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Abstract

A model of dissipative micromagnetics coupled to (visco-)elasticity is explored, following the pro-
cedures of the Ericksen-Leslie theory of nematic liquid crystals allowing for angular momentum
due to magnetization. An outcome is the Landau-Lifshitz-Gilbert theory coupled to material
spin. A further power-less augmentation to the angular momentum of the theory with classical
kinetic energy density is also considered, with a preliminary exploration of its potential in rep-
resenting the Einstein-de Haas and Barnett effects within continuum mechanics. A treatment
of the continuum mechanics of hard magnetic soft materials as a constrained polar material is
presented. The models of DeSimone and James (2002) and Zhao et al. (2019) are discussed as
two different, namely energetically and kinematically, constrained models of magnetoelasticity
encompassed within the overall framework.

1 Introduction

Up to the nature of the topological defects supported by them, there appear to be some similarities
in the continuum representations of the magnetization in a ferromagnetic body and the director
in nematic liquid crystals, especially when the latter is viewed through the lens of Ericksen-Leslie
theory. We explore this connection in this work. Specifically, as a first objective, we derive a me-
chanical theory of motion coupled to dynamic micromagnetism starting from the balance laws of
mass, momentum, angular momentum (accounting for the effects of magnetization in angular mo-
mentum of the body) and Maxwell’s magnetostatics. A special feature of the derivation is to show
that, methodologically, this follows exactly from the standard derivation of Ericksen-Leslie theory
as developed in Leslie (1992) (also see the textbook by Stewart (2007)), with a physically natural
adjustment in the definition of the angular momentum of the body. The Landau-Lifschitz-Gilbert
theory of dynamic micromagnetism (Gilbert (1956, 2004); Landau and Lifshitz (1935)) emerges,
with an added contribution arising from essentially frame-indifference of the possible dissipative
coupling of the magnetization to the motion of the material. An ‘effective field’ reflecting non-
dissipative coupling to mechanical elasticity can be read-off in the angular momentum balance1 of
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the theory. For a restricted class of free energy density functions dependent only on the deformation
gradient and the magnetization, our model provides a dynamic extension of the constrained theory
of magnetostriction of DeSimone and James (2002); James and Kinderlehrer (1993) rooted in the
balance principles and constitutive restrictions of continuum mechanics and Maxwell’s magneto-
statics.

In addition, based on motivation from the well-accepted physical experiments pertaining to the
Einstein-de Haas (Einstein and de Haas, 1915) (EdH), Richardson (Richardson, 1908), and Barnett
(Barnett, 1915) effects, we propose and explore a further natural, and experimentally testable,
augmentation to the angular momentum density. Both changes to the angular momentum density
arise in our model without any change to the classical expression for the kinetic energy density. If on
subsequent examination the second augmentation is not found to be in discord with other physical
observations, this would allow the representation of the EdH and Barnett phenomena within the
theory.

Some of our results above can possibly be obtained within the very general framework of Des-
imone and Podio-Guidugli (1995), which starts from an additional postulated balance law of mi-
croscopic angular momentum2. The emphasis in our work is on somewhat more specificity, within
a minimalistic approach w.r.t starting assumptions.

In the process of these developments, we also consider the continuum mechanics of a polar
material whose director spin is constrained to be the material spin, making contact with strain-
gradient theories with couple stress of Toupin (1962)3 and Mindlin and Tiersten (1962). Using this
framework, as a second objective, we try to understand the theoretical structure of a demonstrably
successful nonlinear model of micromagnetics for hard magnetic soft materials (Wang et al. (2021);
Zhao et al. (2019)) that entails the claim that “rigid body rotation can change the free-energies
of polar materials as well.” We show here how the model employed by these authors arises as a
special case of a frame-indifferent, constrained theory for a polar material whose free-energy density
is manifestly invariant to rigid body rotations (also see Dorfmann and Ogden (2024) for related
discussion).

Our considerations reveal an interesting feature about the modeling of materials in which de-
formation of solids is intended to be controlled by magnetic fields through the interaction with the
magnetization. As we show, the model of constrained magnetoelasticity of DeSimone and James
(2002) and that of hard magnetic soft materials Zhao et al. (2019) (as interpreted by us) are two
valid, but different, approaches, both of which can be used to model actuation of solids through an
applied magnetic field. A detailed study of their range of applicability, particularly in relation to
actuation in ‘hard’ and ‘soft’ solids, appears to be a useful topic for future study.

There is a vast literature on the formulation of various aspects of micromagnetism coupled
to mechanical deformation, and it is beyond the scope of this paper to review it; we provide a
limited review in the Appendix A. Our aim in this contribution is to shed light on the two main
goals elaborated above, with the hope that doing so illustrates one systematic way for deriving
the continuum mechanics of polar materials, along with making a very direct analogy with the
mechanics of liquid crystals.

An outline of the paper is as follows: Sec. 1.1 lists the primary notation employed. The theory is
developed Sec. 2. In Sec. 3 a power-less rotational inertia contribution is considered in continuum
mechanics, retaining the classical definition of the kinetic energy density. Its implications are

2Desimone and Podio-Guidugli (1995) is limited in its consideration of the dependence of the magnetic energy
density on the magnetization gradient; it is not clear to us if that is merely for simplicity or is a technical requirement.

3Our constrained theory is similar to, but does not belong to, the class discussed by Toupin (1962) because the
constrained director in our case cannot be expressed as a function of the instantaneous deformation gradient from
some reference.
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considered in the contexts of providing a plausible model for the Einstein-de Haas and Barnett
effects within continuum mechanics, as well as one for hard magnetic soft materials viewed as a
constrained polar material. Sec. 4 contains some observations on treating the Second Law as a field
equation and a solution/approximation scheme for the proposed models. Appendix A contains a
limited review of some of the literature related to our work.

1.1 Notation

It suffices to consider a Rectangular Cartesian coordinate system for our work w.r.t whose basis
(ei, i = 1, 2, 3) we express all tensor components. All partial derivatives refer to coordinates on
the current configuration of the body, and ∇ represents the gradient on the same configuration.
A superposed dot on a symbol denotes the material time derivative. The inner product of two
vectors is denoted as a · b = aibi. The trace inner product of two second order tensors is denoted
as A : B = AijBij . For a third order tensor A and a second order tensor B, A : B = AijkBjkei is
a vector; for b a vector Ab = Aijkbkei⊗ej is a second order tensor. The symbol AB indicates the
tensor multiplication of the second-order tensors A and B. The notation (·)sym, (·)skw, and (·)dev
indicate the symmetric, skew symmetric, and deviatoric parts, respectively, of the second order
tensor (·). ϵijk represent the permutation symbol.

A list of some of the main mathematical symbols used is given below:

[A] Physical dimension of quantity A
x current position
M magnetization

Ms spontaneous magnetization Ms =
√
M ·M

m unit magnetization m = M/Ms

F deformation gradient tensor
W inverse elastic distortion tensor; for the purposes of this paper W = F−1

v material velocity
ω magnetization spin (angular velocity) vector; m× ṁ =: ω =⇒ ṁ = ω ×m
ρ mass density
Θ gradient of magnetization spin vector Θ = ∇ω
T Cauchy stress tensor
Λ couple stress tensor
K body moment per unit mass, including the torque from the stray/demagnetization

field due to the magnetization of the body
b body force per unit mass
ψ free energy per unit mass
H magnetic field
Ha applied magnetic field
βm viscosity associated with relative spin of magnetization w.r.t the material
X (third order) alternating tensor X = ϵijkei ⊗ ej ⊗ ek
I the second order Identity tensor
L velocity gradient L := ∇v
D rate of deformation tensor D = Lsym

Ω material spin tensor Ω = Lskw

s material spin vector Ωb = s× b for all vectors b
Γ negative of magnetization spin tensor (skew symmetric) −Γb = ω × b for all vectors b
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2 Dynamic micromagnetism coupled to mechanical motion

We consider a body V(t) at time t containing a fixed set of material particles with ∂V(t) as its
boundary and n as its outward unit normal field. Conservation of mass requires that the material
time derivative of total mass vanishes for all region V(t) and is expressed as

d

dt

∫
V(t)

ρ dv = 0, (1)

where ρ is the mass density field. Utilizing Reynolds’ transport theorem, the equation of balance
of mass (continuity) is obtained as

ρ̇+ ρdivv = 0. (2)

The balance of linear momentum states that the change of linear momentum of any part is equal
to the sum of surface and body forces acting on it and can be expressed as

d

dt

∫
V(t)

ρvdv =

∫
∂V(t)

Tnda+

∫
V(t)

ρbdv. (3)

Applying Reynolds’ transport theorem and balance of mass, we have

ρv̇ = divT+ ρb, (4)

where the body force density b includes any body forces of magnetic origin.
To proceed further, we consider the Einstein-de Haas (EdH) effect (Einstein and de Haas, 1915;

Richardson, 1908), where the spin of electrons generates a macroscopic torque on the crystal lattice.
In the experiment, a cylinder made of ferromagnetic material was suspended inside a coil whose
axis coincides with that of the cylinder. It was observed that on changing the flow direction of
current within the solenoid a measurable rotation of the cylinder about its axis was produced.
The observed rotation is inferred to arise from a change in mechanical angular momentum induced
by a change in the magnetization, in the absence of any mechanical torques being applied to the
cylinder.

As rough motivation, we consider a volume V which consists of Nn number of nuclei and of Ne

number of electron. Let the total angular momentum L
(
[L] = Mass.Length2

T ime

)
be written as

L =

Nn+Ne∑
i=1

miri × vi +

Ne∑
j=1

Sj (5)

where ri and vi span over the position and velocity of the nuclei and electrons. Sj is the spin
angular momentum of electron j and expressed as

Sj =
2me

g′e
µj (6)

where µj is the magnetic dipole moment
(
[µj ] =

Charge.Length2

T ime

)
of the electron j and e is the (−)ve

charge of an electron ([e] = Charge). me is the mass of an electron and g
′
is the Lande g-factor.

Substituting this expression in (6), the total angular momentum (5) is expressed as

L =

Nn+Ne∑
i=1

miri × vi +

Ne∑
j=1

−2me

g′|e|
µj (7)
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Now for externally applied torque T , the conservation of angular momentum states that L̇ = T ,
i.e.,

d

dt

[Nn+Ne∑
i=1

miri × vi + γ−1
Ne∑
j=1

µj

]
= T (8)

Furthermore, the gyromagentic ratio is defined as γ = g′e/(2me)
(
[γ] = Charge

Mass

)
. The magnetiza-

tion M(x, t) is defined as net dipole moment per unit mass
(
[M] = Charge.Length2

Mass.T ime

)
and we assume

the following relationship: ∫
V(t)

M(x, t)ρ(x, t)dv =

Ne∑
j=1

µj . (9)

Motivated by the above heuristics, we assume a continuum form of balance of angular momentum
as

d

dt

∫
V(t)

ρ[x× v + γ−1M] dv = T . (10)

This equation would qualitatively seem to explain the rotation of the solid body upon magnetization
i.e., Einstein-de Haas effect when there is no external moment (T = 0) and the Barnett effect
(Barnett, 1915) where magnetic moment is generated through mechanical rotation, but as we will
see, a closer examination will require more. In an earlier work, Alblas (1968) (and several more
recent works) included electronic spin in the kinetic energy density of the Lagrangian describing
the deformation of a ferromagnetic material and used a variational approach to obtain a statement
of angular momentum balance which contains spin angular momentum.

In contrast, in our formalism the total kinetic energy is not affected by electronic spin, a fact
we interpret as in keeping with the non-material nature of electronic spin.

Upon consideration of all torques acting on a part through its surface and volume, balance of
angular momentum can be stated as

d

dt

∫
V(t)

ρ
(
x× v + γ−1M

)
dv =

∫
∂V(t)

(
x×T+Λ

)
nda+

∫
V(t)

ρ
(
x× b+K

)
dv. (11)

Finally, using the Reynolds’ transport theorem, the local form of balance of angular momentum
can be identified as

γ−1ρṀ = divΛ−X : T+ ρK. (12)

Here we define the unit magnetization m = M/Ms, where Ms is the spontaneous (saturation)
magnetization. In the following, we will, with some abuse of notation, often refer to the unit
magnetization as the magnetization. As the processes considered will be well below the Curie
temperature, changes inM will be assume to arise only from the direction of the unit magnetization,
with the magnitude of M remaining constant:

m ·m− 1 = 0, and |M| = Ms. (13)

Therefore, the balance law can be presented in terms of the unit magnetization as

ρMs

γ
ṁ = divΛ−X : T+ ρK. (14)
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The body torque per unit mass, K
(
[K] = Length2

T ime2

)
, consists of the sum of externally applied

mechanical body torque densities and those of magnetic origin. The latter is assumed here to be
given by (Jackson, 1999, Secs. 5.6-5.7)

Km := Msm×B,

where B is the magnetic induction
(
[B] = Mass

Charge.T ime

)
. We assume that the magnetic field, H(

[H] = Charge
T ime.Length

)
, is the sum of an externally applied magnetic field Ha (which satisfies divHa =

0 and curlHa = 0 on V(t) for all t), and the ‘stray’ or demagnetization field Hs. In the absence of
(macroscopic) electric currents and charges and on timescales where it suffices to consider magnetic
effects to be quasi-static, the demagnetization field Hs satisfies the equations of magnetostatics in
the presence of matter at macroscopic scales (Jackson, 1999, Sec. 5.8; a ρ appears in (15)2 since
our magnetization is defined a per unit mass measure) given by

curlHs = 0

div(Hs + ρMsm) = 0

}
on E3, (15)

where E3 represents all of 3-d Euclidean space whose representation in the chosen rectangular
Cartesian coordinates is R3. The magnetostatics system involves a (non-local) coupling of the
magnetization to the stray/demagnetization field Hs. Since R3 is simply connected, a potential ϕ
is often introduced to write Hs = −∇ϕ and (15)2 solved in the sense of distributions (or in weak
form) for ϕ with m extended outside the material body in the current configuration by 0.

The magnetic induction B is given by

µ0(Ha +Hs + ρMsm) = B

(Jackson, 1999, Eqn. 5.81), where µ0 is the magnetic permeability of vacuum
(
[µ0] =

Mass.Length
Charge2

)
.

This leads to the body torque density of magnetic origin to be given by

Km = (µ0Ms)m× (Ha +Hs). (16)

Equations (2), (4), (14), (15) form the basic balance laws of concern in this work.
In Secs. 2-3, we will consider the expression for the external power supplied to the body as given

by (17a) below. In Sec. 4 we will consider the possibility of operating with the external power to
be defined as the replacement of K in (17a) by K− (µ0Ms)m×Hs.

We do not dwell on the philosophical implications of making a choice on the form of the
external power supplied to the body in various models of continuum thermomechanics (coupled
to magnetostatics here), noting that flexible frameworks allowing for different modeling choices
have been invoked in the continuum mechanics literature, see, e.g., (Gurtin et al., 2010, Chs. 84,
92), Desimone and Podio-Guidugli (1995), and (Kovetz, 2000, Ch. 15).

The external power supplied at any given time can be expressed as

Pext(t) =

∫
V(t)

ρb · vdv +
∫
∂V(t)

Tn · vda+
∫
∂V(t)

Λn · ωda+
∫
V(t)

ρK · ωdv (17a)

=

∫
V(t)

(
ρv · v̇ +

ρMs

γ
ṁ · ω

)
dv +

∫
V(t)

(
T : L+Λ : Θ +T : Γ

)
dv

=

∫
V(t)

ρv · v̇dv +
∫
V(t)

(
T : L+Λ : Θ +T : Γ

)
dv (17b)
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since
ṁ · ω = (ω ×m) · ω = 0.

The kinetic energy and free energy of the body are defined as

K =

∫
V(t)

1

2
ρv · vdv and F =

∫
V(t)

ρψdv, (18)

respectively. Using Reynold’s transport theorem, we obtain the mechanical dissipation

D := Pext −
D

Dt

[
K + F

]
=

∫
V(t)

(
T : L+Λ : Θ +T : Γ − ρψ̇

)
dv. (19)

2.1 Frame indifference and Ericksen’s identity for magnetomechanics

We consider invariance under superposed rigid body motions of the free energy density function
ψ, where ψ depends on m, ∇m and W (Anderson et al., 1999; Ericksen, 1961; Stewart, 2007).
Invariance under superposed rigid motions requires that ψ, being a physical scalar density, must
satisfy

ψ(m,∇m,W) = ψ(Qm,Q∇mQT ,WQT ) (20)

for all proper orthogonal second order tensors Q, and for all elements m, ∇m, W in the domain of
the function ψ. Considering S to be an arbitrary fixed skew tensor, we parameterize the rotation
Q(s) for all scalar values of s such that

Q(0) = I;
dQ

ds
(0) = S = −dQ

T

ds
(0). (21)

Differentiating the above equation and then evaluating it at s = 0 gives[
∂ψ

∂m
⊗m+

∂ψ

∂∇m
∇mT −∇mT ∂ψ

∂∇m
−WT ∂ψ

∂W

]
: S = 0. (22)

Due to the arbitrariness of S, Ericksen’s identity for the magneto-elastic material can be obtained
as (

∂ψ

∂m
⊗m

)
skw

= −
(

∂ψ

∂∇m
∇mT −∇mT ∂ψ

∂∇m

)
skw

+

(
WT ∂ψ

∂W

)
skw

. (23)

2.2 Constitutive relations and driving forces

The material time derivative of ψ is

ψ̇ =
∂ψ

∂m
· ṁ+

∂ψ

∂∇m
: ˙∇m+

∂ψ

∂W
: Ẇ. (24)

The material time derivative of the gradient of magnetization director is given as

˙∇m = grad ṁ−∇mL. (25)

The first term of the time derivative of the free energy (24) can be written as (using ṁ = −Γm)

∂ψ

∂m
· ṁ = − ∂ψ

∂m
⊗m : Γ . (26)
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Using (25), the second term of the time derivative of free energy((24) can be simplified as

∂ψ

∂∇m
: ˙∇m =

[
X :

(
m⊗ ∂ψ

∂∇m

)]
: Θ −

[
∂ψ

∂∇m
∇mT

]
: Γ −∇mT ∂ψ

∂∇m
: L, (27)

where, for A a third order tensor, B a second order tensor, and b a vector, A : (b ⊗ B) =
AijkbjBkrei ⊗ er.

For W = F−1,
Ẇ = −WL ⇔ ḞF−1 = L, (28)

with F being the deformation gradient w.r.t a fixed reference4. Utilizing (28), the third term of
(24) can be written as

∂ψ

∂W
: Ẇ = −WT ∂ψ

∂W
: L. (29)

Restating the dissipation

D =

∫
V(t)

(
T : L+Λ : Θ +T : Γ − ρψ̇

)
dv (30)

and inserting the components of ψ̇ in the above dissipation inequality and rearranging the terms
for L, Γ , Θ, we obtain[

T+ ρ∇mT ∂ψ

∂∇m
+ ρWT ∂ψ

∂W

]
: L+

[
T+ ρ

∂ψ

∂m
⊗m+ ρ

∂ψ

∂∇m
∇mT

]
skw

: Γ

+

[
Λ− ρX : m⊗ ∂ψ

∂∇m

]
: Θ (31)

as the integrand of D in (31). Motivated by the structure of the dissipation and what is known
about the constitutive equations of complex fluids and viscoelastic solids, we consider the total
stress to be of the form T = Te +Td, the sum of an equilibrium and a dissipative part, with

Te = −ρ∇mT ∂ψ

∂∇m
− ρWT ∂ψ

∂W
. (32)

Additionally the couple stress is assumed to be

Λ = ρX : m⊗ ∂ψ

∂∇m
. (33)

The residual dissipation can then be expressed as

D = Td
sym : D+Td

skw : (Ω − Γ T ) +

[
Te + ρ

∂ψ

∂m
⊗m+ ρ

∂ψ

∂∇m
∇mT

]
skw

: Γ ≥ 0. (34)

4The presence of defects of compatibility in the elastic distortion is characterized by W ̸= F−1, curlW ̸= 0,
which is the fundamental reason for plasticity of solids. The interaction of magnetization and plasticity is a subject
of scientific interest (Alshits et al., 2017), studied by eminent figures in both subjects like W.F. Brown Jr., and
A. Seeger (Seeger, 1966, Sec. 1). An approach to studying magnetoplasticity, a subject of importance in technology
as well, see e.g., Guo et al. (2022), is provided by a natural extension of the developments of the present work
by the augmentation of (28) by the fundamental kinematic statement Ẇ + WL = α × V (Acharya, 2004), where
dislocations are viewed through their density, physically contemplated as an areal density of lines carrying Burgers
vector. In this augmented statement, α and V are the dislocation density tensor and velocity field of the dislocation
lines, respectively, and α×V is the local plastic distortion rate produced by motion of dislocations. Thermodynamic
restrictions for V have been derived (Acharya, 2004, 2011) and used, and would fit into a natural extension of the
current framework as can be seen from the development in Acharya and Dayal (2014).
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Utilizing the constitutive equation for the equilibrium stress as given in (32) and Ericksen’s identity
(23), the dissipation inequality can be further simplified to

D = Td
sym : D+Td

skw : (Ω − Γ T ) ≥ 0. (35)

In order to consider the viscous dissipation associated with the magnetization, we follow nematic
liquid crystal theory (Stewart, 2007), replacing the nematic director by the unit magnetization
vector. Then, the form of the viscous stress is given by

Td = α1(m ·Dm)m⊗m+ α2m̊⊗m+ α3m⊗ m̊

+ α4D+ α5(Dm)⊗m+ α6m⊗Dm (36)

where m̊ = ṁ − Ωm is the co-rotational time flux of the unit magnetization m, related to its
relative velocity w.r.t that produced by material spin. The α are the viscosity coefficients. We
note that the above form of the viscous stress involves the assumption of reflection symmetry
of the liquid crystal director resulting in an isotropic Td. In contrast, due to the lack of such
symmetry for a magnetization director, a more generic form of the viscous stress (anisotropic) can
be considered. However, for the sake of simplicity, we retain the isotropic form of the viscous stress
tensor5. Inserting this into the expression for the dissipation, we have

D = α1(m ·Dm)2 + (α2 + α3 + α6 − α5)m̊ ·Dm (37)

+ α4D : D+ (α5 + α6)m ·DDm+ (α3 − α2)m̊ · m̊. (38)

The viscous stress can have several possible dependencies on m and D (36). Considering the
simplest alternative for our purposes to show a coupling between the magnetization dynamics and
mechanical motion, we consider α1 = α5 = α6 = 0 to obtain a viscous stress given by

Td = α2m̊⊗m+ α3m⊗ m̊+ α4D. (39)

The first and second terms in (39) represent the viscous stress contributions associated with the
magnetization dynamics while the third term indicates a part of the standard viscous stress of
a Newtonian fluid or linear viscoelasticity for solids. In the following section, we will derive a
statement for the balance of angular momentum which relates the skew symmetric part of the
Cauchy stress and couple stress tensors to the dynamics of the magnetization.

2.3 Derivation of magnetization dynamics

To derive the magnetization dynamics, we substitute the expression for the Cauchy stress tensor T
and the couple stress tensor Λ in the expression of balance of angular momentum as given in (12).
Accordingly, balance of angular momentum can be expressed as

γ−1ρMsṁ = X :

[
ρdiv

(
m⊗ ∂ψ

∂∇m

)
+ ρ∇mT ∂ψ

∂∇m
+ ρWT ∂ψ

∂W
−Td

]
+ ρK. (40)

5Since a primary goal of our work is to demonstrate that the formalism directly leads to the emergence of a
coupling of the magnetization to the material spin through the balance of angular momentum, a feature that will
not be destroyed with the more realistic modeling of the viscous stress, we retain this simplicity here, leaving the full
generality for future work. The necessary modifications can be developed by following the works of (Cowin, 1974;
Leslie, 1979).
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Substituting Ericksen’s identity (23) and the dissipative stress tensor (39), the above equation can
be simplified to

γ−1ρMsṁ = m×

[
ρdiv

(
∂ψ

∂∇m

)
− ρ

∂ψ

∂m
− βmm̊

]
+ ρK; βm = α3 − α2, (41)

where βm is the viscosity associated with the motion of the unit magnetization relative to its motion
due to material spin.

We now assume that the operative body torque density K is entirely composed of that arising
from the magnetic induction given by (16):

K = µ0Msm×H = µ0Msm× (Ha +Hs).

On further replacing the corotational flux of magnetization, (41) can be recast as

ρṁ = γm× ρ

Ms

[
div

(
∂ψ

∂∇m

)
− ∂ψ

∂m

]
+

γρ

Ms
m× µ0MsH− γβm

Ms
m×

[
ṁ−Ωm

]
. (42)

This equation clearly indicates the contributions of the couple stress tensor, the body couple and
the material spin-dependent rotational viscous stress towards the dynamics of magnetization. We
further simplify the above equation by defining an effective magnetic field Heff as

Heff =
1

Ms

[
div

(
∂ψ

∂∇m

)
− ∂ψ

∂m
+ µ0MsH

]
(43)

(
[Heff ] =

Mass
T ime.Charge

)
. Thus, the magnetization dynamics can be expressed as

ṁ = γm×
[
Heff − ηṁ+ ηΩm

]
; η :=

βm
ρMs

(44)

(
[η] = Mass

Charge

)
. For Ω = 0 (i.e., absence of material motion), we refer to this form of the balance

of angular momentum as the ‘Gilbert form of the LLG equation’.
The material time derivative of the magnetization, ṁ, in (44) can be directly solved for as

ṁ = M−1 (γm× (Heff + ηΩm)) ,

M := I− γηXm,

M−1 = I+
γη

1 + γ2η2
Xm +

γ2η2

1 + γ2η2
(Xm)2

(with Xm = ϵijkmk ei ⊗ ej , and M always invertible). Alternatively, the same result is obtained
by substituting the expression for ṁ from (44) into the occurrence of the same term in the r.h.s.
of the equation itself, i.e., (44), and noting that m× (m× ṁ) = −ṁ:

ṁ =
γ

1 + γ2η2
m×

[
Heff + ηΩm

]
− γ2η

1 + γ2η2
m×

(
m×

[
Heff + ηΩm

])
. (45)

On recalling our definition γ = g′e
2me

(see the discussion surrounding (6)-(8)) to introduce

γ̄ := −γ and λ := ξγ̄, with the non-dimensional parameter ξ := γ̄η,
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(45) can be rewritten as

(
1 + ξ2

)
ṁ =− γ̄m×

[
Heff + ηΩm

]
− λm×

(
m×

[
Heff + ηΩm

])
. (46)

In the absence of material motion, i.e., Ω = 0, we refer to (46) as the ‘Landau-Lifshitz form of
the LLG equation.’ In the presence of material motion, the equation is an extension of the well-
accepted LLG equation of micromagnetics to the regime of coupling with finite deformation of
matter. Essentially, the effective magnetic field is found to be modified by contributions from the
material spin tensor and elastic distortion of the continuum.

The original Landau-Lifshitz equation (Landau and Lifshitz, 1935) corresponds to (46) with
Ω = 0 and ξ = 0 with γ̄, λ considered as independently variable parameters (and independent of
ξ). Thus, (46), which is a restatement of (44), shows that the original Landau-Lifshitz equation
and the Gilbert form of the LLG equation ((44) with Ω = 0) may be considered essentially as
time-rescaled versions of each other.

2.4 A dynamic model of magnetomechanics for ψ = ψ(W,m)

In closing this section, we note that with a free energy density of the form ψ = ψ(W,m), the
resulting model developed in this Sec. 2 includes a dynamic extension of the constrained theory of
magneto-striction/elasticity of DeSimone and James (2002); James and Kinderlehrer (1993). Such
an extension follows from the balance laws of mass, momentum, angular momentum, Maxwell’s
magnetostatics, and constrained by frame-indifference and (a mechanical version of) the Second
Law, while allowing for dissipative effects of material viscosity, as well as damping due to the
evolution of the magnetization relative to the material. The operative ‘constraint’ of mechanical
strain following that defined by the easy axis of magnetization is imposed in the DeSimone-James-
Kinderlehrer model by an energetic penalty through a free-energy density that fits the type being
discussed here; thus, no kinematic constraint, as understood in (continuum) mechanics, is enforced
(in Sec. 3.3 the kinematic constraint (52) is imposed to demonstrate a different constrained mag-
netomechanical model fully consistent with the principles of continuum mechanics).

In such a dynamic extension, assuming ∂W∂mψ ̸= 0, the evolution of the magnetization is
coupled to motion through Heff and through the dissipative coupling to the material spin in the
balance of angular momentum (46), and the material motion is coupled to magnetization through
the equilibrium and dynamic stressesT = Te+Td in the balance of linear momentum (4). The work
of Benešová et al. (2025) (and other prior works mentioned therein; of particular relevance here are
their Remarks 2.3 and 2.5) also provides a different extension where angular momentum balance is
not considered and neither is the Second Law in a direct manner (e.g., it is not clear whether their
Cauchy stress tensor is symmetric or not, and if the physics of the model can be phrased without
reference to a distinguished reference configuration embedded in three-dimensional space).

It is perhaps worth noting here a somewhat obvious fact related to the absence of any non-
local energy term as a function of magnetization in the expression of our free energy density, in
contrast to the variational formulations in, e.g., (DeSimone and James, 2002; DeSimone et al., 2002;
James and Kinderlehrer, 1993). In a purely variational static setting the potential energy is the
main ingredient whose minimimization as a functional of (x,m) determines (appropriately defined)
solutions to the problem. That energy necessarily contains the potential energy of the magnetic
field working on the magnetization (cf. (Landau and Lifshitz, 1935, Eqn. 19), (DeSimone and James,
2002, Eqn. 2.10)), acting as a ‘loading’ term. Correspondingly, in our PDE setting the ‘loading’ due
to the magnetic field (including the stray field) appears in the body torque term K in the balance
of angular momentum through Km (16). This follows directly from the fundamental physical
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meaning of how the magnetic induction induces a torque on the magnetization (or a magnetic
dipole at the microscopic level) (Jackson, 1999, Eqn. 5.71, 5.1), a fact that is intrinsically built into
the recovery of the LLG equation within our setting. A difference between the variational/energy
and PDE/balance-laws settings is that the latter fundamentally involves quantities like the stress,
couple stress, body torques and body forces which have no immediate representation in the former,
especially when dealt with the direct method of the calculus of variations.

3 A power-less rotational inertia term in the continuum mechanics
of polar materials with classical kinetic energy density

We consider a polar material, with a director field m, which supports couple stresses whose surface
torques do work on the director spin vector field and which supports a general asymmetric Cauchy
stress tensor field. Furthermore, we assume that its rate of change of angular momentum density
is given by the expression

ρ c1 ṁ+ ȧ, (47)

where a is a vector field which satisfies

ȧ = ω × ρA, (48)

and A is another vector field, arbitrary up to having physical dimensions of [A] = Length2

T ime . For

c1 = Ms
γ (see Sec. 3.2) and A = 0 we recover the micormagentic theory considered so far. The

vector field A may be considered a director like state variable of ‘microscopic’ origin whose spin
contributes to the macroscopic angular momentum6; but at any rate, at this stage we are unable to
make a definite physical statement about its nature beyond the above attributes. We note here that
J. Serrin (Serrin, 1992) advocated the introduction of powerless inertial terms in the mechanical
balances. Furthermore, Desimone and Podio-Guidugli (1995) introduced ‘Coriolis inertial forces’
that appear in their balance laws but do not expend power and neither appear in the dissipation
inequality.

The material also satisfies balance of mass (2), balance of linear momentum (4), and balance of
angular momentum (14) modified to

ρc1ṁ+ ȧ = divΛ−X : T+ ρK. (49)

Examination of the power expended for such a polar material, in direct analogy with (17):

Pext(t) =

∫
V(t)

ρb · vdv +
∫
∂V(t)

Tn · vda+
∫
∂V(t)

Λn · ωda+
∫
V(t)

ρK · ωdv

=

∫
V(t)

(
ρv · v̇ + ρ(c1 ṁ+ ω ×A) · ω

)
dv +

∫
V(t)

(
T : L+Λ : Θ +T : Γ

)
dv

=

∫
V(t)

ρv · v̇dv +
∫
V(t)

(
T : L+Λ : Θ +T : Γ

)
dv, (50)

6It seems not beyond the realm of possibility that this field and its induced torque may find utility in providing
a placeholder for incorporating ‘spintronic’ effects (Chen et al., 2023) within continuum mechanics, particularly
facilitated by the lack of constitutive restrictions on it dictated by the macroscopic laws of continuum mechanics, as
is subsequently shown herein.
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reveals that if the rate of change of angular momentum can be assumed to be of the form (47)-
(48), then the power of the translational and rotational inertial forces retains its classical form and
meaning, i.e.,

Power of the (translational + rotational) inertial forces =∫
V(t)

(ω · ρ (ω × (c1m+A)) + ρv̇ · v) dv =
d

dt

∫
V(t)

1

2
ρ|v|2 dv.

and the same conclusion holds for the dissipation (19).
The implication of the above result is that the field A is completely free of constitutive con-

straints from frame-indifference and continuum thermodynamics, subject only to the balance laws
(and corresponding boundary conditions) and modeling constraints arising from micro/macroscopic
physical observations and/or microscopic physical theory.

3.1 A constrained theory of polar materials with materially-constrained direc-
tor motion

A further observation is worthy of note. Suppose one wishes to consider a constrained polar material
where the director spin vector field is constrained to be the material spin vector:

a constrained polar material: ω = s so that Ω = −Γ . (51)

Thus
ṁ = s×m = Ωm. (52)

Then the external power supplied takes the form

Pext(t) =

∫
V(t)

ρv · v̇dv +
∫
V(t)

(
Tsym : D+Λ : Θ

)
dv, (53)

with the dissipation given by

D := Pext −
D

Dt

[
K + F

]
=

∫
V(t)

(
Tsym : D+Λdev : (∇s)dev − ρψ̇

)
dv, (54)

noting that ∇s = (∇s)dev.
Thus, for such a constrained polar material, the skew-symmetric part of the Cauchy stress tensor

Tskw and the hydrostatic part of the couple stress tensor, 1
3 tr(Λ), are subject only to the balance laws

and modeling constraints arising from micro/macroscopic physical observations and/or microscopic
physical theory, without any constitutive restrictions from continuum thermodynamics.7

The thermodynamic relations follow from

D =

[
Tsym +

(
ρ∇mT ∂ψ

∂∇m
+ ρWT ∂ψ

∂W

)
sym

]
: D

+

[
ρ∇mT ∂ψ

∂∇m
+ ρWT ∂ψ

∂W
− ρ

∂ψ

∂m
⊗m− ρ

∂ψ

∂∇m
∇mT

]
skw

: Ω

+

[
Λ− ρX : m⊗ ∂ψ

∂∇m

]
dev

: (∇s)dev

+Td
sym : D ≥ 0.

(55)

7This observation is essentially due to R. D. Mindlin as described in footnote 2 of Toupin (1962), also see Mindlin
and Tiersten (1962).
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The second line vanishes on the use of a frame-indifferent free energy density obeying the Ericksen
identity (23). The constitutively determined equilibrium stress response is given by (32) with
right-hand-side symmetrized, and the couple stress by (33), interpreted as a relationship for only
its deviatoric part.

3.2 Example 1: Allowance for the Einstein-de Haas and Barnett effects within
continuum mechanics

Einstein and de Haas (1915) (preceded by Richardson (1908)) showed that a change in magneti-
zation of a cylinder, oriented along a magnetic field-producing solenoid’s axis, generates a rigid
rotation of the body. Barnett (1915) showed the development of magnetization in a body due to
applied rotation.

Below we provide preliminary arguments for the possibility of obtaining such effects within the
model proposed in this work, one which does not affect the definition of the standard kinetic energy
density of the body.

Allowing for the additional rotational inertia term ȧ introduced in Sec. 3, the rate of change of
angular momentum density in the absence of the first two terms in Heff (43) is given by (cf. (41))

ω ×
(
ρ
Ms

γ
m+ ρA

)
= m× [ρµ0H− βm ṁ+ βm s×m] . (56)

Introducing the constants

c1 =
Ms

γ
; c2 =

βm
ρ

and using the relation ω = m× ṁ, (56) can be expressed as

MA ṁ = µ0m×H+ c2 s⊥m

where MA :=
[
g(A,m)I− c2Xm−m⊗A

]
g(A,m) := c1 +A ·m

s⊥m := s− (s ·m)m

(57)

and we recall that Xm = ϵijkmkei ⊗ ej .
A few general observations can now be made. For simplicity, we consider situations when the

magnetic field is uniform in a body and the magnetization divergence-free within it (for a long
cylinder, the stray field would then be uniform in the cylinder except perhaps near its ends). It is
well understood that in the LLG theory, in the absence of damping (c2 = 0), the LL field torque
m ×H cannot produce alignment of the magnetization with the magnetic field direction, causing
only precession of the magnetization vector pointwise. The Gilbert damping term c2 ̸= 0 produces
alignment. The classical LLG theory has no coupling to the material spin field.

For simplicity, let us assume a spatially uniform material spin field arising from rigid rotation
and aligned (anti-)parallel to the magnetic field direction. Let us also assume A to be a function of
(s,m). Then, even in the absence of damping (c2 = 0, M−1

A = (g(A,m))−1I+m⊗A for A ⊥ m,
e.g., A = f(s · m)s × m where f is a scalar valued function (say, e.g., a constant or signum)
of its argument, if the initial condition on m does not everywhere (along the whole cylinder) lie
on the plane perpendicular to the magnetic/material spin axis, then there can be alignment of the
magnetization distribution with the (material) spin axis. Given the vast freedom in the possibilities
for A, e.g., the explicit form mentioned above, it can be checked that anti-alignment of the volume
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averaged magnetization in the body with the spin axis is possible, starting from a distribution with
no net magnetization in the body. Of course, non-vanishing damping promotes alignment without
any restriction on the initial magnetization distribution. These features would be in accord with the
Barnett effect (Barnett, 1915), which corresponds to inducing magnetization through material spin.
In fact, even in the absence of an external field or dissipation and with the initial magnetization
lying in the plane perpendicular to the material spin (m ⊥ s along the whole cylinder), a tendency
towards alignment can be obtained by a suitable choice of A; e.g., for ŝ the unit vector in the
direction of s, consider A := −c1m+ b1ŝ×m, b1 a scalar.

As for the E-dH effect, assuming any time-dependent spatially uniform material spin field
as above (for simplicity), the magnetization in the body can be solved for from (57) given an
initial condition on m, with and without damping. Any such evolving magnetization with net
magnetization change in the body can be interpreted as inducing a mechanical spin. Moreover, it is
conceivable to think of magnetizations that produce no net torque in the body even from the term
involving the magnetic field - e.g., axially symmetric magnetizations in a cylinder. The material
spin fields involved, when conceived of in a cylinder, require radial mechanical forces in the body
to sustain them. In a rigid body approximation, this is provided by the constraint of rigidity. In
a deformable body, this would require radial stresses whose divergence would balance the inertia
of axisymmetric spinning. Without external boundary tractions, such radial stress fields would
be radially inhomogenous. In case boundary conditions support them, it is most likely that the
boundary traction would be radially directed and produce no torque about the cylinder axis.

3.3 Example 2: Constrained magnetization dynamics of hard magnetic soft
materials (Zhao et al., 2019)

Recently, Zhao et al. (2019) illustrated a nonlinear field theory for hard magnetic soft mate-
rials under magnetic fields. In their model, the magnetic particles in an idealized hard mag-
netic soft material magnetically saturate when exposed to a strong magnetizing field. With M0(
[M0] =

Charge.Length2

T ime.Mass

)
to be considered as the remnant magnetization, they define the non-

symmetric Cauchy stress as

T =
1

J

∂ψ

∂F
FT − ρHext ⊗M0. (58)

A motivation of our work is to try to understand the theoretical structure of this demonstrably
successful nonlinear model of micromagnetics for hard magnetic materials (Wang et al. (2021);
Zhao et al. (2019)) that entails the claim that “rigid body rotation can change the free-energies of
polar materials as well.”

We show here how the model employed by these authors can be recovered as a fully frame-
indifferent theory for a constrained micromagnetic material whose free-energy density is manifestly
invariant to rigid body rotations.

We first note that, as postulated, (58) does not have the correct invariance for a tensor on
the current configuration and the remnant magnetization should be pushed forward to the current
configuration (also see (Dorfmann and Ogden, 2024) on this point).

In any case, our goal is to consider the material considered by Zhao and co-workers as a con-
strained polar material in the sense of (51)-(52) and furthermore make the choice

A = −c1m; (59)

such a choice may be interpreted as setting up the power-free constraint torque (ω×A) to maintain
the kinematic constraint given by (59). In that case, balance of angular momentum for the model
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reads as

0 = divΛ−X : T+ ρK. (60)

The net effect of the assumption (59) is along the lines of what some authors think of the situation
appropriate for nematic liquid crystals; to quote Leslie (1992) “The inertial term associated with
local rotation of the material element is omitted because in general it is negligible.” Furthermore,
we consider a free energy density that only depends on F = W−1, and thermodynamic consistency
of the model follows from Sec. 3.1; of particular importance is the result from Sec. 3.1 that the
skew-symmetric part of the stress tensor is constitutively undetermined, to be determined from the
field equations and boundary and initial conditions8 as, indeed, what happens in (62) below. Then,
from (55) and (33), the couple stress tensor vanishes identically and, assuming no dissipative stress
contribution for the material, the equilibrium stress is given by

Tsym = −ρWT ∂ψ

∂W
=
ρ0
J

∂ψ

∂F
FT (61)

when balance of mass (2) is satisfied in the alternate form ρ = ρ0
J , where ρ0 is the mass density

field on a reference configuration and J = detF, where F is the deformation gradient from that
reference. Furthermore, the Ericksen identity (23) guarantees that for any frame-indifferent free
energy density functional form being considered here (i.e., ψ = ψ(F)), the right-hand-side of (61)
is symmetric even without explicit symmetrization.

The micromagnetic body torque is given by

ρK = ρµ0Msm×H,

and solving balance of angular momentum (49)/(60) then gives

Tskw = ρµ0 (Msm⊗H)skw = −ρµ0 (H⊗Msm)skw . (62)

To summarize, there are two operative kinematic constraints in the model, (51)-(52) and (59), with
corresponding constraint ‘forces’ given by ω ×A and (62), respectively.

Putting (61) and (62) together, we recover the stress response used by Zhao et al. (2019) to
solve linear momentum balance in (Wang et al., 2021; Zhao et al., 2019) with (58) (modified for
proper rotational invariance and with Hext replaced by H = Ha + Hs) as the equation for the
stress.

The derivation above justifies this assumption as an embodiment of solving angular momentum
balance along with satisfying the thermodynamic and frame-indifference related restrictions of a
constrained theory of micromagnetics. Moreover, it provides a natural extension of the constrained
model of Zhao et al. (2019) to incorporate couple stress effects due to magnetization gradients, and
dissipative effects due to material viscoelasticity.

4 Observations on treating the Second Law as a field equation and
solution/approximation schemes for the proposed models

When the expression for the external power supplied to the body is considered to exclude the torque
density arising from the demagnetization field and hence given by K− (µ0Ms)m×Hs, Pext (17b)
takes the form

Pext(t) =

∫
V(t)

ρv · v̇dv +
∫
V(t)

(
T : L+Λ : Θ +T : Γ − ω ·

(
ρµ0Msm×Hs

))
dv,

8Much like the pressure field when the constraint of incompressibility is in force.
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resulting in the local form of the Second law (for the purposes herein) to be

T : L+Λ : Θ +
(
T− ρµ0Msm⊗Hs

)
: Γ − ρψ̇ ≥ 0. (63)

We note that such a choice of Pext does not affect the body couple K appearing in the balance of
angular momentum which includes Km (16).

We now consider a point of view in which constitutive equations are specified for parts of T,Λ, ψ
based on the best physical knowledge available, and the Second Law in the form (63) is required
to be satisfied as a governing constraint, exactly like the other balance laws of mass, momentum,
angular momentum, and the equations of magnetostatics9. Thus we write

T = Tc +Tu

Λ = Λc +Λu

ψ = ψc + ψu

where the parts (·)c are constitutively specified, and the parts (·)u are left as undetermined fields at
this point. Such a modeling choice reflects the inevitable lack of full knowledge of material behavior
and the governing rules for the dynamical processes that continuum bodies undergo.

Consider now the balance of angular momentum written in the form

ρ
Ms

γ
ṁ+ (m× ṁ)×A = divΛ−X : T+ ρK, (64)

and also (63) stated in the form of an equality,

T : L+Λ : Θ +
(
T− ρµ0Msm⊗Hs

)
: Γ − ρψ̇ − s2 = 0, (65)

where s is a real-valued field defined on the body for all instants of time.
The problem to be solved is to determine a set of fields (ρ,v,m, s,Hs,A,Tu,Λu, ψu) that satisfy

the balances of mass, momentum, angular momentum, the equations of magnetostatics10, and the
second law in the form (65), given a set of constitutive equations for (Tc,Λc, ψc).

Suppose now that experimental measurements/microscopic modeling can provide some guid-
ance on the nature of the field A on the body as a function of space and time, say Ā, in any
particular problem (possibly as a constitutive statement) - if none is available Ā = 0 may be the
considered choice, representative of the limited knowledge available. Similarly, in the spirit of in-
voking maximum dissipation, let a constant space-time field s̄ be defined with s̄/s̄0 ≫ 1, where
s̄0 > 0 is a scaling constant representing a typical magnitude of supplied power relevant to the
problem (for non-dimensionalization). Then one can require that a functional of the following type
be minimized:∫ T

0

∫
V(t)

a1|A − Ā|p1 + a2|s− s̄|p2 + a3|Tu|p3 + a4|Λu|p4 + a5|ψu|p5 dvdt,

where [0, T ] is a given interval of time, {ai|i = 1, . . . , 5} are physically required dimensional con-
stants and {pi|i = 1, . . . , 5, pi ≥ 1} such that each individual term in the integrand is a positive
quantity of identical physical dimensions (typically that of energy density or Energy/Length3 with

9It is our belief that such an approach can be beneficial when considering the full coupling of continuum mechanics
with Maxwell’s electrodynamics.

10As already alluded to, the stray field Hs can be exchanged for a scalar potential in terms of solution variables,
with the attendant elimination of (15)1 as a governing equation.
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the integral having dimension of action given by Energy.T ime). The minimization is carried out
over a set each of whose elements is the list of space-time fields (ρ, v, m, s, Hs, A, Tu, Λu,
ψu), subject to the constraints of balances of mass (2), momentum (4), angular momentum (64),
magnetostatics (15), and the second law in the form (65).

Roughly speaking, the extremality conditions for imposing such a constrained variational prob-
lem contains extra relations beyond the above constraints, such relations serving to constrain the
added fields (A, s,Tu,Λu, ψu)11. Thus, the list P := (ai, pi, s̄,A) plays a role analogous to consti-
tutive parameters in the model.

We note that any solution to the extremality condition of the above constrained variational prob-
lem will necessarily satisfy the constraint equations which are the ones that our continuum theory
requires to be solved in as well-posed a manner as possible. Moreover, the minimization would in
principle force the dissipation in the process to be as large as possible (since s̄ is prescribed to be
large), A to be as close as possible to the experimental/best-guess-based-on-available-knowledge
field Ā, and Tu,Λu, ψu to be as close as possible to vanishing, implying a degree of confidence in
the assumed constitutive equations for the (·)c parts of the stress, couple stress, and the free energy
density.

In such a formulation, the number of equations arising from the constraints of balances of
mass, momentum, angular momentum, second law, and magnetostatics is less than the number
of solution fields in the problem. Thus, if a variational principle could be set up to the above
extremization problem in a number of fields that equals the number of constraint equations, and
its Euler-Lagrange (E-L) equations impose (formally, at least) only the constraint equations and
their initial and boundary conditions and nothing more, that would be an ideal first step. In that
case, a solution to the E-L system corresponding to a specific choice of the list P would amount to
selecting some solution out of the possible ones of the primal system (when solutions to the primal
system exist, of course). In case a unique solution exists to the latter, any choice of the list P that
leads to a solution of the E-L system must recover the unique solution of the primal system.

The above requirements on the design of a constrained variational problem (with reasonable
mathematical properties, of course) are non-trivial, especially for the nonlinearities that typically
arise from models of continuum mechanics and in treating the Second Law as a constraint equation
to be solved on par with the other balances and not necessarily as a device to generate restrictions
on constitutive equations (Acharya, 2025b). A scheme with such properties has recently been devel-
oped in (Acharya, 2023, 2025a; Vorotnikov and Acharya, 2025), with close connection to the work of
Brenier (2018, 2020) on Hidden Convexity in nonlinear PDE, and Optimal Transport. Applications
of the approach to various field theories and involving mathematical analysis are demonstrated in
Acharya et al. (2025, 2024); Singh et al. (2024); Vorotnikov (2022, 2025). While still in its infancy,
encouraging progress has also been demonstrated in approximating solutions of nonlinear differen-
tial equations related to continuum mechanics in Kouskiya and Acharya (2024, 2025); Singh et al.
(2024), (Kouskiya et al., 2025, which also contains mathematical analysis) using the approach.
These demonstrations involve the nonlinear system of ODEs of Euler for the dynamics of a rigid
body, nonconvex elastodynamics and statics of a bar (without higher gradient regularization), (in-
viscid) Burgers equation, and the problem of traveling waves of a dispersive, nonlocal, nonlinear
semi-discrete Burgers equation. Furthermore, Acharya and Sengupta (2024) show applications of
the idea to the case of dissipative Newtonian particle mechanics with anholonomic constraints and
Acharya and Ginster (2025) to problems of optimal control.

It can be hoped that such a solution approach to the models here can be gainfully employed

11This is analogous to how control variables are constrained in the problems of Optimal Control governed by the
Pontryagin Maximum Principle (cf. Evans (1983); Pontryagin et al. (1986)).
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to explore their predictive capability w.r.t magnetomechanical response - even in the case when
A ≡ 0 and Pext is given by (17a), with constitutive equations chosen in a manner to identically
satisfy the Second Law, i.e., the theory developed in Sec. 2 of this work (in which case the fields
(·)u ≡ 0 can be imposed a-priori).
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A Appendix - Literature Review

The seminal work of Landau and Lifshitz offered the mathematical foundation of the statics and
dynamics of magnetization of rigid continua (Landau and Lifshitz, 1935). To consider dynamic
micromagnetism, the Landau-Lifshitz-Gilbert (LLG) equation (Gilbert, 1956, 2004) is widely used.
This equation describes the Larmor precession under an effective field, with an additional damping
term that relates the magnetic term to the local environment. It successfully captures the evolution
of magnetization in a specimen when subjected to alternating currents.

To understand the macroscopic behavior of a non-conducting magnetically saturated media
undergoing large deformation, Tiersten (1964) developed governing equations and boundary con-
ditions modeling the interaction between an electronic spin continuum and a lattice continuum.
Later Tiersten (1965) presented a variational principle for the aforementioned nonlinear differ-
ential equation and boundary conditions in the absence of heat flow and dissipation. Employing
matter-on-matter interaction within a magnetized body, Brown (1966) developed the static theory
of micromagnetics where the coupling of the magnetization with the deformation field is considered
in a static variational context. Maugin (1976a) introduced local and global field equations for
finitely deformable ferromagnets and anti-ferromagnets from a phenomenological viewpoint. In a
follow-up work Maugin (1976b) employed thermodynamic principles in formulating the constitu-
tive laws for internal forces for reversible processes in accordance with Coleman’s thermodynamics
and for irreversible processes with Onsager-Casimir theory. DeSimone and Podio-Guidugli (1996)
constructed a continuum theory of deformable micromagnetics considering two main features of mu-
tual interaction (mutual forces and mutual torque) i.e., mechanical interaction among magnetized
body parts as proposed by Brown (1966), and explicit use of microstructure as adopted by Tier-
sten (1964). The theory of micromagentics has been further generalized and rigorously analyzed to
capture macroscopic behavior with high anisotropy (DeSimone and James, 2002; DeSimone et al.,
2002). We also mention here the recent work of Benešová et al. (2025) for mathematically rigorous
results on the existence of solutions to a model of magnetoelasticity with dissipation developed by
them, as well as a review of the more mathematically oriented literature.

Significant research efforts have also been carried out over the last decades in developing models
for magnetorheological elastomers with desired functional behaviors (Danas et al., 2012; Dorfmann
and Ogden, 2004; Haldar et al., 2016; Kankanala and Triantafyllidis, 2004; Romeis et al., 2017).
The developed MREs are often based on soft-magnetic materials such as iron and iron-nickel al-
loys having low coercivity which offer simple elongation and compression under external magnetic
fields. To attain shape-programmability for MREs, Zhao et al. (2019) incorporated magnetically
hard-particles with high coercivity in a soft polymer and developed a nonlinear field theory to
account for coupling of finite deformation and a magnetic field. Nevertheless, the research works
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on both soft-magnetic and hard-magnetic materials based MREs mostly employ the principles of
the static theory of magnetization. To deal with magnetization dynamics of ferromagnetic particles
embedded in a soft solid, Keip and Sridhar (2019) proposed a finite deformation micromagnetically
informed continuum framework. Mainly considering the magnetization as a phase field variable,
an evolution equation for the magnetization coupled to large deformation is proposed, which is
essentially consistent with Landau-Lifshitz equation of micromagnetics without precessional term.
This theory also recognizes the schemes proposed by Miehe and Ethiraj (2012); Sridhar et al.
(2016) for ferromagnetic materials when small deformation kinematics is assumed.
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