(3)

Ō(5) 0 0 0

0 Ō(5) 0 0

0 0 Ō(5) 0


, D̄(3) =


d̄11 d̄12 d̄13

d̄13 d̄11 d̄12

d̄12 d̄13 d̄11

 . (3.220)
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Tensor CO⊕Zc
2
corresponds to the Curie group with Hermann–Mauguin symbol 432 and has 3 independent

components. The additional universality PDEs for this class read

∂4u1

∂x4
1

=
∂4u2

∂x1∂x3
2

=
∂4u3

∂x1∂x3
3

=
∂4u2

∂x4
2

=
∂4u3

∂x4
3

=
∂4u3

∂x2
1∂x

2
3

=
∂4u1

∂x1∂x2∂x2
3

= 0 ,

∂4u3

∂x2
1∂x2∂x3

=
∂4u1

∂x3
1∂x2

=
∂4u2

∂x2
1∂x

2
3

=
∂4u3

∂x4
3

=
∂4u1

∂x1∂x3
3

=
∂4u3

∂x4
2

=
∂4u1

∂x3
1∂x3

= 0 ,

∂4u2

∂x2
1∂x2∂x3

=
∂4u1

∂x1∂x2
2∂x3

=
∂4u3

∂x2
1∂x

2
3

=
∂4u3

∂x2
1∂x

2
2

= 0 ,

∂4u1

∂x2
1∂x

2
3

+
∂4u2

∂x3
1∂x2

= 0 ,

2
∂4u1

∂x1∂x3
3

+
∂4u1

∂x2
1∂x

2
2

+
∂4u2

∂x3
1∂x2

= 0 ,

∂4u1

∂x2
1∂x

2
3

+
∂4u3

∂x3
1∂x3

= 0 ,

∂4u1

∂x4
2

+
∂4u2

∂x1∂x3
2

+ 2
∂4u1

∂x2
1∂x

2
3

= 0 ,

∂4u2

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

= 0 ,

∂4u1

∂x2
2∂x

2
3

+ 2
∂4u3

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

= 0 ,

∂4u1

∂x2
2∂x

2
3

+ 3
∂4u2

∂x1∂x2∂x2
3

= 0 ,

∂4u1

∂x4
3

+ 2
∂4u1

∂x2
1∂x

2
2

= 0 ,

2
∂4u2

∂x2
2∂x

2
3

+
∂4u2

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

= 0 ,

(3.221)

and 

∂4u2

∂x2
2∂x

2
3

+
∂4u3

∂x2
2∂x

2
3

= 0 ,

∂4u2

∂x2
2∂x

2
3

+
∂4u3

∂x3
2∂x3

= 0 ,

∂4u1

∂x1∂x3
2

+
∂4u2

∂x2
1∂x

2
2

= 0 ,

2
∂4u3

∂x2∂x3
3

+
∂4u1

∂x1∂x3
2

+
∂4u2

∂x2
1∂x

2
2

= 0 ,

∂4u2

∂x4
3

+
∂4u3

∂x2∂x3
3

+ 2
∂4u2

∂x2
1∂x

2
2

= 0 ,

∂4u1

∂x1∂x3
2

+
∂4u2

∂x2
1∂x

2
2

= 0 ,

∂4u2

∂x2
1∂x

2
3

+ 3
∂4u3

∂x2
1∂x2∂x3

= 0 ,

2
∂4u2

∂x2
2∂x

2
3

+
∂4u2

∂x4
1

= 0 ,

(3.222)
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as well as 
∂4u2

∂x2∂x3
3

+
∂4u3

∂x2
2∂x

2
3

= 0 ,

2
∂4u3

∂x2∂x3
3

+
∂4u1

∂x3
1∂x3

+
∂4u3

∂x4
1

= 0 .

(3.223)

The above universality PDEs stem from the sixth-order tensor. From the fifth-order tensor we obtain

−2
∂3u1

∂x1∂x2∂x3
+

∂3u2

∂x2
1∂x3

+
∂3u3

∂x2
1∂x2

= 0 ,

−2
∂3u3

∂x2∂x2
3

+
∂3u1

∂x1∂x2∂x3
+

∂3u3

∂x2
1∂x2

= 0 ,

−2
∂3u2

∂x2∂x2
3

+
∂3u1

∂x1∂x2∂x3
+

∂3u2

∂x2
1∂x3

= 0 ,

∂3u3

∂x2∂x2
3

+
∂3u2

∂x2
2∂x3

− ∂3u2

∂x2
1∂x3

− ∂3u3

∂x2
1∂x2

= 0 ,

− ∂3u2

∂x2
2∂x3

− ∂3u3

∂x3
2

+ 2
∂3u1

∂x1∂x2∂x3
= 0 ,

−∂3u2

∂x3
3

+
∂3u3

∂x3
3

− ∂3u3

∂x2∂x2
3

+
∂3u2

∂x2
2∂x3

= 0 ,

∂3u2

∂x3
3

+
∂3u3

∂x2∂x2
3

+
∂3u2

∂x2
2∂x3

+
∂3u3

∂x3
2

= 0 ,

(3.224)

and 

∂3u1

∂x2
2∂x3

− 2
∂3u2

∂x1∂x2∂x3
+

∂3u3

∂x1∂x2
2

= 0 ,

∂3u1

∂x2
2∂x3

+
∂3u2

∂x1∂x2∂x3
− 2

∂3u1

∂x2
1∂x3

= 0 ,

−2
∂3u3

∂x1∂x2
3

+
∂3u2

∂x1∂x2∂x3
+

∂3u3

∂x1∂x2
2

= 0 ,

− ∂3u1

∂x2
2∂x3

+
∂3u3

∂x1∂x2
3

− ∂3u3

∂x1∂x2
2

+
∂3u1

∂x2
1∂x3

= 0 ,

∂3u2

∂x1∂x2∂x3
+

∂3u3

∂x3
1

= 0 ,

∂3u1

∂x2
2∂x3

− ∂3u2

∂x1∂x2∂x3
− 2

∂3u3

∂x1∂x2
2

+
∂3u1

∂x2
2∂x3

+
∂3u3

∂x3
1

= 0 ,

−∂3u1

∂x3
3

+
∂3u2

∂x1∂x2∂x3
= 0 ,

∂3u1

∂x3
3

− 2
∂3u1

∂x2
2∂x3

+
∂3u3

∂x1∂x2
3

− ∂3u2

∂x1∂x2∂x3
+

∂3u3

∂x1∂x2
2

= 0 ,

(3.225)
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as well as 

∂3u1

∂x2∂x2
3

+
∂3u2

∂x1∂x2
3

− 2
∂3u3

∂x1∂x2∂x3
= 0 ,

∂3u2

∂x1∂x2
3

+
∂3u3

∂x1∂x2∂x3
− 2

∂3u2

∂x1∂x2
2

= 0 ,

∂3u1

∂x2∂x2
3

+
∂3u3

∂x1∂x2∂x3
− 2

∂3u1

∂x2
1∂x2

= 0 ,

− ∂3u1

∂x2∂x2
3

− ∂3u2

∂x1∂x2
3

+
∂3u2

∂x1∂x2
2

+
∂3u1

∂x2
1∂x2

= 0 ,

∂3u2

∂x1∂x2
2

+
∂3u2

∂x3
1

= 0 ,

∂3u1

∂x3
2

+
∂3u2

∂x1∂x2
2

+ 2
∂3u1

∂x2
1∂x2

+
∂3u2

∂x3
1

= 0 .

(3.226)

When (2.15) is substituted into the above universality PDEs, we obtain

∂4g1(x2, x3)

∂x4
2

=
∂4g1(x2, x3)

∂x4
3

=
∂4g1(x2, x3)

∂x2
2∂x

2
3

= 0 , (3.227)

which implies that
g1(x2, x3) = f1(x3) + x2f2(x3) + f3(x2) + x3f4(x2) ,

f ′′′′
3 (x2) + x3f

′′′′
4 (x2) = 0 ,

f ′′′′
1 (x3) + x2f

′′′′
2 (x3) = 0 .

(3.228)

Similarly, we find
∂4g2(x1, x3)

∂x4
1

=
∂4g2(x1, x3)

∂x4
3

=
∂4g2(x1, x3)

∂x2
1∂x

2
3

= 0 , (3.229)

and hence
g2(x1, x3) = f5(x3) + x1f6(x3) + f7(x1) + x3f8(x1) ,

f ′′′′
7 (x1) + x3f

′′′′
8 (x1) = 0 ,

f ′′′′
5 (x3) + x1f

′′′′
6 (x3) = 0 .

(3.230)

Finally, we have
∂4g3(x1, x2)

∂x4
1

=
∂4g3(x1, x2)

∂x4
2

=
∂4g3(x1, x2)

∂x2
1∂x

2
2

= 0 , (3.231)

which are simplified to read

g3(x1, x2) = f9(x2) + x1f10(x2) + f11(x1) + x2f12(x1) ,

f ′′′′
11 (x1) + x2f

′′′′
12 (x1) = 0 ,

f ′′′′
9 (x2) + x1f

′′′′
10 (x2) = 0 .

(3.232)

Moreover, the additional universality PDEs further imply that

f ′′
4 (x2) = 0 , f ′′

2 (x3) = 0 , f ′′′
3 (x2) + x3f

′′′
4 (x2) = 0 , f ′′′

1 (x3) + x2f
′′′
2 (x3) = 0 . (3.233)

as well as

f ′′
8 (x1) = 0 , f ′′

6 (x3) = 0 , f ′′′
7 (x1) + x3f

′′′
8 (x1) = 0 , f ′′′

5 (x3) + x1f
′′′
6 (x3) = 0 . (3.234)

and

f12(x1) = 0 , f10(x2) = 0 , f ′′′
11(x1) + x2f

′′′
12(x1) = 0 , f ′′′

9 (x2) + x1f
′′′
10(x2) = 0 . (3.235)

Therefore, we obtain the following result.

Proposition 3.40. The sets of universal displacements of linear strain-gradient elasticity for class T have
the form (2.15), and the functions g1, g2, and g3 satisfy (3.228), (3.230), (3.232), (3.233), (3.234), and
(3.235).
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3.9.2 Tetrahedral class T⊕ Zc
2

Tensor AT⊕Zc
2
has 17 independent components and is of the same form as that of class T. Tensor MT⊕Zc

2
is

a null tensor. Tensor CO⊕Zc
2
has 3 independent components and corresponds to the group with Hermann–

Mauguin symbol m3̄m. Therefore, we obtain the following result.

Proposition 3.41. The set of universal displacements of linear strain-gradient elasticity for class T ⊕ Zc
2

has the form (2.15), and the functions g1, g2, and g3 satisfy (3.228), (3.230), and (3.232).

3.9.3 Tetrahedral class O−

Tensor AO⊕Zc
2
has 11 independent components and has the form

AO−⊕Zc
2
(x) =



A(9) 0 0 0

A(9) 0 0

A(9) 0

J (2)


S

, (3.236)

where

J (2) =


j11 j12 j12

j11 j12

j11


S

, A(9) =



a11 a12 a13 a12 a13

a22 a23 a24 a25

a33 a25 a35

a22 a23

a33


S

. (3.237)

Tensor MO− has 5 independent components and it is of the form

MO− =



0 0 0 D̄
(2)
2

Ō(3) 0 0 0

0 Ō(3) 0 0

0 0 Ō(3) 0


, D̄

(2)
2 ∈


d̄11 d̄12 d̄12

d̄12 d̄11 d̄12

d̄12 d̄12 d̄11

 . (3.238)

104



Tensor CO⊕Zc
2
corresponds to the group with Hermann–Mauguin symbol 4̄3m and has 3 independent com-

ponents. The additional universality PDEs for this class are

∂4u1

∂x4
1

=
∂4u1

∂x2
2∂x

2
3

=
∂4u2

∂x4
2

=
∂4u2

∂x2
1∂x

2
3

=
∂4u3

∂x4
3

=
∂4u3

∂x2
1∂x

2
2

=
∂4u3

∂x1∂x2
2∂x3

= 0 ,

∂4u1

∂x2
1∂x

2
2

+
∂4u3

∂x3
1∂x3

+
∂4u2

∂x3
1∂x2

= 0 ,

∂4u1

∂x2
1∂x

2
3

+
∂4u1

∂x2
1∂x

2
2

+
∂4u3

∂x3
1∂x3

+
∂4u2

∂x3
1∂x3

= 0 ,

∂4u3

∂x1∂x3
3

+
∂4u2

∂x1∂x3
2

= 0 ,

∂4u1

∂x4
3

+
∂4u1

∂x4
2∂x

3
2

+ 2
∂4u3

∂x1∂x3
3

+
∂4u2

∂x1∂x3
2

+ 2

(
∂4u1

∂x2
1∂x

2
3

+
∂4u1

∂x2
1∂x

2
2

)
= 0 ,

∂4u2

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

= 0 ,

∂4u1

∂x2
1∂x

2
3

+
∂4u1

∂x2
1∂x

2
2

+
∂4u3

∂x3
2∂x3

+
∂4u2

∂x3
1∂x3

= 0 ,

(3.239)

and 

∂4u2

∂x2
2∂x

2
3

+
∂4u3

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x3
2

+
∂4u2

∂x2
1∂x

2
2

= 0 ,

2
∂4u3

∂x2∂x3
3

+ 2
∂4u1

∂x3
1∂x2

= 0 ,

∂4u3

∂x4
3

+
∂4u1

∂x3
1∂x2

= 0 ,

∂4u2

∂x4
3

+
∂4u3

∂x2∂x3
3

+ 2
∂4u2

∂x2
2∂x

2
3

+ 2
∂4u2

∂x2
1∂x

2
2

+
∂4u1

∂x3
1∂x2

+
∂4u2

∂x4
1

= 0 ,

∂4u1

∂x1∂x2∂x2
3

+
∂4u3

∂x2
1∂x

2
3

= 0 ,

∂4u1

∂x1∂x2∂x2
3

+
∂4u3

∂x2
1∂x2∂x3

= 0 ,

(3.240)

as well as 

∂4u2

∂x2∂x3
3

+
∂4u3

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x3
3

+
∂4u3

∂x2
1∂x

2
3

= 0 ,

2
∂4u2

∂x3
2∂x3

+
∂4u1

∂x1∂x3
3

+ 2
∂4u1

∂x3
1∂x3

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u1

∂x3
1∂x2

= 0 ,

2
∂4u3

∂x2∂x3
3

+
∂4u2

∂x3
2∂x3

+
∂4u3

∂x4
2

+ 2
∂4u3

∂x2
1∂x

2
2

+
∂4u1

∂x3
1∂x3

+
∂4u3

∂x4
1∂x3

= 0 ,

∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

= 0 .

(3.241)
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The above universality PDEs stem from the sixth-order tensor. From the fifth-order tensor we obtain the
following universality PDEs 

−2
∂3u1

∂x1∂x2∂x3
+

∂3u2

∂x2
1∂x3

+
∂3u3

∂x2
1∂x2

= 0 ,

−2
∂3u3

∂x2∂x2
3

+ 2
∂3u2

∂x2
2∂x3

= 0 ,

∂3u2

∂x2
1∂x3

+
∂3u3

∂x2
1∂x2

= 0 ,

∂3u3

∂x3
3

+ 2
∂3u2

∂x2
2∂x3

− 2
∂3u1

∂x1∂x2∂x3
= 0 ,

∂3u2

∂x3
3

+
∂3u3

∂x3
2

= 0 ,

(3.242)

and 

∂3u1

∂x2
2∂x3

− 2
∂3u2

∂x1∂x2∂x3
+

∂3u3

∂x1∂x2
2

= 0 ,

−2
∂3u3

∂x1∂x2
3

+ 2
∂3u1

∂x2
1∂x2∂x3

= 0 ,

∂3u1

∂x2
2∂x3

+
∂3u3

∂x1∂x2
2

= 0 ,

−∂3u1

∂x3
3

− ∂3u2

∂x1∂x2∂x3
+

∂3u3

∂x3
1

= 0 ,

∂3u1

∂x3
3

− ∂3u1

∂x2
2∂x3

+
∂3u3

∂x1∂x2
3

− 2
∂3u2

∂x1∂x2∂x3
− ∂3u3

∂x1∂x2
2

+
∂3u1

∂x2
1∂x3

+
∂u2

∂x3
1

= 0 ,

(3.243)

as well as 

∂3u1

∂x2∂x2
3

+
∂3u2

∂x1∂x2
3

− 2
∂3u3

∂x1∂x2∂x3
= 0 ,

∂3u2

∂x1∂x2
3

− 2
∂3u1

∂x2
1∂x2

= 0 ,

− ∂3u1

∂x2∂x2
3

− ∂3u2

∂x1∂x2
3

+
∂3u2

∂x1∂x2
2

+
∂3u1

∂x2
1∂x2

= 0 ,

−∂3u1

∂x3
2

+
∂3u3

∂x1∂x2
3

+
∂3u3

∂x1∂x2∂x3
− ∂3u2

∂x3
1

= 0 ,

− ∂3u1

∂x2∂x2
3

+
∂3u1

∂x3
3

− ∂3u2

∂x1∂x2
3

− 2
∂3u3

∂x1∂x2∂x3
+

∂3u2

∂x1∂x2
3

+
∂3u1

∂x2
1∂x2

+
∂u2

∂x3
1

= 0 .

(3.244)

When (2.15) is substituted into the above expressions, we obtain

∂4g1(x2, x3)

∂x4
2

+
∂4g1(x2, x3)

∂x4
3

= 0 ,
∂4g1(x2, x3)

∂x2
2∂x

2
3

= 0 . (3.245)

From these relations, using the preceding calculations, we find that

g1(x2, x3) = f1(x2) + x3f2(x2) + f3(x3) + x2f4(x3) ,

f ′′′′
1 (x2) + x3f

′′′′
2 (x2) + f ′′′′

3 (x3) + x2f
′′′′
4 (x3) = 0 .

(3.246)

Similarly,
∂4g2(x1, x3)

∂x4
1

+
∂4g2(x1, x3)

∂x4
3

= 0 ,
∂4g2(x1, x3)

∂x2
1∂x

2
3

= 0 , (3.247)
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and hence
g2(x1, x3) = f5(x1) + x3f6(x1) + f7(x3) + x1f8(x3) ,

f ′′′′
5 (x1) + x3f

′′′′
6 (x1) + f ′′′′

7 (x3) + x1f
′′′′
8 (x3) = 0 .

(3.248)

Finally,
∂4g3(x1, x2)

∂x4
1

+
∂4g3(x1, x2)

∂x4
2

= 0 ,
∂4g3(x1, x2)

∂x2
1∂x

2
2

= 0 , (3.249)

which are simplified to read

g3(x1, x2) = f9(x1) + x2f10(x1) + f11(x2) + x1f12(x2) ,

f ′′′′
9 (x1) + x2f

′′′′
10 (x1) + f ′′′′

11 (x2) + x1f
′′′′
12 (x2) = 0 .

(3.250)

The additional universality PDEs read

∂3g2(x1, x3)

∂x2
1∂x3

+
∂3g3(x1, x2)

∂x2
1∂x2

= 0 . (3.251)

Substituting (3.248) and (3.250) into (3.251) yields f ′′
6 (x1) + f ′′

10(x1) = 0.
The remaining five universality PDEs are:

∂3g2(x1, x3)

∂x3
3

+
∂3g3(x1, x2)

∂x3
2

= 0 , (3.252a)

∂3g3(x1, x2)

∂x1∂x2
2

+
∂3g1(x2, x3)

∂x2
2∂x3

= 0 , (3.252b)

∂3g1(x2, x3)

∂x3
3

+
∂3g3(x1, x2)

∂x3
1

= 0 , (3.252c)

∂3g1(x2, x3)

∂x2∂x2
3

+
∂3g2(x1, x3)

∂x1∂x2
3

= 0 , (3.252d)

∂3g1(x2, x3)

∂x3
2

+
∂3g2(x1, x3)

∂x3
1

= 0 . (3.252e)

Substituting (3.248) and (3.250) into (3.252a) gives f ′′′
7 (x3)+x1f

′′′
8 (x3)+f ′′′

11(x2)+x1f
′′′
12(x2) = 0. Substituting

(3.246) and (3.250) into (3.252b) leads to f ′′
12(x2)+f ′′

2 (x2) = 0. Substituting (3.246) and (3.250) into (3.252c)
implies f ′′′

3 (x3) + x2f
′′′
4 (x3) + f ′′′

9 (x1) + x2f
′′′
10(x1) = 0. Substituting (3.246) and (3.248) into (3.252d) gives

f ′′
4 (x3) + f ′′

8 (x3) = 0. Finally, substituting (3.246) and (3.248) into (3.252e) gives f ′′′
1 (x2) + x3f

′′′
2 (x2) +

f ′′′
5 (x1) + x3f

′′′
6 (x1) = 0.

In summary, we have the following result.

Proposition 3.42. The sets of universal displacements of linear strain-gradient elasticity for class O−

are given by (2.15), and the fields gi, i = 1, 2, 3, satisfy (3.246), (3.248), (3.250), (3.252a), (3.252c), and
(3.252e).

Table 9: Summary of universal displacements: Tetrahedral classes.

Symmetry class Universal displacement family

Tetrahedral class T Of the form (2.15) with g1, g2, g3 satisfying (3.228), (3.230), (3.232),
(3.233), (3.234), (3.235)

Tetrahedral class T⊕ Zc
2 Of the form (2.15) with g1, g2, g3 satisfying (3.228), (3.230), (3.232)

Tetrahedral class O− Of the form (2.15) with gi, i = 1, 2, 3, satisfying (3.246), (3.248), (3.250),
(3.252a), (3.252c), (3.252e)
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3.10 Cubic classes

For all cubic strain-gradient classes, the elasticity tensor C has three independent components and is of
the same form as in the cubic classical linear elasticity. The arbitrariness of these three elastic constants
yields the universality PDEs (2.14), and hence the candidate universal displacement field must have the form
(2.15). We now determine the additional universality PDEs induced by the fifth- and sixth-order tensors
and their implications for the fields appearing in (2.15) .

3.10.1 Cubic class O

Tensor AO⊕Zc
2
has 11 independent components and is of the same form as that of class O−. Tensor MO has

3 independent components and can be written in the form

MO =



0 0 0 D̄(1)

Ō(2) 0 0 0

0 −Ō(2) 0 0

0 0 Ō(2) 0


, D̄(1) ∈


0 d̄12 −d̄12

−d̄12 0 d̄12

d̄12 −d̄12 0

 . (3.253)

Tensor CO⊕Zc
2
has 3 independent components and corresponds to the group with Hermann–Mauguin symbol

432. The additional universality PDEs for this class are

∂4u1

∂x4
1

=
∂4u1

∂x2
2∂x

2
3

= 0 ,

∂4u1

∂x2
1∂x

2
3

+
∂4u1

∂x2
1∂x

2
2

+
∂4u3

∂x3
1∂x3

+
∂4u2

∂x3
1∂x2

= 0 ,

∂4u3

∂x1∂x3
3

+
∂4u2

∂x1∂x3
2

= 0 ,

∂4u1

∂x4
3

+
∂4u1

∂x4
2

+ 2

(
∂4u1

∂x2
1∂x

2
3

+
∂4u1

∂x2
1∂x

2
2

)
= 0 ,

∂4u2

∂x1∂x2∂x2
3

+
∂4u3

∂x1∂x2
2∂x3

= 0 ,

3
∂4u2

∂x1∂x2∂x2
3

+ 2
∂4u3

∂x1∂x2∂x2
3

+
∂4u2

∂x1∂x2
2∂x3

= 0 ,

(3.254)
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and 

∂4u2

∂x4
2

=
∂4u2

∂x2
1∂x

2
3

= 0 ,

∂4u2

∂x2
2∂x

2
3

+
∂4u3

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x3
2

+
∂4u2

∂x2
1∂x

2
2

= 0 ,

∂4u3

∂x2∂x3
3

+
∂4u1

∂x3
1∂x2

= 0 ,

∂4u3

∂x4
3

+
∂4u1

∂x3
1∂x2

= 0 ,

∂4u2

∂x4
3

+
∂4u3

∂x2∂x3
3

+ 2
∂4u2

∂x2
2∂x

2
3

+ 2
∂4u2

∂x2
1∂x

2
2

+
∂4u1

∂x3
1∂x2

+
∂4u2

∂x4
1

= 0 ,

∂4u1

∂x1∂x2∂x2
3

+
∂4u3

∂x2
1∂x

2
3

= 0 ,

∂4u1

∂x1∂x2∂x2
3

+
∂4u3

∂x2
1∂x2∂x3

= 0 ,

∂4u2

∂x2
2∂x

2
3

+
∂4u3

∂x3
2∂x3

+
∂4u1

∂x1∂x3
2

+
∂4u2

∂x2
1∂x

2
2

= 0 ,

∂4u1

∂x1∂x2∂x2
3

+
∂4u3

∂x2
1∂x2∂x3

= 0 ,

(3.255)

as well as 

∂4u3

∂x4
3

=
∂4u3

∂x2
1∂x

2
2

= 0 ,

∂4u2

∂x1∂x3
3

+
∂4u3

∂x2
2∂x

2
3

+
∂4u1

∂x1∂x3
3

+
∂4u3

∂x2
1∂x

2
3

= 0 ,

∂4u2

∂x3
2∂x3

+
∂4u1

∂x3
1∂x3

= 0 ,

2
∂4u3

∂x2∂x3
3

+
∂4u3

∂x4
2

+ 2
∂4u3

∂x2
1∂x

2
3

+
∂4u3

∂x4
1

= 0 ,

∂4u1

∂x1∂x2
2∂x3

+
∂4u2

∂x2
1∂x2∂x3

= 0 .

(3.256)

The above universality PDEs stem from the sixth-order tensor. From the fifth-order tensor we obtain

−2
∂3u3

∂x2∂x2
3

+ 2
∂3u2

∂x2
2∂x3

− ∂3u2

∂x2
1∂x3

+
∂3u3

∂x2
1∂x2

= 0 ,

∂3u2

∂x3
3

+
∂3u3

∂x3
3

+
∂3u3

∂x2∂x2
3

+
∂3u3

∂x3
2

− 2
∂3u2

∂x2
2∂x3

= 0 ,

∂3u2

∂x3
3

+
∂3u3

∂x2∂x2
3

− ∂3u2

∂x2
2∂x3

− ∂3u3

∂x3
2

− 2
∂3u2

∂x2
1∂x3

− ∂3u3

∂x2
1∂x2

= 0 ,

(3.257)

and 

∂3u1

∂x2
2∂x3

+ 2
∂3u3

∂x1∂x2
3

− ∂3u3

∂x1∂x2
2

− 2
∂3u1

∂x2
1∂x3

= 0 ,

∂3u1

∂x3
3

+
∂3u3

∂x3
1

− 2
∂3u3

∂x1∂x2
3

+ 2
∂3u1

∂x2
1∂x3

= 0 ,

−∂3u1

∂x3
3

+ 3
∂3u1

∂x1∂x2
2

− ∂3u3

∂x1∂x2
3

− 3
∂3u3

∂x1∂x2
2

+
∂3u1

∂x2
1∂x3

+
∂3u3

∂x3
1

= 0 ,

(3.258)
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as well as 

− ∂3u1

∂x2∂x2
3

+
∂3u2

∂x1∂x2
3

− 2
∂3u2

∂x1∂x2
2

+ 2
∂3u1

∂x2
1∂x2

= 0 ,

−∂3u1

∂x3
2

+
∂3u3

∂x1∂x2
2

− ∂3u3

∂x1∂x2∂x3
− ∂3u2

∂x3
1

− 2
∂3u1

∂x2
1∂x2

+ 2
∂3u1

∂x1∂x2
2

= 0 ,

−3
∂3u1

∂x1∂x2
3

+
∂3u1

∂x3
2

+ 3
∂3u2

∂x1∂x2
3

+
∂3u2

∂x1∂x2
2

− ∂3u1

∂x2
1∂x2

− ∂3u2

∂x3
1

= 0 .

(3.259)

All relations obtained for class O ⊕ Zc
2 remain valid for the present class. In particular, the functions gi

admit the representations

g1(x2, x3) = f1(x2) + x3f2(x2) + f3(x3) + x2f4(x3) , (3.260a)

g2(x1, x3) = f5(x1) + x3f6(x1) + f7(x3) + x1f8(x3) , (3.260b)

g3(x1, x2) = f9(x1) + x2f10(x1) + f11(x2) + x1f12(x2) . (3.260c)

In addition, the following universality PDEs must hold:

−∂3g2(x1, x3)

∂x2
1∂x3

+
∂3g3(x1, x2)

∂x2
1∂x2

= 0 , (3.261a)

−∂3g2(x1, x3)

∂x3
3

+
∂3g3(x1, x2)

∂x3
2

= 0 , (3.261b)

−∂3g3(x1, x2)

∂x1∂x2
2

+
∂3g1(x2, x3)

∂x2
2∂x3

= 0 , (3.261c)

∂3g1(x2, x3)

∂x3
3

+
∂3g3(x1, x2)

∂x3
1

= 0 , (3.261d)

−∂3g1(x2, x3)

∂x2∂x2
3

+
∂3g2(x1, x3)

∂x1∂x2
3

= 0 , (3.261e)

∂3g1(x2, x3)

∂x3
2

+
∂3g2(x1, x3)

∂x3
1

= 0 . (3.261f)

Substituting (3.260) into (3.261a) gives the coupling condition −f ′′
6 (x1)+f ′′

10(x1) = 0. Likewise, substitution
into (3.261c) leads to −f ′′

12(x2)+ f ′′
2 (x2) = 0, while substitution into (3.261e) implies −f ′′

4 (x3)+ f ′′
8 (x3) = 0.

The remaining relations (3.261b), (3.261d), and (3.261f) couple functions of different independent vari-
ables. A sufficient way to satisfy them is to require the corresponding third derivatives to vanish. In
particular, (3.261b) is satisfied if

f ′′′
7 (x3) = f ′′′

8 (x3) = f ′′′
11(x2) = f ′′′

12(x2) = 0 , (3.262)

(3.261d) is satisfied if
f ′′′
3 (x3) = f ′′′

4 (x3) = f ′′′
9 (x1) = f ′′′

10(x1) = 0 , (3.263)

and (3.261f) is satisfied if
f ′′′
1 (x2) = f ′′′

2 (x2) = f ′′′
5 (x1) = f ′′′

6 (x1) = 0 . (3.264)

Consequently, all functions fi, i = 1, 2, . . . , 12, are at most quadratic in their arguments, and the pairs
(f10, f6), (f12, f2), and (f4, f8) are coupled through −f ′′

6 + f ′′
10 = 0, −f ′′

12 + f ′′
2 = 0, and −f ′′

4 + f ′′
8 = 0,

respectively.

Proposition 3.43. The universal displacements of linear strain-gradient elasticity for class O have the form
(2.15), and the functions g1, g2, and g3 satisfy (3.260), (3.261a), (3.261c), (3.261e), (3.262), (3.263), and
(3.264).
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3.10.2 Cubic class O⊕ Zc
2

Tensor AO⊕Zc
2
has 11 independent components and is of the same form as that of class O−. Tensor MO⊕Zc

2

is a null tensor. Tensor CO⊕Zc
2
has 3 independent components and corresponds to the group with Hermann–

Mauguin symbol m3̄m.
The universality PDEs stemming from the fifth-order tensor coincide with those of the cubic class O.

Thus, for the function g1 we have

∂4g1
∂x4

2

+
∂4g1
∂x4

3

= 0 ,
∂4g1

∂x2
2∂x

2
3

= 0 . (3.265)

The second universality PDE in (3.265) has the general solution

g1(x2, x3) = f1(x2) + x3f2(x2) + f3(x3) + x2f4(x3) , (3.266)

and substituting (3.266) into the first universality PDE in (3.265) yields

f ′′′′
1 (x2) + x3f

′′′′
2 (x2) + f ′′′′

3 (x3) + x2f
′′′′
4 (x3) = 0 . (3.267)

In a similar fashion, for the function g2 we obtain the universality PDEs

∂4g2
∂x4

1

+
∂4g2
∂x4

3

= 0 ,
∂4g2

∂x2
1∂x

2
3

= 0 . (3.268)

The second universality PDE in (3.268) has the general solution

g2(x1, x3) = f5(x1) + x3f6(x1) + f7(x3) + x1f8(x3) , (3.269)

and substituting (3.269) into the first universality PDE in (3.268) yields

f ′′′′
5 (x1) + x3f

′′′′
6 (x1) + f ′′′′

7 (x3) + x1f
′′′′
8 (x3) = 0 . (3.270)

Similarly, for the function g3 we obtain the universality PDEs

∂4g3
∂x4

1

+
∂4g3
∂x4

2

= 0 ,
∂4g3

∂x2
1∂x

2
2

= 0 . (3.271)

The second universality PDE in (3.271) has the general solution

g3(x1, x2) = f9(x1) + x2f10(x1) + f11(x2) + x1f12(x2) , (3.272)

and substituting (3.272) into the first universality PDE in (3.271) yields

f ′′′′
9 (x1) + x2f

′′′′
10 (x1) + f ′′′′

11 (x2) + x1f
′′′′
12 (x2) = 0 . (3.273)

Therefore, we obtain the following result.

Proposition 3.44. The universal displacement fields in the class O⊕Zc
2 linear strain-gradient elastic solids

have the form (2.15), and the functions g1, g2, and g3 satisfy (3.266), (3.267), (3.269), (3.270), (3.272), and
(3.273) .
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Table 10: Summary of universal displacements: Cubic classes.

Symmetry class Universal displacement family

Cubic class O Of the form (2.15) with g1, g2, g3 satisfying (3.260), (3.261a), (3.261c),
(3.261e), (3.262), (3.263), (3.264)

Cubic class O⊕ Zc
2 Of the form (2.15) with g1, g2, g3 satisfying (3.266), (3.267), (3.269),

(3.270), (3.272), (3.273)

3.11 Icosahedral classes

There are two icosahedral symmetry classes: I and I ⊕ Zc
2. For both classes, the elasticity tensor C has

two independent elastic moduli and has the same structure as in the ∞-gonal classes, namely the classical
isotropic linear elastic tensor. Therefore, the candidate universal displacement fields are of the form (2.22).
The class I has the universality PDEs of SO(3), and it admits one additional material parameter relative to
SO(3), which induces three extra universality PDEs. Similarly, the class I ⊕ Zc

2 has the universality PDEs
of O(3), and its extra material parameter relative to O(3) induces the corresponding additional universality
PDEs. Substituting (2.22) into these additional relations yields the resulting conditions in terms of the
functions α, β, and γ .

3.11.1 Icosahedral class (I)

Tensor AI⊕Zc
2
has 6 independent components and has the form

AI⊕Zc
2
(x) =



A(5) + ηA
(c)
I 0 0 0

P (A(5) + ηA
(c)
I )PT 0 0

A(5) + ηA
(c)
I

ηJc


S

+



0 0 0 0

0 0 0

0 0

f(A(5))


S

, (3.274)

where

A(5) =



a11 a12 a13 a12 a13

a22 −a13 +
√
2aIII a12 −

√
2a∗IV a∗IV

−a12 + aIV a∗IV a35

a22 −a13 +
√
2aIII

−a12 + aIV


, (3.275)

with

aIII =
a11 − a22

2
, aIV = a35 −

√
2a13, a

∗
IV = a13 −

√
2a35 , (3.276)
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and

A
(c)
I =



4− ϕ 1 2
√
2 0

√
2

−1 0 1− ϕ 0

0 0 2− ϕ

0
√
2

2


S

, Jc =


−1 ϕ̄ ϕ̄

−1 ϕ̄

−1


S

. (3.277)

ϕ̄ is the conjugate of the golden number, defined as ϕ̄ = (1−
√
5)/2 = 1− ϕ. Moreover, f(A(5)) is given by

f(A(5)) =


aV +

√
2aIV aIII − a∗IV aIII − a∗IV

aV +
√
2aIV aIII − a∗IV

aV +
√
2aIV


S

, (3.278)

with aV = a22 − a12. Tensor MSO(3) has 1 independent component and it is of the form

MSO(3) =



0 0 0 D̄(1)

0 0 0 0

0 0 0 0

0 0 0 0


+



0 0 0 0

g(D̄(1)) 0 0 0

0 −g(D̄(1)) 0 0

0 0 g(D̄(1)) 0


, (3.279)

where

g(D̄(1)) ∈
[
0 d̄12 −

√
2
2 d̄12 −d̄12

√
2
2 d̄12

]
. (3.280)

Tensor CSO(3)⊕Zc
2
corresponds to the Curie group with Hermann–Mauguin symbol∞∞ and has 2 independent

components.
For this class, the first two universality PDEs arising from the independence of the material constants

coincide with those of the isotropic class of classical linear elasticity. The next six universality PDEs coincide
with those of class SO(3). What remains are three additional universality PDEs that the displacement field
must satisfy; these universality PDEs are written as

− 2
√
2
∂4u1

∂x4
3

+ 4
(
−1 +

√
5
) ∂4u1

∂x2
2∂x

2
3

− 10
√
2

∂4u3

∂x1∂x3
3

+
(
11− 7

√
5
) ∂4u2

∂x1∂x2∂x2
3

+
(
11− 7

√
5
) ∂4u3

∂x1∂x2
2∂x3

+
(
2− 4

√
2
) ∂4u2

∂x1∂x3
2

− 2
√
2

∂4u1

∂x2
1∂x

2
3

− 2
(
1 + 4

√
2
) ∂4u1

∂x2
1∂x

2
2

− 2
√
2

∂4u1

∂x2
1∂x

2
3

−
(
2 + 4

√
2
) ∂4u1

∂x2
1∂x

2
2

+
(
−7 +

√
5
) ∂4u1

∂x3
1∂x3

= 0 ,

(3.281)
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and

− 2
∂4u3

∂x4
3

− 4
√
2

∂4u1

∂x2∂x3
3

−
(
2 + 8

√
2
) ∂4u2

∂x2
2∂x

2
3

− 2
∂4u3

∂x2
2∂x

2
3

− 4
√
2

∂4u3

∂x3
2∂x3

+
(
−7 +

√
5
) ∂4u1

∂x4
2

−
(
11− 7

√
5
) ∂4u1

∂x1∂x2∂x2
3

− 2
√
2

∂4u1

∂x1∂x3
2

+
(
−1 +

√
5
) ∂4u2

∂x2
1∂x

2
3

−
(
−1 +

√
5
) ∂4u3

∂x2
1∂x

2
3

+ 2
(
5− 3

√
5
) ∂4u3

∂x2
1∂x2∂x3

+ 2
√
2

(
∂4u2

∂x2
1∂x

2
2

+ 5
∂4u1

∂x3
1∂x2

+
∂4u2

∂x4
1

)
= 0 ,

(3.282)

and (
−7 +

√
5
) ∂4u3

∂x4
3

− 2
√
2

∂4u2

∂x2∂x3
3

− 2
√
2

∂4u3

∂x2
2∂x

2
3

− 10
√
2

∂4u2

∂x3
2∂x3

− 2
√
2
∂4u3

∂x4
2

−
(
2 + 4

√
2
) ∂4u1

∂x1∂x3
3

+
(
11− 7

√
5
) ∂4u1

∂x1∂x2
2∂x3

−
(
2 + 8

√
2
) ∂4u3

∂x2
1∂x

2
3

+
(
11− 7

√
5
) ∂4u2

∂x2
1∂x2∂x3

+ 4
(
−1 +

√
5
) ∂4u3

∂x2
1∂x

2
2

−
(
−2 + 4

√
2
) ∂4u1

∂x3
1∂x3

= 0 .

(3.283)

The additional constraints in terms of functions α, β, and γ for this case read

2
√
2
∂5β

∂x5
3

+ 2
√
2

∂5α

∂x2∂x4
3

− 4
(
−1 +

√
5
) ∂5β

∂x2
2∂x

3
3

− 4
(
−1 +

√
5
) ∂5α

∂x3
2∂x

2
3

+
(
11− 10

√
2− 7

√
5
) ∂5γ

∂x1∂x2∂x3
3

+
(
−13 + 4

√
2 + 7

√
5
) ∂5γ

∂x1∂x3
2∂x3

− 8
√
2

∂5β

∂x2
1∂x

3
3

+
(
−11 + 2

√
2 + 7

√
5
) ∂5α

∂x2
1∂x2∂x2

3

+
(
−9 + 8

√
2 + 7

√
5
) ∂5β

∂x5
3

+ 4
(
1 +

√
2
) ∂5α

∂x2
1∂x

3
2

+ 2
(
1 +

√
2
) ∂5γ

∂x3
1∂x2∂x3

−
(
−7 + 2

√
2 +

√
5
) ∂5β

∂x4
1∂x3

−
(
−5 + 4

√
2 +

√
5
) ∂5α

∂x4
1∂x2

= 0 ,

(3.284)

and

2
∂5γ

∂x2∂x4
3

+ 2
(
1 + 2

√
2
) ∂5γ

∂x3
2∂x

3
3

− 2
∂5γ

∂x3
2∂x

2
3

−
(
−7 + 4

√
2 +

√
5
) ∂5γ

∂x4
2∂x3

+ 2
∂5β

∂x1∂x4
3

+
(
11− 4

√
2− 7

√
5
) ∂5β

∂x1∂x2∂x3
3

+
(
9− 8

√
2− 7

√
5
) ∂5α

∂x1∂x2
2∂x

2
3

− 2
∂5β

∂x1∂x2
2∂x

2
3

− 2
√
2

∂5β

∂x1∂x2
2∂x3

+
(
−7 + 2

√
2 +

√
5
) ∂5α

∂x1∂x4
2

− 4
(
−1 +

√
5
) ∂5γ

∂x2
1∂x

3
3

+
(
−1 +

√
5
) ∂5γ

∂x2
1∂x2∂x2

3

+ 2
(
−5 +

√
2 + 3

√
5
) ∂5γ

∂x2
1∂x

2
2∂x3

+ 4
(
−1 +

√
5
) ∂5α

∂x3
1∂x

2
3

+
(
−1 +

√
5
) ∂5β

∂x3
1∂x

2
3

+ 2
(
−5 + 5

√
2 + 3

√
5
) ∂5β

∂x3
1∂x2∂x3

+ 2
√
2

(
4

∂5α

∂x3
1∂x2

+
∂5γ

∂x4
1∂x3

− ∂5α

∂x5
1

)
= 0 ,

(3.285)
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and(
−7 + 2

√
2 +

√
5
) ∂5γ

∂x2∂x4
3

+ 8
√
2

∂5γ

∂x3
2∂x

2
3

− 2
√
2
∂5γ

∂x5
2

+
(
−5 + 4

√
2 +

√
5
) ∂5β

∂x1∂x4
3

+ 2
(
1 +

√
2
) ∂5α

∂x1∂x2∂x3
3

+
(
11− 2

√
2− 7

√
5
) ∂5β
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2∂x

2
3

+
(
11− 10
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5
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∂x1∂x3
2∂x3
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√
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+
(
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√
2− 7

√
5
) ∂5γ
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3

+ 4
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−1 +

√
5
) ∂5γ

∂x2
1∂x

3
2

− 4
(
1 +

√
2
) ∂5β

∂x3
1∂x
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3

+
(
−13 + 4

√
2 + 7

√
5
) ∂5α

∂x3
1∂x2∂x3

+ 4
(
−1 +

√
5
) ∂5β

∂x3
1∂x

2
2

= 0 .

(3.286)

In summary we have the following result.

Proposition 3.45. The sets of universal displacements of linear strain-gradient elasticity for class I coincide
with those of class SO(3), and the fields α, β, and γ satisfy the additional universality PDEs (3.284)–(3.286).

3.11.2 Icosahedral class (I⊕ Zc
2)

Tensor AI⊕Zc
2
has 6 independent components and is of the same form as that of class I. Tensor MI⊕Zc

2

is a null tensor. Tensor CO(3) has 2 independent components and corresponds to the Curie group with
Hermann–Mauguin symbol ∞/m∞/m.

For this class, the first two universality PDEs obtained from the independence of the material constants
coincide with those of the isotropic class of classical linear elasticity. The next six universality PDEs coincide
with those of class O(3). What remains are three additional universality PDEs that the displacement field
must satisfy. These are the same as those of class I given above, namely (3.281)–(3.283).

In summary we have the following result.

Proposition 3.46. The sets of universal displacements of linear strain-gradient elasticity for class I ⊕ Zc
2

coincide with those of class O(3), and the fields α, β, and γ satisfy the additional universality PDEs (3.284)–
(3.286).

Table 11: Summary of universal displacements: Icosahedral classes.

Symmetry class Universal displacement family

Icosahedral class I Same as class SO(3) with α, β, γ satisfying (3.284)–(3.286).

Icosahedral class I⊕ Zc
2 Same as class O(3) with α, β, γ satisfying (3.284)–(3.286).

3.12 ∞∞-gonal classes

For the two ∞∞-gonal classes, we combine the results of Yavari et al. [2020] for the isotropic linear elastic
case with the compact formulation of Iesan [2014] to determine the universal displacements.

3.12.1 ∞∞-gonal class SO(3)

Tensor ASO(3)⊕Zc
2
has 5 independent components and has the form

ASO(3)⊕Zc
2
(x) =



A(5) 0 0 0

A(5) 0 0

A(5) 0

0


S

+



0 0 0 0

0 0 0

0 0

f(A(5))


S

. (3.287)
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Tensor MSO(3) has 1 independent component and has the same form as that of class I. Tensor CSO(3)⊕Zc
2

corresponds to the Curie group with Hermann–Mauguin symbol ∞∞ and has 2 independent components.
For the class SO(3), the tensor M admits one additional material parameter, which we denote by f . The

governing equations for this case are given in [Iesan, 2014].

µ∆u+ (λ+ µ) grad divu− 2(α3 + α4)∆∆u

−

[
2(λ+ 2µ)

λ+ µ

5∑
i=1

αi − 2(α3 + α4)

]
∆grad divu+ 2f∆curlu = 0.

(3.288)

Using the same reasoning as for class O(3) (see below), we find that, in addition to (3.293), the universal
displacements must satisfy the universality PDE

∆curlu = 0 . (3.289)

We now use the representation (2.22) and the setting of Yavari et al. [2020] to obtain

f = ∆α, g = ∆β, h = ∆γ , (3.290)

and substitute these expressions into (3.289). This yields the following three relations

−f13 + h33 + g12 + h22 = 0 , −f23 − g33 − g11 − h21 = 0 , f11 − h31 + f22 + g32 = 0 , (3.291)

which must be satisfied in addition to eqs. (2.10) of Yavari et al. [2020], namely

f2 + g3 = 0 , f1 − h3 = 0 , g1 + h2 = 0 . (3.292)

If we differentiate (3.292)1 with respect to x2, we obtain the last two terms in (3.291)3. Differentiating
(3.292)2 with respect to x1 gives the first two terms in (3.291)3. Hence, (3.291)3 is satisfied identically once
(3.292) holds. Similarly, differentiating (3.292)3 with respect to x1 yields the last two terms in (3.291)2,
while differentiating (3.292)1 with respect to x3 yields the first two terms in (3.291)2. Therefore, (3.291)2 is
also satisfied identically once (3.292) holds. Finally, differentiating (3.292)3 with respect to x2 gives the last
two terms in (3.291)1, and differentiating (3.292)2 with respect to x3 gives the first two terms in (3.291)1.
Thus, (3.291)1 is likewise satisfied identically once (3.292) holds.

Proposition 3.47. For the linear strain-gradient class SO(3), every universal displacement field can be
written as the sum of a homogeneous displacement field and a non-homogeneous displacement field given by
the divergence of an antisymmetric matrix whose components solve Poisson’s equation, as in [Yavari et al.,
2020].

3.12.2 ∞∞-gonal class O(3)

Tensor AO(3)⊕Zc
2
has 5 independent components and is of the same form as that of class SO(3). Tensor

MO(3) is a null tensor. Tensor CO(3)⊕Zc
2
corresponds to the Curie group with Hermann–Mauguin symbol

∞/m∞/m and has 2 independent components.
There are five additional constants that stem from matrix AO(3)⊕Zc

2
which, if denoted by αi, i = 1, . . . , 5,

yield the field equations in the following compact form [Iesan, 2014]:

µ∆u+ (λ+ µ) grad ◦ divu− 2 (α3 + α4)∆∆u−

[
2 (λ+ 2µ)

(λ+ µ)

5∑
i=1

αi − 2 (α3 + α4)

]
∆(grad ◦ divu) = 0 .

(3.293)
In the first two terms one immediately recognizes the classical linear isotropic elasticity equations. Since
we have ∆u = 0 and grad ◦ divu = 0 from the classical linear elastic part, (3.293) is satisfied trivially for
arbitrary values of the elastic constants αi, i = 1, . . . , 5. Therefore, we have proved the following result.

116



Proposition 3.48. For the linear strain-gradient class O(3), all universal displacements can be expressed
as a superposition of a homogeneous displacement field and a non-homogeneous one given by the divergence
of an antisymmetric matrix whose components solve Poisson’s equation. This Poisson problem is identical
to that in [Yavari et al., 2020] for isotropic classical linear elasticity.

Table 12: Summary of universal displacements: ∞∞-gonal classes.

Symmetry class Universal displacement family

∞∞-gonal class SO(3) Of the form (2.22) with Poisson problem as in [Yavari et al., 2020]

∞∞-gonal class O(3) Of the form (2.22) with Poisson problem as in [Yavari et al., 2020]

4 Conclusions

In this paper we studied universal displacement fields for three-dimensional linear strain-gradient elasticity
within the Toupin–Mindlin first strain-gradient theory. Our starting point was the analysis of Yavari et al.
[2020] for classical linear elasticity, which we recalled in §2 and then used as the point of departure for the
strain-gradient analysis in §3.

For each material symmetry class, we required the strain-gradient equilibrium equations (in the absence
of body forces) to hold for all choices of elastic constants. This universality requirement yields a system
of differential constraints on the displacement field. By carrying this procedure through the full symmetry
classification (including centrosymmetric and chiral classes) and using compact matrix representations for
the elasticity tensors, we obtained explicit universality constraints and the corresponding sets of universal
displacements class by class.

The strain-gradient equilibrium equations reduce to the classical linear elasticity equilibrium equations
when the higher-order stress τ is absent. In several high-symmetry cases, once the displacement field satis-
fies the universality constraints inherited from the classical part, the additional higher-order strain-gradient
terms are automatically satisfied for arbitrary values of the remaining strain-gradient elastic constants. In
particular, for the isotropic classes SO(3) and O(3), the universal displacement fields coincide with the clas-
sical universal displacement fields: they are precisely the superposition of a homogeneous displacement field
and a non-homogeneous field given as the divergence of an antisymmetric tensor potential with components
solving a Poisson’s equation.

For lower symmetry classes, the strain-gradient universality requirement can be stricter than its classical
counterpart. In these cases, the admissible universal displacement fields form a proper subset of the classical
universal displacements, obtained by imposing additional higher-order differential constraints that eliminate
some of the classical families. We recorded these additional constraints explicitly in §3 in the form of supple-
mentary differential constraints that must be satisfied in addition to the corresponding classical universality
constraints. These additional constraints arise from higher-order universality PDEs and reflect the strongly
coupled structure of the strain-gradient equilibrium equations.

The main outcome of this paper is a complete, symmetry-classified description of universal displacement
fields in three-dimensional linear strain-gradient elasticity, covering all 48 strain-gradient symmetry classes.
The results make transparent when strain-gradient effects do, and do not, further restrict the classical
universal displacement families, and provide, for each symmetry class, a complete set of necessary and
sufficient conditions for a displacement field to be universal in the strain-gradient sense.
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