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23

Limit-point instabilities provide a powerful but underexplored mechanism for programming24

nonlinear mechanical responses. However, integrating such instabilities into topology opti-25

mization under large deformation remains challenging due to path-tracking and geometric26

regularity issues. Here, we develop an explicit design framework that programs prescribed27

force–displacement curves by deliberately exploiting limit-point instabilities over large de-28

formation. We extend the Moving Morphable Void (MMV) method with finite-deformation29

equilibrium tracing and a curvature regularization that suppresses nonphysical sharp features30

while retaining design freedom. The framework synthesizes architectures that realize strain-31

hardening-type, yield-plateau-type, and strain-softening-type structural responses under com-32

pressive strains up to 20%, with typical curve-matching errors on the order of 1–2%. Mecha-33

nistically, the macroscopic response is governed not only by instability onset but by the spatial34

distribution, sequential activation, and coupling of buckling and snap-through modes embedded35

in the topology. We demonstrate overload protection, low-frequency vibration isolation, and36

instability-driven energy dissipation, and extract low-dimensional parametric templates that37

preserve the deformation mechanisms while enabling efficient retuning. The results establish38

controlled limit-point instability as a systematic design resource for programming constitutive-39

like nonlinear behavior at the structural level.40

41

1. Introduction42

Advanced architected structures and materials with programmable mechanical responses have attracted growing43

interest [1, 2] due to their potential to realize tailored stiffness, stability, and energy conversion characteristics44

beyond those of homogeneous solids. Through geometric design, such systems can exhibit pronounced nonlinear45

force–displacement behavior, enabling functionalities [3–7] such as vibration isolation [8–12], impact mitigation46

[13, 14], and energy absorption [15–18]. From a mechanics perspective, these behaviors can be interpreted as structural-47

level constitutive responses arising from controlled deformation mechanisms.48

Among the various strategies for generating nonlinear responses, elastic instability plays a central role [19, 20].49

Buckling [21–23], snap-through [24–26], and multistability [27–30] provide access to negative stiffness, force50

plateaus, and large-amplitude reversible deformation. By exploiting these phenomena, a wide range of programmable51

mechanical systems has been developed, including stepped metamaterials [31], bistable assemblies [32, 33], and52

modular instability-based architectures [34, 35]. Beyond intrinsic instability, additional approaches have been proposed53

to tune post-buckling responses through geometric perturbations, precompression, or active control [36–38].54

Despite these advances, most existing designs rely on predefined unstable elements and iterative tuning guided55

by designer intuition. As a result, the attainable response space is limited, and the systematic exploration of novel56

instability-enabled architectures remains challenging. More fundamentally, the mechanical behavior of these systems57

is governed by complex interactions among multiple instability modes, load-path redistributions, and large-deformation58

kinematics, which are difficult to control using modular or trial-and-error approaches.59
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Fig. 1. (a) Schematic illustration of the Moving Morphable Void (𝑛=12); (b) element-wise bilinear approximation of the
nodal 𝜙v values.

Topology optimization provides a systematic framework for structural design and has recently been extended to60

nonlinear and large-deformation regimes [39, 40]. Several studies have demonstrated the possibility of programming61

prescribed force–displacement responses using material nonlinearity, composite layouts, or microstructural design62

[41–45]. However, compression-induced instabilities and post-buckling responses have received comparatively limited63

attention. In most topology optimization studies, buckling is treated as a failure mode to be avoided [46–49], rather64

than as a controllable design resource. Moreover, existing inverse-design approaches rarely address the numerical65

challenges associated with tracing equilibrium paths through limit-point instabilities under finite deformation, nor do66

they provide explicit control over geometric regularity and reusability.67

These limitations raise several unresolved questions: How can limit-point instabilities be systematically incor-68

porated into topology optimization? How can smooth and mechanically admissible topologies be generated while69

retaining sufficient freedom to encode complex post-buckling behavior? And how can the resulting designs be distilled70

into reusable templates for practical implementation?71

Motivated by these challenges, this work develops an explicit topology optimization framework for programming72

nonlinear mechanical responses through controlled limit-point instabilities. The Moving Morphable Void method73

is extended by incorporating finite-deformation equilibrium tracing and a curvature regularization that suppresses74

spurious geometric singularities. A response-oriented optimization formulation is introduced to directly match pre-75

scribed force–displacement curves, together with an energy-based formulation for verification. Using this framework,76

structures exhibiting hardening-type, plateau-type, and softening-type responses are synthesized under compressive77

strains up to 20%, with potential applications in overload protection [50, 51], low-frequency vibration isolation78

[52, 53], and energy dissipation [54, 55]. The optimized topologies reveal that macroscopic behavior is governed79

by the spatial distribution, sequential activation, and mechanical coupling of instability modes. Furthermore, low-80

dimensional parametric templates are extracted from representative designs, enabling efficient tuning while preserving81

the underlying deformation mechanisms. More broadly, this work establishes instability-enabled topology optimization82

as a systematic paradigm for programming nonlinear mechanical functionality.83

The remainder of this paper is organized as follows. Section 2 presents the curvature-enhanced MMV formulation.84

Section 3 introduces the finite-deformation analysis, optimization models, and sensitivity analysis. Section 4 reports85

numerical examples and validation studies. Section 5 discusses representative applications and parametric abstractions.86

Section 6 discusses the mechanics of instability-enabled response programming. Section 7 concludes the paper.87

2. Curvature enhanced Moving Morphable Void Method88

This section introduces a curvature-enhanced Moving Morphable Void (MMV) method, in which curvature89

regularization is incorporated to ensure geometrically smooth and mechanically admissible structural boundaries.90

This enhancement is particularly important for instability-driven topology optimization under large deformation,91

where sharp geometric features may induce artificial stress concentrations, mesh-dependent instabilities, and poor92
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convergence. We first briefly review the theoretical foundation of the MMV framework, followed by a detailed93

description of the proposed curvature control strategy and its numerical implementation.94

2.1. The classic Moving Morphable Void method95

In two-dimensional scenarios, the MMV approach has been extensively investigated for representing voids using96

B-spline curves, with their interpolative representation expressed as:97

𝑪(𝑢) =
𝑛
∑

𝑖=0
𝑁𝑖,𝑝(𝑢)𝑷𝑖 (0 ≤ 𝑢 ≤ 1) , (1)

where 𝑷𝑖 =
(

𝑥𝑖, 𝑦𝑖
)⊤, 𝑖 = 0,… , 𝑛 are the control points; 𝑁𝑖,𝑝 (𝑢) represents the basis function B-spline for the 𝑖-th98

control point of the 𝑝-th order formulated as (𝑝 = 2 in this work):99

𝑁𝑖,𝑝 (𝑢) =
𝑢 − 𝑢𝑖

𝑢𝑖+𝑝 − 𝑢𝑖
𝑁𝑖,𝑝−1 (𝑢) +

𝑢𝑖+𝑝+1 − 𝑢
𝑢𝑖+𝑝+1 − 𝑢𝑖+1

𝑁𝑖+1,𝑝−1 (𝑢) , 𝑝 ≥ 1 (2)

and100

𝑁𝑖,0 (𝑢) =
{1, 𝑢𝑖 ≤ 𝑢 ≤ 𝑢𝑖+1,
0, otherwise. (3)

As shown in Fig. 1(a), an MMV is characterized through a set of design variables denoted as:𝑫 = (𝑥0, 𝑦0, 𝑟1,… , 𝑟𝑛, 𝜃)⊤.101

Here, 𝑥0 and 𝑦0 denote the central coordinates; 𝑟1,. . . ,𝑟𝑛 correspond to the distances from the control points to the central102

point 𝑷𝑐 ; 𝜃 represents the angle between vector ⃖⃖⃖⃖⃖⃖⃖⃖⃗𝑷1𝑷𝑐 and the horizontal axis. The coordinates of the control points are103

expressed as:104

𝑷 𝑖 =

{
(

𝑥0 + 𝑟𝑖cos
(

(𝑖 − 1) 2𝜋
𝑛 + 𝜃

)

, 𝑦0 + 𝑟𝑖sin
(

(𝑖 − 1) 2𝜋
𝑛 + 𝜃

))⊤
𝑖 = 1, ..., 𝑛,

(𝑷1 + 𝑷𝑛)∕2, 𝑖 = 0, 𝑖 = 𝑛 + 1.
(4)

Under an Eulerian mesh, the region of the 𝑖-th void can be identified by its topology description function (TDF) 𝜙v
𝑖105

expressed as:106

𝜙v
𝑖 =

√

(𝑥 − 𝑥𝑖,0)2 + (𝑦 − 𝑦𝑖,0)2 − 𝑟𝑖(𝜃). (5)
Therefore, the solid and void regions are distinguished by the TDF via:107

⎧

⎪

⎨

⎪

⎩

𝜙v
𝑖 (𝑫;𝒙) < 0, if 𝒙 ∈ Ωv

𝑖
𝜙v
𝑖 (𝑫;𝒙) = 0, if 𝒙 ∈ 𝜕Ωv

𝑖
𝜙v
𝑖 (𝑫;𝒙) > 0, if 𝒙 ∈ Ω∖

(

Ωv
𝑖 ∪ 𝜕Ωv

𝑖
)

(6)

Here, Ω is the design domain, Ωv
𝑖 denotes the region occupied by the 𝑖-th void, 𝜕Ωv

𝑖 denotes its boundary, and 𝒙108

represents the spatial coordinates. To identify the overall solid region and ensure the differentiability, the global TDF109

of the optimized structure is expressed via the aggregation function as follows:110

𝜙v(𝒙) = min
(

𝜙v
1(𝒙),⋯ , 𝜙v

𝑖 (𝒙),⋯ , 𝜙v
𝑛𝑣(𝒙)

)

≈ ln

( 𝑛𝑣
∑

𝑖=1
exp

(

𝜁𝜙v
𝑖 (𝒙)

)

)

∕𝜁, (7)

where 𝑛𝑣 denotes the number of MMVs and a relatively small negative even number 𝜁 was selected, such as 𝜁 = −80.111

Then the structural region can be identified by 𝜙v(𝒙) similarly according to Eq. (6). Through optimizing the design112

variable vector 𝑫, the MMVs move and deform, resulting in an optimal structural configuration.113

2.2. Curvature-enhanced strategy for improving the smoothness of structural boundaries114

Optimized designs obtained using the original MMV method often contain sharp corners and geometric singulari-115

ties at void intersections, as illustrated in Fig. 1(b). Under large deformation, such features may lead to artificial stress116

concentrations, numerical instabilities, and mesh-dependent responses. To address these issues, a curvature constraint117
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is introduced to suppress excessive geometric irregularities and directly generate smooth structural boundaries during118

optimization. The curvature along the material interface is evaluated from the TDF. On a fixed Eulerian grid, the TDF119

and its spatial derivatives within each grid cell are reconstructed using bilinear interpolation of nodal values, following120

common practice in level-set-based approaches [56]. This interpolation effectively regularizes the structural boundary121

by averaging over neighboring nodes, assigning sharp corners with finite curvatures and thereby facilitating stable and122

consistent sensitivity evaluations.123

As shown in Fig. 1(b), a representative grid cell intersected by the 𝜙v = 0 interface is considered to illustrate the124

curvature interpolation procedure. The interface is discretized into a set of points, at which the curvature is evaluated125

pointwise and subsequently integrated along the interface. Let 𝜙11, 𝜙12, 𝜙21, and 𝜙22 denote the TDF values at the four126

corner nodes of a grid unit with dimensions d𝑥 and d𝑦, corresponding to the grid spacings in the 𝑥- and 𝑦-directions,127

respectively. Introducing local coordinates 𝑠, 𝑡 ∈ [0, 1] such that 𝑥 = 𝑥0 + 𝑠d𝑥 and 𝑦 = 𝑦0 + 𝑡d𝑦, the interpolated TDF128

field is expressed as:129

𝜙v(𝑠, 𝑡) = (1 − 𝑠)(1 − 𝑡)𝜙11 + 𝑠(1 − 𝑡)𝜙21 + (1 − 𝑠)𝑡𝜙12 + 𝑠𝑡𝜙22. (8)
The spatial derivatives of the bilinearly interpolated TDF can be computed analytically, and its components are given130

by131

𝜙v
,𝑥 = 1

d𝑥
[

(1 − 𝑡)(𝜙21 − 𝜙11) + 𝑡(𝜙22 − 𝜙12)
]

, 𝜙v
,𝑦 =

1
d𝑦

[

(1 − 𝑠)(𝜙12 − 𝜙11) + 𝑠(𝜙22 − 𝜙21)
]

. (9)

Besides, the unmixed second-order derivatives vanish (i.e., 𝜙v
,𝑥𝑥 = 𝜙v

,𝑦𝑦 = 0), while the mixed partial derivative 𝜙v
,𝑥𝑦132

is given by133

𝜙v
,𝑥𝑦 =

1
d𝑥 d𝑦

(𝜙11 − 𝜙12 − 𝜙21 + 𝜙22). (10)
Substituting these expressions into the curvature definition 𝜅 = ∇ ⋅ (∇𝜙v∕|∇𝜙v

|) yields134

𝜅 =
−2𝜙v

,𝑥𝑦𝜙
v
,𝑥𝜙

v
,𝑦

(

(𝜙v
,𝑥)2 + (𝜙v

,𝑦)2
)3∕2

. (11)

When the 𝜙v = 0 interface intersects the boundary of the design domain, some interface points may fall within the135

outermost grid cells. In such cases, a one-sided interpolation strategy is adopted, whereby the nearest interior grid cell136

is used to evaluate the TDF derivatives, ensuring numerical robustness of the curvature computation.137

To penalize regions of excessive curvature, a curvature constraint is introduced, defined as the arc-length integral138

of the squared curvature along the structural boundary:139

𝐸curv = ∫0Γ
|𝜅(𝑥, 𝑦)|2 d0Γ ≤ 𝐸∗

curv, (12)

where 0Γ denotes the material interface. The upper bound 𝐸∗
curv is specified relative to a reference value, taken as the140

total curvature of circular voids in the initial design. To accommodate the increased geometric complexity arising141

during topology optimization, this bound is set to twice the reference value. This curvature functional acts as a142

geometric regularizer that penalizes excessive bending of structural boundaries. Unlike surface-energy regularization,143

the present formulation is introduced primarily to ensure geometric smoothness and mechanical admissibility, while144

preserving the essential instability mechanisms required for nonlinear response programming.145

The proposed curvature-enhanced MMV formulation provides a robust geometric representation that enables stable146

topology optimization involving large deformation and limit-point instabilities. This geometric regularization is par-147

ticularly critical for instability-enabled topology optimization, where small geometric irregularities may significantly148

influence post-buckling deformation paths.149

3. Explicit topology optimization of post-buckled structures for tailored nonlinear150

responses151

This section establishes the finite deformation analysis framework employed in this study, with a focus on structural152

responses involving limit-point instability. Within this framework, the associated topology optimization formulations153
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are developed. Section 3.1 details the numerical treatment of compression-induced instability under finite deformation154

and introduces the adopted hyperelastic constitutive model. Then Section 3.2 formulates two closely related opti-155

mization problems within an explicit topology optimization framework: a general formulation targeting prescribed156

force-displacement responses and a specialized maximum-energy formulation used for verification purposes. Finally,157

Section 3.3 derives the corresponding sensitivity expressions for the subsequent numerical implementation.158

3.1. Finite deformation analysis of compressive instability159

In structural analysis, bifurcation instability and limit-point instability represent fundamentally different classes160

of nonlinear behavior. Bifurcation-induced buckling typically requires eigenvalue analysis to identify critical modes,161

generally followed by the introduction of geometric imperfections to steer the numerical solver toward a specific post-162

buckling path [57]. This procedure is more computationally demanding and highly sensitive to imperfection choices,163

often resulting in strong path-dependence and non-uniqueness of the computed responses [58]. Differently, limit-point164

instability (or fold bifurcation) can be captured more naturally within a nonlinear equilibrium analysis. As the load165

increases, the structure undergoes stiffness softening, reaches a limit point, and subsequently evolves along the post-166

buckling equilibrium path without the need for externally imposed imperfections. This characteristic makes limit-point167

instability particularly attractive for the systematic exploitation of post-buckling responses in topology optimization.168

This property enables instability-enabled response programming without introducing artificial imperfections, thereby169

improving robustness and reproducibility in topology optimization.170

To describe material behavior under finite deformation, the Arruda–Boyce hyperelastic constitutive model [59]171

is adopted to capture large-deformation hyperelastic behavior while isolating geometric nonlinearity and instability172

effects. The strain energy density function 𝑊 is given by:173

𝑊 = 𝜇

[

1
2
(𝐼1 − 3) + 1

20𝜆2𝑚
(𝐼21 − 9) + 11

1050𝜆2𝑚
(𝐼31 − 27)

+ 19
7000𝜆2𝑚

(𝐼41 − 81) + 519
673750𝜆2𝑚

(𝐼51 − 243)

]

+ 1
𝐷𝑘

(

𝐽 2 − 1
2

− ln 𝐽
)

,

(13)

where 𝜇 is the initial shear modulus, 𝜆𝑚 denotes the network locking stretch that characterizes the maximum174

extensibility of polymer chains, and 𝐷𝑘 is the incompressibility parameter. The Jacobian 𝐽 represents the ratio of175

the deformed volume to the undeformed volume, and 𝐼1 is the first invariant of the modified right Cauchy-Green176

deformation tensor.177

The finite deformation problem is formulated within the Total Lagrangian (TL) framework [60], in which all178

quantities are referred to the initial configuration. The superscript 0(⋅) denotes variables in the reference configuration,179

and 0Ω represents the undeformed design domain. The equilibrium of the discretized system at the 𝑖-th sampling point180

can be written as:181

𝑹𝑖(𝑼 ,𝑫) = 𝒇 int
𝑖 (𝑼 ,𝑫) − 𝒇 ext

𝑖 =
𝑛𝑒
∑

𝑒=1
𝑳⊤
𝑒 𝒇

int
𝑖,𝑒 (𝑼𝑒) −

𝑛𝑒
∑

𝑒=1
𝑳⊤
𝑒 𝒇

ext
𝑖,𝑒 = 𝟎, (14)

where 𝑹𝑖(𝑼 ,𝑫) is the residual force vector between the internal force vector 𝒇 int
𝑖 and the external force vector 𝒇 ext

𝑖 .182

𝑼 and 𝑼𝑒 are the global nodal displacement vector and the corresponding displacement vector of the 𝑒-th element,183

respectively. 𝑛𝑒 is the total number of elements in the structure, 𝑳⊤
𝑒 is the connecting matrix of the 𝑒-th element. The184

elemental external and internal force vectors are given by:185

𝒇 ext
𝑖,𝑒 = ∫0Ω𝑒

𝑵⊤𝒇 d0𝑉 + ∫0𝑆𝑒

𝑵⊤𝒕 d0𝑆, 𝒇 int
𝑖,𝑒 = ∫0Ω𝑒

𝑩⊤(𝑼𝑒)𝑺 d0𝑉 , (15)

where 𝑵 is the shape function matrix and 𝑩(𝑼𝑒) is the strain-displacement matrix under large deformation. 𝑺 denotes186

the second Piola–Kirchhoff stress tensor derived from the constitutive relation 𝑺 = 𝜕𝑊 ∕𝜕𝑬, where 𝑬 denotes the187

Green–Lagrange strain tensor. 𝒇 and 𝒕 represent the body force density and surface traction, respectively, while 0Ω𝑒188

and 0𝑆𝑒 denote the elemental domain and its boundary in the reference configuration.189

For subsequent derivations, the global residual vector is decomposed into contributions associated with displacement-190

controlled nodes (subscript dn) and free nodes (subscript fn), yielding:191

𝑹𝑖(𝑼 ,𝑫) =
(

𝑹𝑖,dn(𝑼 ,𝑫);𝑹𝑖,fn(𝑼 ,𝑫)
)

=
(

𝒇 int
𝑖,dn(𝑼 ,𝑫) − 𝒇 ext

𝑖,dn;𝒇
int
𝑖,fn(𝑼 ,𝑫) − 𝟎

)

. (16)
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For problems where the structural response is monotonically increasing, the nonlinear equilibrium Eq. (14) is solved192

using a conventional Newton–Raphson scheme combined with displacement control. In cases involving non-monotonic193

responses (e.g., snap-through or snap-back behavior), the analysis is switched to an arc-length method to trace the194

complete equilibrium path reliably [60, 61]. As these solution techniques are well-documented in standard textbooks,195

their detailed description is omitted here for brevity. In finite element analyses involving large deformations, low-196

density (or low-stiffness) elements may result in ill-conditioned tangent stiffness matrices, severe mesh distortion, and197

convergence failure [62]. To alleviate numerical instabilities induced by such elements during topology optimization,198

the redundant degree-of-freedom removal technique [63, 64] is employed, and DOFs only related to low-density199

elements are eliminated. This treatment reduces the size of the global stiffness matrix and significantly improves200

computational efficiency.201

3.2. Mathematical formulation of topology optimization design202

Building on the numerical analysis framework established above, this subsection formulates the topology optimiza-203

tion problem within the proposed curvature-enhanced MMV paradigm. Two closely related optimization models are204

considered: a response-based design for tailoring prescribed nonlinear force-displacement behaviors, and an energy-205

based design that corresponds to a maximum strain-energy formulation. The latter can be regarded as a particular case206

of the former and is primarily employed for numerical validation.207

3.2.1. Optimization Problem I: Post-buckled structures with tailored nonlinear responses208

To systematically program nonlinear force–displacement responses, we formulate a response-oriented topology209

optimization problem. The objective is defined as the discrepancy between the target and realized force–displacement210

responses under prescribed displacement loading. Using the curvature-enhanced MMV method, the topology opti-211

mization problem in continuous form is stated as:212

Find 𝑫 =
(

(𝑫1)⊤,⋯ , (𝑫𝑖)⊤,⋯ , (𝑫𝑛𝑣)⊤
)⊤ , 𝒖(𝑫;𝒙) ∈ 1(0Ω)

Minimize: 1(𝑼fn(𝑫),𝑫;𝑼dn) =
𝑀
∑

𝑖=1

(

𝐹𝑖,dn(𝑼𝑖,fn,𝑫) − 𝐹 ∗
𝑖

𝐹𝑖
∗

)2

S.t. ∫0Ω
𝐻 (𝜙v(𝑫;𝒙))𝑺 ∶ 𝛿𝑬 d0V = ∫0Ω

𝐻 (𝜙v(𝑫;𝒙))𝒇 ⋅ 𝛿𝒗 d0V + ∫0𝑆𝑡

𝒕 ⋅ 𝛿𝒗 d0S, ∀𝒗 ∈  0
ad

𝑉 = ∫0Ω
𝐻 (𝜙v(𝑫;𝒙)) d0V ≤ 𝑉 , 𝒖 = 𝒖, on 0𝑆𝑢, 𝑫 ⊂ 0𝑫

𝐸curv = ∫0Γ
|𝜅(𝑥, 𝑦)|2 d0Γ ≤ 𝐸∗

curv

(17)

This formulation directly programs the structural response rather than optimizing conventional performance metrics213

such as stiffness or compliance, thereby enabling inverse design of nonlinear mechanical behavior. Here, 𝑀 denotes214

the number of sampling points along the prescribed displacement path, and 𝒖 represents the displacement field defined215

over the design domain. 1(0Ω) is the first-order Sobolev space. 𝑼dn and 𝑼fn correspond to the displacement vectors216

at the prescribed-displacement nodes and free nodes, respectively. 𝐹𝑖
∗ denotes the mean value of the target force217

response 𝐹 ∗
𝑖 . At equilibrium, the total reaction force 𝐹𝑖,dn(𝑼𝑖,fn,𝑫) is given by the sum of the internal forces at the218

displacement-controlled nodes. Where 0𝑆𝑡 denotes the traction boundary, 𝛿𝒗 is the virtual displacement, and  0
ad is219

the corresponding admissible space of virtual displacement. The prescribed displacement on the Dirichlet boundary220

0𝑆𝑢 is denoted by 𝒖. In implementation, the Heaviside function 𝐻(𝑥) is regularized as:221

𝐻𝛾
𝜖 (𝑥) =

⎧

⎪

⎨

⎪

⎩

1 𝑥 > 𝜖
3(1−𝛾)

4

(

𝑥
𝜖 − 𝑥3

3𝜖3

)

+ 1+𝛾
2 −𝜖 ≤ 𝑥 ≤ 𝜖

𝛾 otherwise
(18)

where 𝜖 controls the width of the transition zone and 𝛾 is a small positive parameter. In the present study, 𝜖 = 0.1 and222

𝛾 = 10−6 are adopted at the initial stage of optimization.223
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Under finite element discretization, the volume fraction is evaluated as:224

𝑉 =
𝑛𝑒
∑

𝑒=1

𝑉𝑒
𝑉𝐷

(

1
𝑛𝑛

𝑛𝑛
∑

𝑗=1
𝐻𝛾

𝜖 (𝜙
v)𝑒𝑗

)

, (19)

where 𝑛𝑛 is the number of nodes per element. 𝑉𝑒 and 𝑉𝐷 denote the volume of the 𝑒-th element and the design domain,225

respectively.226

3.2.2. Optimization Problem II: Structures for maximum stored energy227

For numerical verifications, a second optimization problem is considered, aiming to maximize the total stored strain228

energy, equivalently, the area enclosed by the force-displacement curve over a prescribed displacement interval. This229

formulation differs from Optimization Problem I only in the objective function, while all constraints and modeling230

assumptions remain unchanged as Eq. (17). It serves as a verification case and illustrates the generality of the proposed231

framework.232

Let ℎ denote the uniform displacement increment. The corresponding objective function is defined as:233

2(𝑼fn(𝑫),𝑫;𝑼dn) = −
𝑀
∑

𝑖=1

(ℎ
2
(𝐹𝑖−1,dn(𝑼fn,𝑫) + 𝐹𝑖,dn(𝑼fn,𝑫))

)

(20)

Together, these two formulations establish a unified optimization framework that spans from general nonlinear response234

tailoring to energy-based structural design. The sensitivity analysis for both problems is presented in the following235

subsection.236

3.3. Sensitivity Analysis237

3.3.1. Sensitivity analysis of post-buckled structures with tailored nonlinear responses238

Sensitivity analysis is essential for efficient topology optimization, particularly for instability-driven problems239

involving multiple equilibrium states. The sensitivities of the objective function in Problem I with respect to the design240

variables are derived using an adjoint-based approach. Without loss of generality, body forces are neglected in the241

following derivations. An augmented Lagrangian functional is constructed as:242

𝐿1(𝑼 ,𝑫) = 1(𝑼fn(𝑫),𝑫;𝑼dn) +
𝑀
∑

𝑖=1
𝝀⊤𝑖 𝑹𝑖(𝑼 ,𝑫), (21)

where 𝝀𝑖 denotes the adjoint displacement vector corresponding to the 𝑖-th sampling point. Taking the total derivative243

of 𝐿1 with respect to the design variables yields:244

𝜕𝐿1(𝑼 ,𝑫)
𝜕𝑫

=
𝑀
∑

𝑖=1

(

𝝀⊤𝑖,dn
𝜕𝒇 int

𝑖,dn

𝜕𝑫
+ 𝝀⊤𝑖,fn

𝜕𝒇 int
𝑖,fn

𝜕𝑫

)

. (22)

The adjoint variables associated with the displacement-controlled nodes and the free nodes are obtained from the245

stationarity conditions as:246

𝝀⊤𝑖,dn = 2
𝐹𝑖,dn − 𝐹 ∗

𝑖
(

𝐹
∗
𝑖

)2
𝐈, 𝝀⊤𝑖,fn = −2

𝐹𝑖,dn − 𝐹 ∗
𝑖

(

𝐹
∗
𝑖

)2

𝜕𝒇 int
𝑖,dn

𝜕𝑼𝑖,fn

(

𝜕𝒇 int
𝑖,fn

𝜕𝑼𝑖,fn

)−1

, (23)

where 𝐈 denotes the identity matrix. The derivative of the volume constraint with respect to the design variables is247

given by:248

𝜕𝑉
𝜕𝑫

=
𝑛𝑒
∑

𝑒=1

𝑉𝑒
𝑉𝐷

(

1
𝑛𝑛

𝑛𝑛
∑

𝑗=1

𝜕𝐻𝛾
𝜖 (𝜙v)𝑒𝑗
𝜕𝜙v

)

𝜕𝜙v

𝜕𝑫
. (24)

Similarly, the sensitivity of the curvature constraint is obtained via the chain rule as:249

𝜕𝐸curv
𝜕𝑫

= ∫Γ
2𝜅 𝜕𝜅

𝜕𝜙v
𝜕𝜙v

𝜕𝑫
dΓ. (25)
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The derivative of the global TDF 𝜙v with respect to the design variables can be expressed as:250

𝜕𝜙v

𝜕𝑫
=

𝑛𝑣
∑

𝑖=1

𝜕𝜙v

𝜕𝜙𝑖(𝑫𝑖;𝒙)
𝜕𝜙𝑖(𝑫𝑖;𝒙)

𝜕𝑫
=

𝑛𝑣
∑

𝑖=1

𝑒𝜁𝜙𝑖(𝑫𝑖;𝒙)
∑𝑛𝑣

𝑗=1 𝑒𝜁𝜙
𝑗 (𝑫𝑗 ;𝒙)

𝜕𝜙𝑖(𝑫𝑖;𝒙)
𝜕𝑫

. (26)

In Eq. (26), the explicit expressions for 𝜕𝜙𝑖(𝑫𝑖;𝒙)∕𝜕𝑫 are provided in Appendix A. The derivative of the curvature251

𝜅 with respect to the global TDF 𝜙v reads:252

𝜕𝜅
𝜕𝜙v = − 𝜕

𝜕𝑥

[

2𝜙v
,𝑥𝑦𝜙

v
,𝑦((𝜙

v
,𝑥)

2 + (𝜙v
,𝑦)

2)−5∕2((𝜙v
,𝑦)

2 − 2(𝜙v
,𝑥)

2)
]

− 𝜕
𝜕𝑦

[

2𝜙v
,𝑥𝑦𝜙

v
,𝑥((𝜙

v
,𝑥)

2 + (𝜙v
,𝑦)

2)−5∕2(2(𝜙v
,𝑦)

2 − (𝜙v
,𝑥)

2)
]

+ 𝜕2

𝜕𝑥𝜕𝑦

[

−2𝜙v
,𝑥𝜙

v
,𝑦((𝜙

v
,𝑥)

2 + (𝜙v
,𝑦)

2)−3∕2
]

.

(27)
3.3.2. Sensitivity analysis of structures for maximum stored energy253

Similarly, to solve the problem in Section 3.2.2, this section derives the corresponding sensitivities. An augmented254

Lagrangian functional is constructed by introducing adjoint displacement vectors 𝝀𝑖 associated with each sampling255

point along the loading path, while explicitly accounting for the residual contribution from the preceding sample point:256

𝐿2(𝑼 ,𝑫) = 2(𝑼fn(𝑫),𝑫;𝑼dn) +
𝑀
∑

𝑖=1

(

𝝀⊤𝑖 𝑹𝑖(𝑼 ,𝑫) + 𝝀⊤𝑖−1𝑹𝑖−1(𝑼 ,𝑫)
)

, (28)

where 𝝀𝑖 denotes the adjoint displacement vector corresponding to the 𝑖-th sample point. The sensitivity of 𝐿2(𝑼 ,𝑫)257

with respect to the design variables is then computed as:258

𝜕𝐿2(𝑼 ,𝑫)
𝜕𝑫

=
𝑀
∑

𝑖=1

(

𝝀⊤𝑖,dn
𝜕𝒇 int

𝑖,dn

𝜕𝑫
+ 𝝀⊤𝑖,fn

𝜕𝒇 int
𝑖,fn

𝜕𝑫
+ 𝝀⊤𝑖−1,dn

𝜕𝒇 int
𝑖−1,dn

𝜕𝑫
+ 𝝀⊤𝑖−1,fn

𝜕𝒇 int
𝑖−1,fn

𝜕𝑫

)

. (29)

From the stationarity conditions, the adjoint variables are obtained as259

𝝀⊤𝑖,dn = 𝝀⊤𝑖−1,dn = −ℎ
2
𝐈, 𝝀⊤𝑖−1,fn =

ℎ
2

𝜕𝒇 int
𝑖−1,dn

𝜕𝑼𝑖−1,fn

(

𝜕𝒇 int
𝑖−1,fn

𝜕𝑼𝑖−1,fn

)−1

, 𝝀⊤𝑖,fn =
ℎ
2

𝜕𝒇 int
𝑖,dn

𝜕𝑼𝑖,fn

(

𝜕𝒇 int
𝑖,fn

𝜕𝑼𝑖,fn

)−1

. (30)

These expressions reveal that the adjoint operator at each sampling point is intrinsically coupled to the displacement-260

loading history through the preceding equilibrium state, reflecting the path-dependent nature of the limit-point261

instability problem. For numerical implementation, a uniform step size ℎ is adopted throughout this work. The resulting262

framework enables systematic exploration of instability-enabled nonlinear responses, as demonstrated in the following263

numerical examples.264

4. Numerical examples265

This section demonstrates the capability of the proposed framework to program nonlinear mechanical responses266

through controlled instability. We first validate the sensitivity formulation and optimization framework. We then267

compare energy-based and stiffness-based formulations to illustrate the role of instability in shaping nonlinear268

responses. Finally, we demonstrate the inverse design of tailored nonlinear force–displacement responses. The269

optimization problems are solved using the Method of Moving Asymptotes (MMA) [65]. The material parameters are270

𝜇 = 1.08MPa, 𝜆𝑚 = 7, and 𝐷𝑘 = 0.01 (corresponding to a bulk modulus of 0.2GPa). The displacement loading path271

is discretized into 𝑀 = 10 sampling points. In addition, the volume constraint is applied in the initial iterations, then272

during the optimization process, the curvature constraint is applied. Unless otherwise stated, all numerical examples273

presented in the following adopt these settings.274
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Fig. 2. Boundary conditions and initial designs for energy-based topology optimization with a constant out-of-plane
thickness of 1mm under a plane stress assumption. (a) Case 1: design domain of 40mm×10mm, discretized using 200×50
uniform four-node bilinear quadrilateral finite elements; a prescribed downward displacement applied at the midpoint of
the bottom edge. (b) Case 2: design domain of 10mm × 10mm, discretized using 100 × 100 uniform four-node bilinear
quadrilateral finite elements; a prescribed horizontal displacement applied at the center of the top edge.

Fig. 3. (a) Differential sensitivity verification for energy-based design (Case 1); optimized designs obtained from energy-
based design under maximum prescribed displacements of (b) 2mm, (c) 5mm, and (d) 10mm.

4.1. Analytical sensitivity verification275

This subsection validates the correctness and robustness of the proposed sensitivity formulation. We begin by276

examining the consistency of the derived adjoint sensitivities through finite-difference verification for the energy-277

based formulations presented in Sections 3.3.2, for the initial in Fig. 2. As shown in Fig. 3(a), the analytical and278

finite-difference sensitivities exhibit excellent agreement, confirming the correctness of the sensitivity derivations and279

their numerical implementation.280

Based on the established formulation, a simply supported beam benchmark (energy-based design, Case 1) is281

considered to illustrate the characteristics of the proposed optimization framework. The design domain, initial MMV282

layout, mesh discretization, and boundary conditions are detailed in Fig. 2(a). Three maximum prescribed vertical283

displacements, 𝑈𝑦 = 2, 5 and 10mm, are considered in separate optimizations. The maximum volume fraction is set284

to 0.3 and the upper bound of the curvature constraint is set to 45.285

As the prescribed displacement increases, the optimized structures shown in Fig. 3 exhibit pronounced topological286

variation. At 𝑈𝑦 = 2mm, the optimized structure closely resembles the result reported in [66] and deforms287
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Fig. 4. Comparison of optimization results between the classic stiffness optimization (S) and the energy-based design (E)
under maximum prescribed displacements of 𝑈𝑥=0.5, 1.5 and 3.0 mm for Case 2, respectively. Here, S-𝑥 and E-𝑥 denote the
stiffness-based and energy-based designs with a prescribed maximum displacement of 𝑈𝑥 = 𝑥 mm. (a), (d), (g) illustrate
the designs of stiffness optimization; (b), (e), (h) illustrate the designs of energy optimization; (c), (f), (i) illustrate the
force-displacement curves of the designs of stiffness optimization and energy optimization, respectively.

predominantly through bending of members connecting the central region to the supports, indicating a bending-288

dominated response.289

When the prescribed displacement increases to 5mm, the global topology remains similar; however, the connecting290

members become shorter and thicker, leading to increased bending stiffness and a growing contribution from axial291

compression and tension. At 𝑈𝑦 = 10mm, a clear change in optimized topology is observed: the connecting members292

align nearly horizontally, and the deformation becomes primarily stretching-dominated. Similar transitions from293

bending- to stretching-dominated mechanisms under large deformation have been reported in previous studies [66].294

These results confirm the correctness of the sensitivity formulation and establish the numerical robustness of the295

proposed instability-enabled topology optimization framework.296

4.2. Comparison of classic stiffness and energy-based optimization under prescribed displacements297

To highlight the fundamental differences between the proposed energy-based formulation and conventional design298

strategies, classic stiffness design minimizing the end compliance is adopted as a reference. This is equivalent to299

maximizing structural stiffness at the prescribed displacement. The corresponding formulation is summarized in300

Appendix B.301

The configuration shown in Fig. 2(b) is considered as the initial design, where a horizontal displacement is302

prescribed at the top boundary. Three maximum prescribed displacements, 𝑈𝑥=0.5, 1.5, and 3.0 mm, corresponding303
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Fig. 5. Comparison of deformation configurations between the classic stiffness optimization (S) and the energy-based design
(E) at representative displacement states for Case 2. The deformation states correspond to the labeled points in Fig. 4.
(a–b) S-0.5 and E-0.5 at 𝑈𝑥 = 1.5 mm; (c–d) S-1.5 and E-1.5 at 𝑈𝑥 = 2.5 mm; (e–f) S-3.0 and E-3.0 at 𝑈𝑥 = 1.0 mm;
(g–h) S-3.0 and E-3.0 at 𝑈𝑥 = 2.0 mm.

to nominal strains of 5%, 15%, and 30%, respectively, are examined. The maximum volume fraction is set to 0.4, and304

the upper bound of the curvature constraint is set to 80.305

Fig. 4 shows the optimized topologies together with the corresponding force–displacement curves. Obviously, the306

structures optimized under prescribed maximum displacements of 0.5 and 1.5 mm are relatively similar, consisting of307

an outer contour "Λ" of thicker members and an inner network "x" of thinner members (Figs. 4(a–b) and (d–e)). The308

outer members predominantly resist the deformation, while the inner members act as secondary load-transfer paths.309

When the applied displacement exceeds 3 mm, both the configurations of the stiffness-based and energy-based designs310

vary significantly (i.e., S-3.0 and E-3.0, Fig. 4(g-i)). Specifically, S-3.0 illustrates a "𝜆"-shaped structure, while E-3.0311

resembles a "A"-shaped structure. Their force–displacement curves also differ: E-3.0 remains approximately linear,312

while S-3.0 behaves as a convex force–displacement curve.313

To illustrate the underlying mechanism, Fig. 5 presents representative deformed configurations at selected states.314

In the stiffness-based design (S-0.5), the outer member circled in red is thinner than that in the corresponding energy-315

based design. When the applied displacement exceeds 1.0 mm, localized buckling occurs in these weakened members,316

directly affecting the primary load-transfer path and reducing load-carrying capacity. In the energy-based design (E-0.5,317

Fig. 4(b)), the outer contour members have a more uniform thickness, and buckling occurs within the inner network318

(black circle), a secondary load-transfer path whose influence on the global response is less pronounced. Figs. 5(a–b)319

show the post-buckled deformation of S-0.5 and E-0.5 at 𝑈𝑥 = 1.5 mm.320

For the optimized designs S-1.5 and E-1.5, besides a similar mechanism, some differences remain. In S-1.5,321

localized thinning along the outer contour (red circle in Fig. 4(d)) leads to a larger force drop under further loading. In322

E-1.5, more material is distributed in the inner network while the outer components are thinner as compared to E-0.5.323

All these structural features lead to the post-buckled deformation at 𝑈𝑥 = 2.5 mm shown as Figs. 5(c–d).324

et al.: Preprint submitted to Elsevier Page 11 of 29



Programming nonlinear mechanical responses by topology optimization of limit-point instabilities

Fig. 6. (a) Boundary conditions and initial design for topology optimization of tailored nonlinear force–displacement
responses with a constant out-of-plane thickness of 1mm under a plane stress assumption. The 10mm × 10mm design
domain is discretized using 100 × 100 uniform four-node bilinear quadrilateral finite elements. A uniform downward
displacement is prescribed on the top edge, and the non-design region is shaded in gray. (b–c) Schematic illustrations
of nonlinear force–displacement responses under compressive loading up to a nominal strain of 20%, with the buckling
point occurring at a strain of 8%.

In the stiffness-based design S-3.0, at 𝑈𝑥 = 1.0 mm (Fig. 5(e)), the response is mainly the rotation of its top (red325

circle), leading to a relatively small force response along the prescribed displacement. At 𝑈𝑥 = 2.0 mm (Fig. 5(g)),326

the rotation has almost completed and the lower members begin to deform noticeably. This results in an increase in327

tangent stiffness in the force–displacement curve in Fig. 4(i). Differently, the energy-based design (E-3.0) shows a328

more uniform deformation pattern. At both 𝑈𝑥 = 1.0 mm (Fig. 5(f)) and 𝑈𝑥 = 2.0 mm (Fig. 5(h)), the deformation is329

distributed throughout the structure without pronounced localized rotations. As a result, the force–displacement curve330

remains nearly linear.331

The observations above indicate that different optimization formulations can lead to distinct stiffness-evolution332

characteristics along the loading path. While conventional stiffness optimization evaluates structural performance only333

at the terminal displacement, the energy-based formulation implicitly regulates the structural response throughout the334

prescribed deformation range. On the one hand, buckling is alleviated in both the stiffness-based and energy-based335

design formulations to enhance the load capacity; on the other hand, appropriate post-buckling behavior supplies a336

novel strategy to realize various force-displacement responses as shown in the subsequent part.337

These results demonstrate that instability-enabled topology optimization provides a broader design space for338

programming nonlinear responses compared to conventional stiffness-driven design.339

4.3. Topology optimization of post-buckled structures with tailored nonlinear responses340

This subsection demonstrates the inverse design of nonlinear force–displacement responses through controlled341

limit-point instabilities. The design domain, loading condition, and boundary constraints are illustrated in Fig. 6(a).342

To ensure stable load transfer and avoid numerical artifacts near the boundaries, non-designable regions of size343

10 mm × 0.3 mm are introduced along the top and bottom edges.344

Three representative compressive response types under large deformation, strain-hardening, yield-plateau, and345

strain-softening, are considered, representing distinct classes of nonlinear structural behavior governed by different346

instability mechanisms, as schematically shown in Figs. 6(b-d). It is emphasized that these terms describe the "overall347

structural force-displacement characteristics" rather than the constitutive behavior of the base material. Specifically, the348

target responses are characterized by a change in tangent stiffness from an initial value of 5 to post-buckling values of349

1, 0, and −1, respectively. The maximum volume fraction is set to 0.4, and the upper bound of the curvature constraint350

is prescribed as 100.351

Finite-difference verification has also been performed for Problem I, with the consistency provided in Appendix C.352

The optimized topologies corresponding to the three target responses are presented in Fig. 7, clearly revealing the353
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Fig. 7. Optimized structures for three prescribed nonlinear force–displacement responses: (a) strain hardening response
(Design 1); (b) yield plateau response (Design 2); (c) strain softening response (Design 3).

Fig. 8. Optimized design and mechanical response corresponding to a prescribed strain-hardening response. (a) Design 1.
(b) Comparison between the target and obtained force–displacement curves, with four selected displacement points A (0.4
mm), B (0.8 mm), C (1.2 mm), and D (2.0 mm). (c–f) von Mises stress distributions corresponding to points A–D shown
in the deformed configuration, respectively.

spatial arrangement of MMVs. Each optimized structure is further analyzed in terms of its geometric configuration,354

dominant deformation mechanism, and resulting force-displacement response. In addition, the three optimized designs355

can be interpreted as modular building blocks that may serve as primitive units for subsequent structural assembly.356

By arranging these modules in series or in parallel, more complex and programmable mechanical responses can be357

constructed, highlighting the extensibility of the proposed design framework.358

4.3.1. Post-buckled structures with strain hardening response359

Using the framework presented above, we first design a structural module exhibiting a strain-hardening response360

with a prescribed reduction in stiffness. As shown in Fig. 8, Design 1 targets a bilinear force–displacement curve in361

which the stiffness decreases from 0.25 N/mm to 0.05 N/mm. The optimized result achieves a relative error of 1.5%,362

indicating excellent agreement with the target response. The optimized structure consists of an “8”-shaped primary363

load-bearing frame supplemented by two inclined auxiliary rods.364
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Fig. 9. Optimized design and mechanical response corresponding to a prescribed yield plateau response. (a) Design 2. (b)
Comparison between the target and obtained force–displacement curves, with four selected displacement points A (0.4
mm), B (0.8 mm), C (1.2 mm), and D (2.0 mm). (c–f) von Mises stress distributions corresponding to points A–D shown
in the deformed configuration, respectively.

The strain-hardening behavior originates from a transition from axial-dominated load transfer to bending-365

dominated deformation within the primary structural frame. The representative deformation states shown in Figs. 8(c–f)366

illustrate this progressive evolution with highlighted regions. At a small displacement (0.4 mm, point A in the force-367

displacement curve in Fig. 8(b)), load is efficiently transmitted through axial compression along the primary load path,368

resulting in a relatively high initial stiffness. As deformation progresses, bending gradually becomes dominant in the369

curved segments of the primary frame (region ①), while regions ② and ④ exhibit much smaller curvature and continue370

to deform primarily through axial compression. This evolution weakens the axial force transmission and continuously371

reduces the tangent stiffness, with a limit-point instability occurring in the inclined auxiliary members (region ③) that372

modulate stiffness without altering the global deformation mode.373

In summary, Design 1 exemplifies how the interplay between primary-frame bending and auxiliary-member374

instabilities can be exploited to achieve a smooth, strain-hardening response. This case highlights the principle375

of regulating post-buckling behavior through structural topology, which sets the stage for the following examples376

exploring yield-plateau and strain-softening responses. This example illustrates how localized instability can be used377

to gradually modulate stiffness.378

4.3.2. Post-buckled structures with yield plateau response379

Force-displacement responses featuring a force plateau are of particular interest due to their potential applications.380

Using the proposed optimization framework, as shown in Fig. 9(b), Design 2 first exhibits a stiffness of 0.25 N/mm381

and transitions to a nearly constant-force regime at a displacement of approximately 0.8 mm. The optimized response382

achieves a relative error of 1.08%, confirming accurate realization of the prescribed plateau behavior.383

As illustrated in Fig. 9(c–f), the yield plateau emerges from the coordinated response of multiple limit-point384

instabilities. At a downward displacement of 0.8 mm, regions ① and ④ are buckled, while regions ② and ③ show385

milder deformation, consistent with the actual weakened response in Fig. 9(b). As the displacement progresses to 1.2386

mm, the post-buckling bending in region ② becomes more pronounced, followed closely by region ③. These distributed387

instabilities collectively effect the load capacity, maintaining a nearly constant global force over a finite displacement388

interval.389
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Fig. 10. Optimized design and mechanical response corresponding to a prescribed strain softening response. (a) Design 3.
(b) Comparison between the target and obtained force–displacement curves, with four selected displacement points A (0.4
mm), B (0.8 mm), C (1.2 mm), and D (2.0 mm). (c–f) von Mises stress distributions corresponding to points A–D shown
in the deformed configuration, respectively.

This mechanism differs fundamentally from many quasi-zero-stiffness systems in literature, which typically390

combine a discrete negative-stiffness element with an independent positive-stiffness spring arranged in parallel [67, 68].391

Differently, the present continuum configuration contains no separable stiffness components, and the instability is392

distributed throughout the structure.393

In short, Design 2 realizes a nearly constant-force plateau through the coordinated limit-point instabilities of394

multiple structural components. This example highlights how structural configuration can distribute and regulate post-395

buckling behavior to achieve a stable, extended plateau response. This case demonstrates how distributed instabilities396

generate plateau-type responses.397

4.3.3. Post-buckled structures with strain softening response398

We next design a structure exhibiting a strain softening (negative stiffness) response induced by a controlled399

snap-through instability. In Design 3, the target force-displacement response consists of an initial positive stiffness400

of 0.25 N/mm, followed by a transition to a negative stiffness regime with a slope of −0.05 N/mm beyond a prescribed401

displacement of 𝑑 = 0.8 mm. The optimized topology achieves a relative error of 1.9% in force-displacement response.402

As shown in Fig. 10, the optimized design differs markedly from the previous cases and consists of two central voids403

interconnected by non-uniform oblique members. The obtained force–displacement curve in Fig. 10(b) captures the404

intended snap-through behavior, with the limit point of the force-displacement curve located at approximately 1.0 mm,405

slightly shifted from the target value.406

Deformed configurations in Figs. 10(c–f) illustrate the progressive localization of the stress field under instability.407

At a downward displacement of 0.4 mm, a relatively uniform stress distribution along regions ①–⑤ as the load408

transmission path, resulting in a relatively stiff response. As deformation increases, higher-level stress gradually409

concentrates toward the central structural segment. Consequently, a snap-through instability appeared in region ③,410

producing the negative tangent stiffness observed in Fig. 10(b). This strain softening behavior arises purely from411

geometrically induced instability and remains fully reversible, in contrast to material softening.412

In conclusion, the nonlinear response of Design 3 is generated through a localized snap-through instability to trigger413

branch switching. This contrasts with the stiffness degradation of Design 1 and the distributed instability cascade of414

Design 2, highlighting the ability of the proposed framework to toggle between fundamentally different instability415
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architectures in order to achieve prescribed nonlinear mechanical responses. This example highlights snap-through416

instability as a mechanism for negative stiffness.417

4.3.4. Summary418

The three examples demonstrate distinct topological architectures for prescribing nonlinear force–displacement419

responses through geometrically induced instability. Design 1 produces a strain-hardening response through a transition420

from axial-dominated load transfer to bending-dominated deformation, with a local limit-point instability in the421

two inclined auxiliary rods subtly modulating the overall stiffness. Design 2 achieves a yield-plateau response via422

the coordinated activation of distributed local limit points. This distributed mechanism maintains an approximately423

constant global force-displacement response over a finite displacement interval. Design 3 generates a strain-softening424

response through a concentrated snap-through instability accompanied by branch switching, producing a negative425

stiffness segment. Taken together, these cases illustrate how structural topology can regulate not only the magnitude of426

stiffness but also the spatial distribution and coordination of instability events, enabling systematic transitions between427

continuous deformation, distributed criticality, and concentrated snap-through mechanisms.428

Appendix D presents additional optimized structures exhibiting various combinations of initial stiffness and post-429

instability responses, including transitions from 0.25 N/mm to 0.1 N/mm, from 0.1 N/mm to 0.05 N/mm, from430

0.2 N/mm to zero stiffness, and from 0.25 N/mm to negative stiffness (−1 N/mm). These supplementary examples431

further demonstrate the versatility and generality of the proposed topology optimization framework for tailoring432

nonlinear force-displacement behaviors.433

These examples demonstrate that nonlinear mechanical responses can be systematically programmed by controlling434

the spatial distribution and activation sequence of limit-point instabilities. The programmable nonlinear responses435

provide a foundation for practical applications, as demonstrated in the following section.436

5. Applications of optimized structures with tailored nonlinear responses437

This section illustrates how instability-programmed nonlinear responses can be leveraged for representative438

mechanical functionalities, including overload protection, vibration isolation, and energy dissipation. These examples439

are intended to demonstrate the mechanical implications of the proposed design framework rather than to provide fully440

optimized engineering designs.441

5.1. Overload protection via strain hardening response442

Most existing overload-protection designs are based on idealized elastic-plastic models, in which an initial elastic443

regime is followed by a plastic stage with reduced tangent stiffness. In such systems, overload protection is typically444

achieved through irreversible plastic deformation, which dissipates energy and, owing to the reduced post-yield445

stiffness, confines the final deformation within a predictable range [51, 69]. The present study targets an analogous446

protective mechanism, but realized purely through geometric nonlinearity. Since a hyperelastic material model is447

adopted, energy dissipation through plasticity is not available. Instead, the reduced stiffness in the post-buckling regime448

serves to limit the deformation of the protected component, provide a clear mechanical indication of overload, and449

ensure a controlled and predictable response.450

A snap-through structure is selected as the protected component, as illustrated in Fig. 11(a). Without protection,451

the component rapidly loses stability and undergoes snap-through under loading, leading to severe stress concentration452

(Fig. 11(b)). The component is made of silicon, with an elastic modulus of 170 GPa and a Poisson’s ratio of 0.22. A453

prescribed displacement of 2 mm is applied in both the unprotected and protected configurations.454

In the protected system, the strain-hardening structure (Design 1) is connected in series with the protected455

component, as shown in Fig. 11(d). Owing to this series configuration, the global force-displacement response is456

governed by the softer element after the stiffness transition. As a result, the reaction force remains relatively low (black457

curve in Fig. 11(c)), while the protected component experiences only negligible deformation (Fig. 11(e)), effectively458

bounding its final displacement within a small range (Fig. 11(f)). These results demonstrate that the strain-hardening459

post-buckling structure can function as a passive mechanical fuse, providing effective overload protection without460

relying on irreversible material damage. This example highlights how instability-enabled stiffness transitions can be461

used to regulate load transfer and protect sensitive components.462
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Fig. 11. Illustration of a strain hardening structure for overload protection: (a) unprotected component and loading
configuration; (b) von Mises stress distribution of the unprotected component after loading; (c) comparison of force-
displacement curves for the protected and unprotected components; (d) protected system with Design 1 connected in series
and its loading configuration; (e) von Mises stress distribution of the protected component after loading; (f) comparison
of displacement responses for the protected and unprotected components along the displacement loading.

5.2. Vibration isolation via yield plateau response463

Building on the yield plateau responses designed in Section 4.3.2, this section demonstrates how the combination464

of a post-buckling-induced force plateau and a subsequent positive-stiffness regime can be exploited for vibration465

isolation. Such yield-plateau structures can exhibit QZS-like behavior, simultaneously providing sufficient static466

stiffness to support static loads and low effective dynamic stiffness under small-amplitude excitations.467

Most existing QZS isolators rely on multi-component assemblies, such as spring-actuated linkages or cam-roller468

mechanisms [70, 71], which inevitably increase structural complexity and assembly sensitivity. In contrast, the present469

framework realizes the plateau response using a single-phase continuum structure obtained via topology optimization,470

offering a compact and mechanically integrated solution for low-frequency vibration isolation.471

As shown in Fig. 12(b), contact constraints are enforced to ensure physically admissible deformations under large472

strains. The nominal strain considered in the optimization problem is 20%, and actually the force plateau extends from473

8% to 58% nominal strain, followed by a rapid increase in load-bearing capacity caused by contact. This behavior474

confirms that the optimized structure exhibits a stable QZS-like response over a broad displacement range, consistent475

with practical requirements for vibration isolation.476

To evaluate the vibration isolation performance, a mass block was placed on the designed structure to preload477

it into the QZS regime. Harmonic displacement excitation was then applied at the bottom surface under different478

damping ratios 𝜂, and the resulting displacement response at the top surface of the mass was recorded to compute the479

displacement transmissibility 𝑇𝑢 [72], defined as480

𝑇𝑢 = 20 log10

(

𝐴out
𝐴in

)

, (31)

where 𝐴in and 𝐴out denote the input and output displacement amplitudes, respectively. The frequency-dependent481

transmissibility was evaluated to assess the influence of damping on the dynamic response (Fig. 12(c)). In the absence482
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Fig. 12. Vibration isolation performance of the yield plateau structure (Design 2): (a) static deformation of the structure
under a mass block; (b) force-displacement response exhibiting a yield-plateau behavior under progressive compression
(force normalized by its maximum value; horizontal axis represents global engineering strain); (c) frequency-dependent
transmissibility for different damping ratios; (d) comparison of periodic displacements of the base and top mass near the
resonance frequency (6 Hz); (e) comparison of periodic displacements near the isolation frequency (20 Hz).

of damping, the designed isolator exhibits a resonance at 4.66Hz and enters the isolation region (transmissibility < 1)483

beyond 6.66Hz. Introducing a damping ratio of 𝜂 = 0.1 significantly suppresses the resonance peak and induces an484

anti-resonance near 8.26Hz. Further increases in damping lead to a smoother frequency response and a moderate485

upward shift of the isolation onset frequency.486

To further illustrate the isolation behavior in the time domain, harmonic displacement excitations were applied at487

6Hz (near resonance) and 20Hz (within the isolation band). As subharmonic resonance occurs under both 6 Hz and 20488

Hz excitation, the harmonic components of the output displacement were extracted via Fourier transform and compared489

with the input displacements at those two frequencies, respectively. As shown in Fig. 12(d), excitation near resonance490

results in amplification, with the output displacement exceeding the input. In contrast, excitation at 20Hz (Fig. 12(e))491

leads to substantial attenuation of the transmitted motion, confirming the effectiveness of the proposed yield-plateau492

structure for vibration isolation. Although these two frequencies are presented as representative cases, the isolator493

maintains reduced transmissibility over a broad frequency range within the QZS regime. The yield-plateau response494

provides quasi-zero-stiffness-like behavior, which is particularly attractive for low-frequency vibration isolation.495

5.3. Energy dissipation via strain softening response496

This study focuses on the strain-softening (negative-stiffness) configuration of Design 3, with the loading range497

extended beyond the second limit point to fully activate its snap-through behavior. As illustrated in Fig. 13(a),498

force-controlled loading reveals abrupt transitions between two stable equilibrium branches, accompanied by distinct499

force jumps during both loading and unloading. This separation of equilibrium paths reflects the intrinsic hysteresis500

associated with limit-point instability and the corresponding energy conversion, a feature that cannot be fully captured501

under displacement-controlled loading of a single unit, consistent with previous observations [73].502

To harness this instability-induced hysteresis for energy dissipation, multiple snap-through modules are assembled503

in series (Fig. 13(c)). Rigid connectors ensure effective transmission of force and displacement among adjacent units,504

while Rayleigh damping is introduced solely to suppress high-frequency oscillations triggered by rapid instability505

events. In an idealized perfectly symmetric system, all units would snap simultaneously; however, in practice,506
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Fig. 13. Energy dissipation system based on the strain softening structure (Design 3): (a) schematic illustration of the
loading-unloading process for a single unit under force control, showing snap-through events; (b) hysteresis loop of a series
assembly of five units under displacement control (force normalized by its maximum value; horizontal axis represents global
engineering strain); (c) configuration of the assembled architecture composed of five units.

Table 1
Reference parameter sets for the two parametric models corresponding to different target nonlinear responses.

Target Response Parameter Set of Model 1 Parameter Set of Model 2

Strain Hardening

(0.00, 9.78, 9.92, 3.00,−𝜋∕2)
(5.00, 7.50, 1.50, 1.25,−𝜋∕2)
(5.00, 3.30, 2.00, 1.20,−𝜋∕2)
(2.50, 0.30, 1.85, 0.85, 𝜋∕3)

(0.00, 5.00, 4.70, 3.00,−𝜋∕2)
(5.00, 7.50, 2.20, 1.25,−𝜋∕2)
(5.00, 2.50, 2.20, 1.25,−𝜋∕2)
(2.50, 0.30, 1.55, 0.75, 𝜋∕3)

Yield Plateau

(0.00, 10.25, 9.24, 3.34,−𝜋∕2)
(5.00, 7.80, 1.50, 1.18,−𝜋∕2)
(5.00, 3.50, 2.00, 2.00,−𝜋∕2)
(1.75, 0.30, 1.60, 0.70, 𝜋∕3)

(0.00, 5.00, 4.70, 3.25,−𝜋∕2)
(5.00, 7.50, 2.20, 1.60,−𝜋∕2)
(5.00, 2.50, 2.20, 1.60,−𝜋∕2)
(2.50, 0.30, 1.00, 0.80, 𝜋∕4)

Strain Softening

(0.00, 5.00, 4.04, 3.35,−𝜋∕2)
(5.00, 7.50, 1.21, 1.50,−𝜋∕2)
(5.00, 2.50, 2.36, 1.40,−𝜋∕2)
(1.80, 0.30, 1.40, 0.56, 𝜋∕3)

(0.00, 5.00, 4.04, 3.35,−𝜋∕2)
(5.00, 7.50, 2.36, 1.40,−𝜋∕2)
(5.00, 2.50, 1.21, 1.50,−𝜋∕2)
(1.80, 0.30, 1.35, 0.56, 𝜋∕3)

unavoidable manufacturing imperfections or deliberately introduced perturbations break this symmetry and promote507

sequential snap-through. In the present study, gravity is employed as a simple and controllable means to induce such508

imperfection.509

As a result, the global force-displacement response of the assembled system (Fig. 13(b)), plotted against the global510

engineering strain of the assembly, exhibits a cascade of snap-through events during both loading and unloading,511

manifested as multiple force drops and recoveries. Here, the global engineering strain is calculated based on the512

cumulative deformation of the five snap-through units only, excluding the thickness of the rigid connectors. For clarity,513

the force is normalized by its maximum value so that the characteristic hysteretic response can be clearly visualized514

independent of the absolute force magnitude and the physical scale of the system. The enclosed area between the515

loading and unloading paths directly quantifies the mechanical energy dissipated through repeated instability-driven516

transitions, demonstrating the effectiveness of the strain-softening architecture as an energy-dissipation mechanism.517

This mechanism demonstrates how instability-induced hysteresis can be harnessed for passive energy dissipation.518

5.4. Parameter models with tunnable nonlinear responses over large deformation519

While topology optimization provides high design freedom, the resulting geometries are often difficult to reproduce.520

To address this limitation, simplified parametric models are constructed based on the dominant geometric features of521

the optimized designs. Based on the topology-optimized designs developed in the preceding sections, a variety of522
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Fig. 14. Parametric model 1 based on two ellipses and its performance: (a) schematic illustration of the model with design
variables; (b-d) force-displacement responses obtained by varying a small subset of geometric parameters, exhibiting strain
hardening, yield plateau, and strain softening behaviors, respectively; (e) corresponding deformation patterns highlight the
underlying deformation mechanisms associated with each response type.

tailored nonlinear force-displacement responses have been achieved. While these designs are directly applicable in523

CAE environments, they rely on complex B-spline-based geometries with a large number of control parameters, which524

complicates reproduction and limits their general applicability.525

To improve practicality and generalizability, two simplified parametric models are constructed by abstracting the526

dominant geometric features of the optimized topologies. As illustrated in Fig. 14(a) of Model 1 and Fig. 15(a) of Model527

2, the design variable vector 𝑫𝑚 = (𝑥1, 𝑦1, 𝑎1, 𝑏1, 𝜃1, 𝑥2, 𝑦2, 𝑎2, 𝑏2, 𝜃2, 𝑥3, 𝑦3, 𝑎3, 𝑏3, 𝜃3, 𝑥4, 𝑦4, 𝑎4, 𝑏4, 𝜃4)⊤ defines the528

geometry of four ellipses, parameterized by their center coordinates (𝑥𝑖, 𝑦𝑖), semi-major axis 𝑎𝑖, semi-minor axis 𝑏𝑖,529

and orientation angle 𝜃𝑖. Geometric symmetry is exploited to reduce the number of independent variables: the two530

middle ellipses are fixed at 𝑥2 = 𝑥3 = 5 with 𝜃2 = 𝜃3 = 𝜋∕2, one ellipse is placed at 𝑥1 = 0 and mirrored accordingly,531

and the final ellipse is fixed at 𝑦4 = 0.3, with the remaining ellipses generated symmetrically about the central axis. As532

a result, only 14 independent design variables are required in both models. Apart from non-intersection and topology533

preservation, no explicit bounds are imposed on the parameters.534

Table 1 lists representative reference parameter sets for the two parametric models illustrated by Figs. 14(a)535

and 15(a), from which the three classes of nonlinear responses can be continuously tuned by varying only a small536

subset of geometric parameters.537

Strain-hardening response: In Model 1, the strain-hardening behavior is primarily governed by parameter 𝑏3.538

Increasing 𝑏3 (e.g., from 1.20 to 1.35) elevates the post-buckling stiffness and the overall hardening level (Fig. 14(b)),539

with the dominant mechanism being stiffness reduction induced by bending of the oblique rods. In Model 2, a540

comparable effect is achieved by tuning parameter 𝑎4(Fig. 15(b)), which is effective within the range [1.5, 1.75]; outside541

this interval, the response transitions to a strain-softening (negative-stiffness) regime.542

Yield-plateau response: For Model 1, synchronously increasing 𝑎3 = 𝑏3 (from 2.0 to 2.3) progressively lowers543

the plateau force level while maintaining a nearly unchanged yield point (Fig. 14(c)). In Model 2, the plateau height544

is mainly controlled by parameters 𝑏2 and 𝑏3 (Fig. 15(c)), with effective tuning achieved within the range [1.4, 1.95].545

The associated deformation is characterized by coordinated bending and rotation of structural components, resulting546

in a stable QZS-like response.547
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Fig. 15. Parametric model 2 based on four ellipses and its performance: (a) schematic illustration of the model with design
variables; (b-d) force-displacement responses demonstrating strain hardening, yield plateau, and strain softening behaviors
were achieved through parametric adjustments; (e) representative deformation patterns illustrating coordinated bending
and rotation mechanisms underlying the observed nonlinear responses.

Strain-softening response: In both models (Figs. 14(d) and 15(d)), the strain-softening behavior is predominantly548

controlled by parameter 𝑏1. Reducing 𝑏1 (from 3.5 to 3.35) increases the force level (from 0.37 to 0.57) and delays549

the onset of the inflection point in the force-displacement curve. Owing to the simplified geometry, the deformation550

mechanism differs from that of the original topology-optimized designs, and pronounced snap-through behavior is no551

longer observed.552

Overall, the proposed parametric models demonstrate that a small set of intuitive geometric parameters (such as the553

thickness of connecting rods (i.e., 𝑏1, 𝑏2, 𝑏3) or the aspect ratio of voids (i.e., 𝑎3, 𝑎4)) is sufficient to reproduce a broad554

spectrum of nonlinear mechanical responses over large deformation. By significantly reducing geometric complexity555

while retaining the essential mechanical characteristics, i.e., the onset of limit-point instability and the subsequent post-556

buckled response, these models provide a practical bridge between topology-optimized concepts and reusable design557

templates. Although simplification inevitably reduces design freedom and constrains the effective parameter ranges,558

the parametric framework offers a transparent and extensible basis for future studies aiming at scalable design, rapid559

tuning, and application-oriented implementation of nonlinear mechanical metamaterials. These parametric models560

provide a practical bridge between topology optimization and reusable mechanical design templates.561

These results motivate a broader discussion of instability-enabled response programming and its underlying562

mechanics.563

6. Discussion: mechanics of instability-enabled response programming564

The results presented above demonstrate that nonlinear mechanical responses can be systematically programmed565

through controlled limit-point instabilities. This section discusses the underlying mechanics, design principles, and566

broader implications of instability-enabled response programming.567
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6.1. Limit-point instability as a controllable design resource568

The present results demonstrate that limit-point instability under finite deformation can be systematically ex-569

ploited as a controllable design mechanism for programming nonlinear force–displacement responses. In contrast570

to bifurcation-induced buckling, which typically requires imperfection sensitivity analysis and often leads to strong571

path dependence, limit-point instability can be naturally captured under displacement-controlled loading. This feature572

enables the direct tracing of post-buckling equilibrium paths within the optimization loop and provides stable access573

to negative stiffness, force plateaus, and stiffness transitions.574

More importantly, the optimized designs reveal that macroscopic nonlinear responses are not governed solely by the575

first occurrence of instability. Instead, they emerge from the collective behavior of multiple instability events distributed576

throughout the structure. The spatial location, activation sequence, and mechanical coupling of limit points determine577

whether the global response exhibits gradual hardening, sustained plateaus, or abrupt softening. In this sense, instability578

is transformed from a localized failure phenomenon into a distributed structural mechanism that can be programmed579

through topology optimization.580

This perspective extends classical views of post-buckling mechanics by emphasizing instability-path design rather581

than critical-load maximization. By embedding equilibrium continuation directly into the design process, the proposed582

framework enables systematic exploration of nonlinear deformation landscapes that are difficult to access through583

conventional stability-oriented optimization. These findings establish limit-point instability as a controllable and584

programmable design mechanism rather than a failure mode.585

6.2. Topological control of post-buckling deformation paths586

Beyond instability onset, topology governs how deformation modes evolve and interact after instability. The587

numerical results indicate that topology plays a fundamental role in shaping post-buckling deformation paths beyond588

its influence on initial stiffness. In the optimized structures, topology determines not only load-carrying capacity in the589

pre-buckling regime, but also the redistribution of internal forces and deformation modes after instability.590

For strain-hardening-type responses, primary load paths undergo a continuous transition from axial to bending-591

dominated deformation, weakened by auxiliary members with local instabilities. Plateau-type responses arise from592

a distributed instability cascade in multiple members, then maintain approximately constant force levels. In strain-593

softening designs, topology predisposes the structure to a local snap-through by concentrating bending and rotation in594

specific regions.595

These observations suggest that topology optimization effectively assigns mechanical roles to different structural596

components, such as stabilizing elements, trigger elements, and load-redistribution pathways. The resulting nonlinear597

response is therefore an emergent property of interacting deformation mechanisms rather than a direct consequence598

of any single unstable component. This insight highlights the importance of designing topological hierarchies that599

regulate how instability propagates and couples across length scales.600

6.3. Curvature regularization and geometric admissibility601

The incorporation of a curvature constraint within the MMV framework plays a central role in ensuring the602

mechanical admissibility and numerical robustness of the optimized designs. Without regularization, void intersections603

and sharp geometric features tend to emerge during optimization, leading to artificial stress concentrations, mesh-604

dependent instabilities, and poor convergence behavior.605

The curvature functional introduced in this work serves as a geometric regularizer rather than a physical surface606

energy. By penalizing excessive interface curvature reconstructed on the Eulerian grid, the method suppresses spurious607

corner singularities while retaining sufficient freedom for topological evolution. As demonstrated in the numerical608

examples, this treatment produces smooth boundaries that remain stable under large deformation and facilitate reliable609

sensitivity evaluation.610

Importantly, the regularization does not eliminate essential instability mechanisms. Instead, it promotes mechani-611

cally meaningful geometries in which post-buckling behavior arises from distributed deformation rather than numerical612

artifacts. This feature is particularly important for subsequent parametric abstraction, as it ensures that the extracted613

templates are free from grid-scale irregularities and can be reproduced using standard CAD representations. This614

regularization enables robust instability programming by ensuring mechanically meaningful geometries.615
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6.4. Parametric abstraction and design transferability616

While topology optimization provides high design freedom, the resulting geometries are often difficult to reuse in617

practical settings. The parametric models developed in this work demonstrate that the dominant instability mechanisms618

embedded in optimized topologies can be captured using a small number of intuitive geometric parameters.619

The success of these models indicates that post-buckling responses are governed primarily by a limited set of620

geometric features, such as the relative slenderness, orientation, and spacing of key members. Once these features are621

identified, nonlinear responses can be efficiently retuned without repeating large-scale optimization.622

This abstraction process bridges inverse design and reusable engineering templates. It suggests a hierarchical design623

paradigm in which topology optimization is used to discover archetypal instability mechanisms, while low-dimensional624

parametric models enable scalable implementation and application-specific adaptation. Such a paradigm is particularly625

attractive for architected materials and metamaterials, where manufacturability and design transferability are critical.626

This hierarchical design strategy enables scalable implementation of instability-programmed mechanical responses.627

6.5. Scope, limitations, and future extensions628

Several limitations of the present study should be acknowledged. First, the current framework is restricted to two-629

dimensional structures under quasi-static loading. Extension to three-dimensional architectures would enable richer630

instability modes but requires substantially increased computational effort and more sophisticated geometric control631

strategies.632

Second, a hyperelastic constitutive model is adopted to isolate geometric nonlinearity and instability effects. While633

this choice facilitates mechanistic interpretation, many practical systems involve plasticity, damage, or viscoelasticity,634

which may interact with instability in nontrivial ways. Incorporating such material nonlinearities represents an635

important direction for future work.636

Third, contact interactions are treated in a simplified manner and are not included in the optimization formulation. In637

densely deforming architectures, self-contact and friction may significantly influence post-buckling paths and energy638

dissipation. Integrating contact-aware sensitivity analysis into instability-based optimization remains a challenging639

open problem.640

Finally, the present formulation focuses on prescribed quasi-static force–displacement responses. Extension to641

dynamic loading, impact scenarios, and stability under stochastic perturbations would further broaden the applicability642

of the proposed approach.643

Despite these limitations, the framework establishes a general foundation for instability-enabled structural pro-644

gramming. By combining equilibrium path tracking, geometric regularization, and parametric abstraction, it provides a645

mechanics-consistent route for encoding nonlinear functionality directly into structural topology. These considerations646

highlight promising directions for extending instability-enabled topology optimization.647

Overall, this work demonstrates that limit-point instability, when combined with topology optimization and648

geometric regularization, provides a systematic framework for programming nonlinear mechanical functionality. This649

perspective transforms instability from a constraint into a design resource and opens new opportunities for architected650

materials and structures.651

7. Conclusion652

This work demonstrates that nonlinear mechanical responses can be systematically programmed through topology653

optimization by exploiting limit-point instabilities under large deformation. By embedding equilibrium path tracing654

and curvature regularization within the Moving Morphable Void framework, an explicit design methodology is655

established that deliberately admits and regulates post-buckling behavior while maintaining geometric and mechanical656

admissibility.657

The proposed framework integrates equilibrium path tracing, curvature regularization, and response-oriented op-658

timization, enabling systematic design of instability-enabled nonlinear responses. The results reveal that macroscopic659

nonlinear behavior emerges from the spatial distribution and sequential activation of multiple instability modes.660

Within this unified framework, structures exhibiting hardening-type, plateau-type, and softening-type responses are661

synthesized with high accuracy under compressive strains up to 20%. The optimized designs reveal that macroscopic662

nonlinear behavior is governed not merely by the onset of instability, but by the spatial distribution, sequential663

activation, and mechanical coupling of multiple limit-point and snap-through events embedded in the topology. These664
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results clarify how instability pathways, rather than isolated unstable components, serve as the fundamental carriers665

of programmable mechanical functionality.666

The practical significance of instability-based response programming is demonstrated through representative667

applications in overload protection, low-frequency vibration isolation, and instability-driven energy absorption. By668

exploiting geometric nonlinearity instead of irreversible material damage, the proposed architectures enable reversible,669

tunable, and mechanically robust performance over large deformation ranges.670

To enhance design transferability, low-dimensional parametric templates are extracted from representative opti-671

mized topologies. These templates preserve the essential instability mechanisms while enabling efficient retuning using672

a small number of intuitive geometric parameters, thereby bridging high-fidelity topology optimization and reusable673

engineering design.674

More broadly, this study advances topology optimization from stiffness- and stability-oriented design toward675

instability-path engineering, in which equilibrium trajectories under large deformation are explicitly shaped to676

encode target force–displacement responses. The proposed framework provides a mechanics-consistent foundation for677

developing reusable, hierarchical, and multifunctional architected materials whose nonlinear behavior is programmed678

directly through controlled limit-point instability. Extensions to three-dimensional architectures, inelastic materials,679

and dynamic loading conditions represent promising directions for future research. This framework provides a new680

paradigm for designing architected materials with programmable mechanical functionality.681

A. Sensitivity derivation of the MMV-TDF with respect to design variables682

In the two-dimensional MMV method explicitly described by B-spline curves, the analytical sensitivity of the683

topological description function 𝜙v
𝑖 for the 𝑖-th hole with respect to its 𝑠-th design variable 𝑑𝑠𝑖 is derived as follows:684

𝜕𝜙v
𝑖 (𝑫𝑖;𝒙)
𝜕𝑥0𝑖

=
𝑥0𝑖 − 𝑥

√

(𝑥 − 𝑥0𝑖)2 + (𝑦 − 𝑦0𝑖)2
,

𝜕𝜙v
𝑖 (𝑫𝑖;𝒙)
𝜕𝑦0𝑖

=
𝑦0𝑖 − 𝑦

√

(𝑥 − 𝑥0𝑖)2 + (𝑦 − 𝑦0𝑖)2
,

𝜕𝜙v
𝑖 (𝑫𝑖;𝒙)
𝜕𝑑𝑗,𝑖

= 1
𝑟𝑖(𝜃)

(

𝐶𝑖,𝑥(𝜃)
𝜕𝐶𝑖,𝑥

𝜕𝑑𝑗,𝑖
+ 𝐶𝑖,𝑦(𝜃)

𝜕𝐶𝑖,𝑦

𝜕𝑑𝑗,𝑖

)

,
(A.1)

where 𝑑𝑗,𝑖 represents the distance from the 𝑗-th control point of the 𝑖-th hole to its center, with 1 ≤ 𝑗 ≤ 𝑛, and 𝑛 is the685

total number of control points. Additionally, we have:686

𝜕𝐶𝑖,𝑥

𝜕𝑑𝑗,𝑖
=

𝑛+1
∑

𝑘=0
𝑁𝑘,𝑝(𝜇(𝜃))

𝜕𝑃 𝑥
𝑘,𝑖

𝜕𝑑𝑗,𝑖
,

𝜕𝐶𝑖,𝑦

𝜕𝑑𝑗,𝑖
=

𝑛+1
∑

𝑘=0
𝑁𝑘,𝑝(𝜇(𝜃))

𝜕𝑃 𝑦
𝑘,𝑖

𝜕𝑑𝑗,𝑖
, (A.2)

where 𝑃 𝑥
𝑘,𝑖 and 𝑃 𝑦

𝑘,𝑖 denote the coordinates of the 𝑘-th control point of the 𝑖-th hole in the 𝑥- and 𝑦-directions,687

respectively. If 𝑘 = 𝑗, 𝜕𝑃 𝑥
𝑘,𝑖

𝜕𝑑𝑗,𝑖
and 𝜕𝑃 𝑦

𝑘,𝑖
𝜕𝑑𝑗,𝑖

can be computed as:688

𝜕𝑃 𝑥
𝑘,𝑖

𝜕𝑑𝑗,𝑖
= cos(𝜃𝑗),

𝜕𝑃 𝑦
𝑘,𝑖

𝜕𝑑𝑗,𝑖
= sin(𝜃𝑗), (A.3)

otherwise, 𝜕𝑃 𝑥
𝑘,𝑖

𝜕𝑑𝑗,𝑖
= 0 and 𝜕𝑃 𝑦

𝑘,𝑖
𝜕𝑑𝑗,𝑖

= 0.689

B. Optimal design minimizing end compliance (stiffness maximization)690

To further evaluate the proposed maximum energy design, a general design methodology incorporating both691

geometric and material nonlinearities is presented here. The objective function is to minimize the end compliance,692

or specifically, the negative value of the product of the reaction force and the terminal displacement. In Eq. (17), the693

objective function only needs to be modified as:694

3(𝑼fn(𝑫),𝑫) = −𝑼
⊤
dn𝑭dn(𝑼fn,𝑫), (B.4)
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Fig. S1. Differential sensitivity verification for tailored nonlinear force–displacement responses design.

where 𝑼 dn corresponds to the applied displacement field and the other variables are defined consistently with the main695

text. The Lagrangian augmentation function is defined by introducing the adjoint displacement vectors 𝝀:696

𝐿3(𝑼 ,𝑫) = 3(𝑼fn(𝑫),𝑫) + 𝝀⊤𝑹(𝑼 ,𝑫), (B.5)
where 𝑹 denotes the residual vector. The derivative of the Lagrangian with respect to the design variables is then given697

by698

𝜕𝐿3(𝑼 ,𝑫)
𝜕𝑫

= 𝝀⊤dn
𝜕𝒇 int

dn
𝜕𝑫

+ 𝝀⊤fn
𝜕𝒇 int

fn
𝜕𝑫

. (B.6)
By applying the adjoint method, the adjoint vectors are chosen as699

𝝀dn = −𝑼 dn, 𝝀⊤fn = 𝑼
⊤
dn

𝜕𝒇 int
dn

𝜕𝑼fn

(

𝜕𝒇 int
fn

𝜕𝑼fn

)−1

. (B.7)

With those results in mind, the optimal design maximizing structural stiffness can be obtained.700

C. Finite difference verification for Problem I701

Finite-difference verification was performed to assess the consistency of the adjoint sensitivities for Problem I702

using the boundary conditions and initial design illustrated in Fig. 6(a). Analytical sensitivities were compared against703

finite-difference approximations for representative design variables.704

As shown in Fig. S1, excellent agreement is observed between analytical and finite-difference results, confirming705

the correctness of the sensitivity implementation. Sensitivity magnitudes differ between the response-based and energy-706

based objectives ((103) vs. (10−1)), reflecting the stronger nonlinearity of the response-based formulation, but the707

close match validates the gradient computations for both formulations.708

D. Additional design examples and extended analyses709

This appendix presents additional optimized designs exhibiting nonlinear mechanical responses, obtained using710

the topology optimization framework and shown in Fig. S2.711

Extended analysis of strain hardening designs. Two additional strain-hardening structures are examined to712

illustrate alternative stiffness transitions and topological realizations within the same response class.713

• Design 4 targets a stiffness reduction from 0.25 N/mm to 0.1 N/mm, with a relative error of 0.8%. Compared with714

the corresponding design in the main text, the central load-bearing region is more compact, leading to a more715
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Fig. S2. Additional design examples obtained using the proposed framework: (a) Design 4 (strain hardening response); (b)
Design 5 (strain hardening response); (c) Design 6 (yield plateau response); (d) Design 7 (strain softening response). Each
case shows the optimized topology, stress distribution at a representative deformation state under background grid, and
the achieved force–displacement response.

uniform material distribution. The two oblique members exhibit non-uniform cross-sections, being thicker near716

their bases and more slender toward the top. Under increasing displacement, the slender segments undergo small717

local limit-point instabilities that modulate the effective stiffness, while the compact central region maintains the718

primary load-bearing function, resulting in a smooth post-transition response.719

• Design 5 targets a transition from 0.1 N/mm to 0.05 N/mm, with a relative error of 0.7%. This design adopts720

an "8"-shaped structure with strategically thickened regions within the main frame. During the initial loading721

stage, the reinforced segments provide efficient load transfer, while weaker segments experience minor local722

instabilities that contribute to gradual stiffness reduction without altering the global deformation mode.723

These examples demonstrate that strain-hardening responses are primarily governed by bending deformation within724

the main load-bearing framework, while auxiliary members or locally reinforced segments serve a secondary role by725

modulating stiffness through controlled local instabilities.726

Extended analysis of yield plateau designs. Design 6 provides an additional yield-plateau example with an727

initial stiffness of 0.2 N/mm (relative error of 1.7%). The optimized topology consists of slender, rod-like members.728

Despite the topological differences from the cases presented in the main text, the resulting force-displacement response729

confirms that the plateau behavior arises from the sequential activation of instabilities in multiple members, rather than730

from a single dominant instability event.731

Extended analysis of strain softening designs. Design 7 targets an initial stiffness of 0.25 N/mm and a more732

pronounced negative post-instability slope of −0.1 N/mm, with a relative error of 2%. The post-buckling load drop733

is realized through a concentrated global limit-point instability accompanied by branch switching. While the detailed734

local stress distribution varies, the overall deformation pattern follows the same mechanism as the main-text strain-735

softening design, demonstrating that topology can localize instability to produce negative stiffness while preserving736

residual load-bearing capacity.737
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