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Origami-inspired tubular structures provide a versatile platform
for shape morphing, with multistability achieved predominantly
through crease-network geometry. Expanding the range of morphing
behaviors can therefore require increasingly intricate crease patterns
that become more difficult to model and fabricate, ultimately
constraining the realizable morphing landscape. Here, we expand
the design space of origami-inspired structures beyond geometry
by introducing localized instabilities within the crease network,
thereby creating compliant multistable structures whose local
fold architectures govern global deformation and stability through
both constitutive mechanics and geometric constraints. To relate
local fold architectures to global multistability, we develop and
experimentally validate a modeling framework in which compliant
folds are represented as continuous fields that capture spatially
varying bistable mechanics. Force- and displacement-controlled
design maps demonstrate that global deformation and stability can
be programmed through the fold architecture’s local parameters.
Redistributing bistability within a fixed crease-network topology
shifts the global response between compliant, spatially distributed
deformation in semi-bistable architectures and discrete transitions
within a hierarchically organized space of stable configurations in
fully bistable architectures. These results establish a local-to-global
design principle for programming both the stable configurations of a
structure and the transition pathways connecting them, expanding
the design space for multistable metamaterials, adaptive morphing
structures, and soft robotic systems.
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Multistable structures possess multiple stable states separated by energy
barriers, allowing them to retain distinct configurations without continuous
energy input. Under external actuation, transitions between such states proceed
through unstable regions via snap-through events (1-3). These features enable
robust and programmable shape morphing, a capability often leveraged in
adaptive systems (4-6), soft robotic actuators (7-11), and metamaterials (12—
14).

One prominent route to realizing such programmable multistability is
origami-inspired design, in which global deformation emerges from the coupled
mechanics and geometry of interconnected facets and creases. The stiffnesses
of these facets and creases determine the energetic cost of deformation, while
the geometry of the crease network imposes compatibility constraints on the
admissible deformation modes (15-17). A prominent tubular example is the
Kresling pattern, in which a triangulated cylindrical crease network couples
axial displacement and twist (18, 19).
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In conventional origami architectures, however, facets
and creases typically provide either rigid constraints or
locally monostable compliance, such that global multista-
bility emerges primarily from compatibility constraints
associated with crease-network geometry (20-23). Con-
sequently, expanding the range of morphing behaviors
often requires increasingly intricate crease patterns that
become more difficult to model and fabricate, ultimately
constraining the realizable morphing landscape.

To overcome this limitation, we expand the origami
design space by embedding local bistability within com-
pliant crease networks through shell inversion (24, 25),
thereby introducing fold architectures that govern global
deformation and stability through both local nonlinear
mechanics and geometric constraints. We refer to the
resulting class of tubular structures as Mixed Folded Tubes
(MFTs).

This structural concept motivates an examination of
how local nonlinear fold mechanics shape the global
structural response and how they can be modeled ef-
ficiently and robustly for systematic design. Doing so
requires a predictive formulation that treats spatially
varying fold geometry and nonlinear fold constitutive
behavior as design variables governing the global response.
Although the finite element method (FEM) and the
reduced-order bar-and-hinge (B&H) formulations have
been used to model the multistable mechanics of compliant
shell structures (26-28), their systematic application
to folding architectures with interacting deformation
modes and spatially varying nonlinear mechanics can be
computationally intensive and numerically challenging.
FEM analyses can become computationally expensive and
sensitive to convergence near instabilities, whereas B&H
models require detailed facet-and-hinge discretizations
and constitutive calibration of the compliant folds. These
limitations motivate BiPlan, a specialized formulation
that represents fold extension through continuous fields
that capture spatially varying bistable mechanics as
the dominant deformation mechanism, thereby relating
the local mechanics of the fold architecture to global
deformation and stability.

Using BiPlan together with experiments, we compare
semi-bistable and fully bistable fold architectures that
share a common crease-network topology but differ in
the distribution of local bistability. This controlled
comparison isolates the influence of local constitutive
behavior from that of the underlying geometric constraints
and reveals how the distribution of local bistability governs
global deformation, stability, and the transition pathways
connecting stable configurations.

For the semi-bistable architecture, force- and
displacement-controlled design maps demonstrate how
global deformation and stability can be programmed
through local geometric and constitutive parameters.
In the fully bistable architecture, interacting bistable
folds produce discrete transition pathways within a
hierarchically organized space of stable configurations.
The two architectures therefore exhibit complementary
mechanical behaviors, ranging from compliant, spatially
distributed phase transformations in the semi-bistable
MFT to discrete transitions between stable configura-
tions in the fully bistable MFT. Together, these results
establish local fold architecture as a design strategy for
programming both the stable shapes of a structure and the

transition pathways connecting them, positioning MFTs
as a versatile platform for multistable metamaterials,
adaptive morphing structures, and soft robotic systems.

MFT Fold Architectures: Geometry and Local Mechanics

We consider two MFT variants with a common crease-
network topology comprising intersecting helical and
circular fold sets embedded in a tubular shell (Fig. 1.E).
Each variant’s fold architecture is defined by the geometry
of this crease network together with the constitutive
response assigned to each fold set. The crease-network
geometry constrains the admissible deformation modes
and modulates their geometric coupling. Increasing the
circular-fold pitch produces a wider helical pattern with
greater axial resistance, whereas decreasing the helical-
fold angle produces a narrower pattern with stronger
axial-transverse coupling (Fig. 1.A). The constitutive
response assigned to each fold set then shapes the energetic
landscape over this geometry-constrained deformation
space.

The first variant employs a semi-bistable fold archi-
tecture (Fig. 1.A-B) realized through plasticity-induced
shell inversion (29). The two fold sets are assigned
distinct constitutive responses: the circular folds are
bistable, whereas the helical folds remain monostable and
approximately linear. The resulting architecture therefore
combines local bistability with monotonic axial-transverse
coupling.

The second MFT variant employs a fully bistable fold
architecture (Fig. 1.C-D) realized through 3D-printed
folds composed of thickened members connected by thin,
eccentric flexural hinges (see SI Appendiz, S1). This
construction localizes buckling along the prescribed fold
trajectories and produces bistability in both the circular
and helical fold sets.

Thus, the two MFT variants preserve a common helical—
circular fold topology while differing in the distribution of
local bistability. The semi-bistable architecture confines
bistability to the circular folds, whereas the fully bistable
architecture distributes it across both coupled fold sets.
This controlled variation isolates how the distribution of
local bistability governs the global response.

The BiPlan Modeling Framework

The BiPlan framework, summarized in Fig. 2.A and
illustrated for the helical-circular MFT in Figs. 2.B-F,
links spatially varying fold geometry and local nonlinear
mechanics to global deformation and stability. The MFTs’
geometric and mechanical modularity poses two modeling
challenges: parameterizing the crease network along
the tube and representing bistable constitutive behavior
along continuous compliant folds. BiPlan addresses these
challenges by mapping the MFT onto a planar domain,
decomposing the crease network into characteristic local
substructures, and representing compliant folds continu-
ously through bistable planar constitutive fields, termed
BiPlan fields.

Unlike lumped hinge or spring models, BiPlan retains
the spatial variation of deformation along each contin-
uous compliant fold without introducing independently
discretized fold degrees of freedom. The resulting reduced
formulation retains fold extension as the leading-order
mechanism through which globally dominant axial defor-
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Fig. 1. Two Mixed Folded Tube (MFT) variants sharing a helical—circular crease-network topology but differing in their local fold mechanics. (A) Wide (top) and narrow (bottom)
helical geometries shown in unfolded (left) and folded (right) states. Helical and circular fold trajectories are highlighted by green and brown dashed lines, respectively. (B)
Corresponding plasticity-induced, semi-bistable MFTs in unfolded and folded configurations. (C) Representative deformation states of a flexure-based, 3D-printed fully bistable
MFT, with unfolded and folded modules highlighted. (D) Front (top) and side (bottom) views of a fully bistable MFT unit, with enlarged views of the corresponding bistable fold

mechanisms on the right. (E) Schematic of the helical—circular crease network.

mation is accommodated. Accordingly, shell facets are
treated as inextensible, fold shear is suppressed through
kinematic constraints, and out-of-plane shell bending is
neglected. The local field energies are assembled subject to
compatibility, guide, and nonpenetration constraints and
combined with kinetic energy to determine the dynamic
response. Static equilibria are recovered as stationary
configurations of the constrained potential, and their local
stability is determined from its second variation.

Bistable Planar Constitutive Fields (BiPlan Fields). Within the
reduced deformation space defined above, each BiPlan
field S is compliant along its local opening direction and
rigid in the transverse direction. Accordingly, a BiPlan
field is characterized by its local elongation w = w(x;q)
determined by the relative rigid-body motion of the
adjacent rigid elements, and the piecewise differential
stiffness kp;(w) associated with a trilinear constitutive
law:

S = [w(z; q), kpi(w)],

where z is the local coordinate along a fold axis of
length L, and g collects the generalized coordinates of the
associated substructure (Figs. 2.C-E). The corresponding
bistable constitutive relations (Fig. 2.F) exhibit two stable
branches separated by an intermediate unstable branch

€ [0, L], 1]

(30):

HM=A%M®% wwzlﬁmma[m

which, when integrated along the fold axis, yields the
strain energy stored in a single BiPlan field:

m:AWW@MMm [3]

The spatial variation of w(zx; q) allows different portions
of a single fold to occupy different constitutive branches
without introducing independently discretized degrees of
freedom along the fold, thus enabling continuous phase
transformation.

The field’s transverse rigidity is imposed by kinematic
guides that constrain normal motion along a single
boundary (nodes C,F in Fig. 2.C), while higher-order
rotation-induced normal displacements are neglected. The
resulting constraints are enforced through guide-axis dis-
placements g with Lagrange multipliers A. Additionally,
penetration between the connected rigid elements is pre-
vented by constraining the field’s boundary elongations to
remain nonnegative through unilateral contact conditions
(see SI Appendiz, S2):

0<wyl Ayg>0, [4]
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Fig. 2. Modeling mixed folded tubes (MFTs). (A) Schematic of the MFT modeling procedure. Indices refer to the corresponding implementation subpanels. (B-E) Implementation
of the model procedure to a representative MFT structure. (B) Planar development of the MFT shell. (C) Basic MFT module, modeled as two rigid elements connected by a helical
compliant crease. Kinematic guides constrain normal motion and enforce compatibility. (D-E) Local kinematic schemes for SPC and TPC circular-fold connectors between
adjacent MFT modules m and n. (F) Axial crease compliance represented by continuous bistable stiffness fields, approximated by a trilinear differential force law (left) and the

corresponding two-well energy density (right).

where wy and Ay denote the associated boundary elon-
gations and contact Lagrange multipliers, respectively.
Thus, the field energy and its kinematic and unilateral
constraints are combined in the augmented potential
contribution

H‘g’aug =Ils + )\Tg — )\g’wa. [5]

Equilibrium Stability. The nonlinear fold-energy landscape
may admit multiple global equilibria. At an equilibrium
q*, local stability is determined by the second variation of
the global constrained potential II. over perturbations that
preserve the active constraints c(q) = 0. Let A = Jqc|,,.
denote the active-constraint Jacobian, and let IN span its
null space. The reduced Hessian is therefore

H,=N"9 1|  N. [6]

q

An equilibrium is locally stable when H,. is positive
definite and loses stability when its smallest eigenvalue

reaches zero. The MFT response is classified as monos-
table, bistable, or multistable according to the number of
admissible stable equilibria under the prescribed condi-
tions.

Dynamic Response and Branch Selection. Multistable fold ar-
chitectures may induce global stability loss, driving the
MFT away from its current equilibrium branch. Although
stationary energy conditions identify the admissible equi-
libria, they do not determine the transient trajectory or
the branch dynamically reached under a prescribed loading
history (31, 32). To resolve this transient evolution and
determine the dynamically accessible response branch,
BiPlan incorporates the substructure’s inertia through
the augmented Lagrangian L,y = T — Ilaye.

The corresponding constrained equations of motion are
integrated under the prescribed loading history. Following
loss of stability, the resulting transient evolution selects the
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dynamically accessible deformation path and subsequent
response branch (see SI Appendiz, S3—4).

Application to Helical-Circular MFTs. We apply the BiPlan
framework to the helical-circular crease topology shared
by the semi- and fully bistable MFT variants (Fig. 1),
with detailed geometric and kinematic mappings provided
in the ST Appendiz, S2-6. The cylindrical shell of radius
R is developed from (z,0) onto the planar domain (z, s),
where s = R (Fig. 2.B). In this domain, the crease
network is parameterized by its circumference H = 27 R,
circular-fold pitch I, and helical-fold angle .

The development is decomposed into local MFT mod-
ules, each comprising two rigid elements connected by a
helical BiPlan field (Fig. 2.C). The motion of module n is
represented by

T
q" = [un o™ oM, (7]

where u,, is the common axial translation and <pl(-n) is the
in-plane rotation of element i. Transverse crease motion
is suppressed by kinematic guides, while development
compatibility between the corresponding boundaries AB
and GF is enforced through the common axial translation
u, and vertical guides. Together, these constraints leave
one admissible module degree of freedom (DOF).
Adjacent modules are coupled by circular folds with
topology-dependent kinematics (Fig. 2.D-E). A single-pair
connector (SPC) comprises a single BiPlan field and forms
an open kinematic chain, whereas a two-pair connector
(TPC) comprises two parallel fields and forms a closed
kinematic loop. The fields’ elongations vary with the
adjacent modules’ rotations, thereby compliantly coupling
neighboring modules. The modules’ relative rigid-body
displacement determines the boundary elongations:

W = w(0), iEe =wi(0) = ws(0), 8]

where the TPC equality enforces development compat-
ibility between its parallel fields. The MFT is globally
constructed by assembling the local generalized coordi-
nates via chain kinematics, enabling the application of
global loading and constraints with a global strain energy
of

N
Myer = Y Tk (q("))
A [9]
+ > (g
n=1

where g(™"™) collects the coordinates of adjacent modules
m and n, with ¢(®©) prescribed by the base boundary
conditions. v(™ denotes the connector-specific coordinate,
and helical fold and circular connector contributions are
Ihele and Igpe, respectively. The corresponding inertial
and unilateral contact terms are assembled through the
shared coordinates and incorporated into the governing
system. The two MFT variants share this formulation but
differ in their local constitutive assignments: the semi-
bistable variant assigns bistability to the circular folds
while maintaining linearity in the helical folds through
a single-branch differential constitutive law, whereas

the fully bistable variant assigns bistability to both
fold sets. This common formulation isolates how the
spatial distribution of local bistability within a fixed
crease topology governs the global dynamic response and
equilibrium stability.

Programmable Deformation and Stability in Semi-
Bistable MFTs

Applying the BiPlan formulation, we construct the semi-
bistable MFT design space by varying the geometric and
constitutive properties of its fold architecture. These
properties are parameterized by the fold arc-length and
differential stiffness ratios

ghelic khelic

~ l.circ’
ki

b [10]

- fcirc )

respectively, where ¢"°® = [/cos 3 and (¢ = H. A
force-controlled sweep over b and C' maps the resulting
axial and radial endpoint deformations (Fig. 3.A.1), while
a complementary displacement-controlled sweep maps
the MFT’s stability regimes as functions of the imposed
displacement and stiffness ratio C' (Fig. 3.A.3). The
loading conditions and fixed parameter values used in
these sweeps are provided in the SI Appendiz, S9.

As shown in Fig. 3.A.1, the distinct axial and radial
response landscapes show that global MFT deformation
can be biased toward axial extension or radial deflection
through the geometric and constitutive parameters of
its fold architecture. The oblique contours of the axial-
displacement map indicate a coupled dependence on b
and C, with maximum extension occurring at low values
of both parameters. In contrast, radial displacement
decreases from a maximum at low b and C toward a
minimum at high C' and intermediate b, where radial
deformation is most strongly suppressed.

To further examine the predicted MFT response and
validate the BiPlan model, we select a representative
design marked by the star in Fig. 3.A.1 and compare
its force—displacement response with measurements from
pneumatically actuated MFT specimens (Fig. 3.A.2 and
Movie S1). The constitutive laws assigned to the circular
and helical BiPlan fields were identified independently
using measurements from separate Circular Folded Tube
specimens (ST Appendiz, S10), so the assembled MFT
measurements provide an independent validation of the
global model response. The prediction agrees well with
the experimental measurements, remaining within the £1
standard-deviation band over most of the deformation
range, with a slight overprediction of the initial stiffness.
BiPlan also captures the overall response sequence, com-
prising a transition between two stable phases through
an intermediate spinodal regime characterized by a loss
of global tangent stiffness. To examine the deformation
modes associated with each regime, we consider represen-
tative states marked along the response curve and shown
in Fig. 3.B.

The simulated and experimental configurations exhibit
consistent phase-dependent deformation modes. During
the initial phase, axial loading extends the linear helical
folds together with the bistable circular folds, while the
latter remain predominantly in their first stable state.
Coupling through the inclined helical folds causes the
circular folds to extend and transition nonuniformly
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Fig. 3. Design-space prediction and experimental validation of a semi-bistable MFT. (A.1) Predicted axial and radial endpoint displacements, w . (top) and .- (bottom), normalized
by the initial MFT length 1, across the (b, C') design plane under a monotonic axial-force ramp to Fy = 1.6 N. A star marks the experimentally validated design. (A.2) Predicted
force—displacement response compared with the measured median and shaded +1 SD band across five semi-bistable MFT specimens. (A.3) Stability map at b = 0.58 as a
function of normalized axial displacement and C', showing mono-, bi-, and multistable regions and the intervening transition region. (B.1-B.3) Representative simulated and
experimental configurations in Phase 1, the spinodal regime, and Phase 2, respectively. For each state, the simulated cylindrical reconstruction and planar development are
shown on the left, while the corresponding experimental configuration is shown on the right.

along the circumference, driving global eccentric bending
(Fig. 3.B.1). As a sufficiently large portion of the circular
folds enters the spinodal branch, the MFT is driven to
global instability, and bending becomes the dominant
deformation mode as the circumferential stiffness becomes
increasingly nonuniform (Fig. 3.B.2). Further axial
loading completes the transition of the circular folds into
their second stable, unfolded state, restoring a globally
stable response characterized by dominant extension
(Fig. 3.B.3).

Complementing the force-controlled characterization
and model validation, a quasi-static displacement-
controlled analysis maps the stability regimes as func-
tions of the imposed displacement and stiffness ratio
C (Fig. 3.A.3). The map reveals an overall transition
from monostability at smaller displacements and higher
stiffness ratios to multistability at larger displacements
and lower stiffness ratios. These regimes are separated by
an intermediate transition region in which the predicted
response alternates between bistable and multistable
solutions.

Together, the force- and displacement-controlled maps
show that the semi-bistable fold architecture can be tuned
to program both endpoint deformation and the number
of stable global equilibria. Because bistability is confined
to the circular folds, coupling to the monostable helical
folds distributes the phase transformation along the tube,
producing a compliant deformation path whose axial and
transverse components can be tuned through local fold
geometry and stiffness contrast.

Hierarchical State Space and Transition Pathways in
Fully Bistable MFTs

Extending bistability from the circular folds to both
coupled fold sets shifts the global response from the dis-
tributed phase transformation of the semi-bistable MF'T to
transitions among discrete stable configurations. Because
neighboring modules are kinematically coupled, the state
of one fold constrains the deformations compatible with
the remainder of the sequence. The resulting stable
equilibria form a transition network in which ordered
sequences of discrete transitions define pathways between
selected initial and target configurations.

Using BiPlan, we map the stable equilibria of a four-
module fully bistable MFT and construct a transition
diagram based on single-fold state adjacency (Fig. 4.A; ST
Appendiz, S11). Each node represents a predicted stable
equilibrium, while an edge connects two configurations
that differ in the state of a single fold. An ordered sequence
of connected states defines a deformation pathway between
selected initial and target configurations. Projecting the
stable equilibria and pathways into endpoint-configuration
space, parameterized by elongation u,, deflection w,., and
slope 6 (Fig. 4.B), reveals a hierarchical distribution
of stable states across this space (Fig. 4.C). Three
representative pathways, highlighted in both the transition
diagram and endpoint-configuration space, are reproduced
experimentally (Fig. 4. A-B,D).

Projecting the stable equilibria into endpoint-
configuration space reveals a three-level hierarchy arising
from the coupling between the bistable fold states and the
MFT chain kinematics (Fig. 4.B-C; SI Appendiz, S12).
At the first level, the number of open helical folds sets the
accumulated module rotation and therefore determines
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A) State-transition diagram constructed from single-fold state adjacency. Blue nodes denote predicted stable

equilibria and are labeled by two-digit hexadecimal representations of seven-bit fold-state sequences ordered from the MFT’s free end toward its clamped base, with closed
and open folds denoted by 0 and 1, respectively. A leading zero is appended before hexadecimal conversion. Gray edges connect configurations whose fold-state sequences
differ by a single bit, and colored sequences indicate three experimentally realized deformation pathways. (B) Projection of the stable equilibria into endpoint-configuration
space, parametrized by axial and radial endpoint displacements, u. and w,., respectively, normalized by the compressed MFT length Iy, and normalized endpoint slope
© = 0/ max|0|. p1 and target states of p2,3 are marked. (C) state-count distributions over endpoint slope, elongation, and deflection, together with the corresponding
branchwise RMS relations. (D) Experimental realizations of the three highlighted deformation pathways. Arrows indicate a fold state change between successive configurations.

discrete, equally spaced endpoint-slope branches. Within
each slope branch, the circular-fold configuration controls
intermodule extension and partitions the states into iso-
elongation subbranches. The axial positions of the open
helical folds then govern deflection within each subbranch:
opening a fold closer to the clamped base rotates a longer
downstream portion of the MFT and therefore produces
a larger endpoint deflection. Across these hierarchical
levels, elongation and deflection also vary systematically
with slope, as branchwise RMS averaging shows that
they increase approximately linearly with endpoint slope.
Thus, helical-fold count, circular-fold configuration, and
helical-fold position organize the stable states into a
coupled hierarchy in which local fold states successively
govern the slope, elongation, and deflection of the global
configuration.

The realized pathways demonstrate how this hierar-
chical state space can be navigated. Beginning from the
common initial state 2A, pathways p; and ps terminate at
states 66 and 1B, respectively. These target states occupy
the iso-elongation subbranch wu,/lp = 0.9 within the
© = 0.67 endpoint-slope branch, while exhibiting distinct
deflections, consistent with the different axial positions
of their open helical folds. Pathway ps, by contrast,
reaches the fully contracted state 00, in a different region
of the state space. The experiments therefore establish
the physical accessibility of selected routes through the
state-adjacency graph and show that local fold-switching
sequences program both the target configuration and the
pathway by which it is reached.

Concluding Remarks

In this work, we expanded the design space of origami-
inspired structures by introducing localized instabilities

within the folds, thereby creating Mixed Folded Tubes
(MFTs), compliant multistable structures whose local
fold architectures govern global deformation and stabil-
ity through both constitutive mechanics and geometric
constraints.

BiPlan captures this local-to-global coupling by rep-
resenting compliant folds through continuous fields that
capture spatially varying bistable mechanics, relating local
fold geometry and mechanics to global equilibrium config-
urations, their stability, and the dynamically accessible
response following stability loss. For semi-bistable MFTs,
the framework predicts the force—displacement response
and phase-dependent deformation modes observed in
pneumatic experiments. For fully bistable MFTs, BiPlan
maps the stable equilibrium states and the transition
pathways connecting them, with representative predicted
pathways reproduced experimentally.

The design maps demonstrate that global deformation
and stability can be programmed through the local geo-
metric and mechanical parameters of the fold architecture,
while the controlled comparison between architectures
with a common crease-network topology reveals how the
distribution of local bistability changes the character
of the global response. Restricting bistability to a
subset of folds permits compliant deformation through
a spatially distributed phase transformation, whereas
distributing bistability across coupled folds produces
discrete transitions among hierarchically organized stable
configurations. Together, these results establish local fold
architecture, combining crease-network geometry with
local nonlinear mechanics, as a basis for programming
both the stable configurations of a structure and the
transition pathways connecting them, thereby expanding
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the realizable morphing landscape for multistable meta-
materials, adaptive structures, and soft robotic systems.

Data, Materials, and Software Availability. ~All data and code supporting
the findings of this study will be made publicly available on GitHub and
archived in Zenodo upon publication. During peer review, these materials
are available from the corresponding author upon request.
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