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Abstract

Curl forces are position-dependent, non-conservative, and non-dissipative forces that, in general, cannot
be derived from an ordinary potential energy. Consequently, their equations of motion do not, in general,
follow from a standard variational principle. In this paper, we present a dual variational formulation
for particle dynamics under curl forces. By introducing variables dual to position and velocity and an
auxiliary function, we construct a pre-dual action in which the equations of motion act as constraints.
Stationarity with respect to the primal variables defines a dual-to-primal mapping, whose substitution
into the pre-dual action gives an action expressed entirely in terms of the dual variables. The Euler—
Lagrange equations of the dual action recover both the original equations of motion and their prescribed
initial conditions. We also introduce an auxiliary dual Hamiltonian that is conserved along stationary
dual trajectories, although it does not represent the physical energy. The formulation is illustrated using
two nonlinear curl force fields in two and three dimensions and the classical Ziegler column. These
examples demonstrate that non-conservative curl-force dynamics can admit variational descriptions even
in the absence of an ordinary potential energy or a conventional Lagrangian.

Keywords: Nonconservative force, curl force, dual variational principle, dual-to-primal mapping, auxiliary
Hamiltonian, Ziegler column.
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1 Introduction

In classical mechanics, a conservative force field is derived from a potential energy. Most familiar non-
conservative forces, including friction and viscous drag, are dissipative. Non-conservativity, however, does
not necessarily imply dissipation. An important class of non-conservative, non-dissipative forces consists of
position-dependent force fields

F=F(x), x € R", n=23, (1.1)

that are independent of velocity such that curl F # 0. Following Berry and Shukla [2012], we refer to such
force fields as curl forces. Position-dependent non-conservative forces are also known as positional forces,
pseudo-gyroscopic forces, or circulatory forces [Ziegler, 1977, Kirillov, 2021].

Curl forces are non-conservative but non-dissipative; in particular, their dynamics preserves phase-space
volume. Nevertheless, their behavior differs fundamentally from that of conservative systems, and the stan-
dard form of Noether’s theorem is not directly applicable [Berry and Shukla, 2012, 2013]. Recent numerical
studies reveal behavior ranging from integrable Hamiltonian dynamics to apparently non-Hamiltonian mo-
tion with no invariant in phase space [Berry, 2025]. Applications of curl forces in optics and ion trapping
were discussed by Guha [2020]. Prominent finite-dimensional mechanical examples arise from follower loads,
whose direction changes with the deformation so as to maintain a prescribed orientation relative to the cur-
rent configuration. Tangential loads applied to flexible beams and columns are classical examples. Such loads
have played an important role in stability theory since the 1950s [Pfliiger, 1950, 1955, Beck, 1952, Ziegler,
1952, 1953, 1977, Bolotin, 1963], with applications in structural mechanics, aeroelasticity, fluid—structure
interaction, and rotordynamics. Although the physical realizability of ideal follower loads was long debated
[Elishakoff, 2005, Koiter, 1996], experimental realizations have since been reported [Bigoni and Noselli, 2011,
Bigoni et al., 2018, Cazzolli et al., 2020]. Curl forces also arise in continuum mechanics, including Cauchy
elasticity; their occurrence in continuum theories and the associated literature were recently reviewed by
Yavari and Goriely [2025a].

For a conservative force field F = F(x), there exists a scalar potential energy U = U(x) such that

ou
F(x)=-VU(x) = o (1.2)
No such scalar potential energy exists for a curl force. Nevertheless, the absence of an ordinary potential
does not imply the absence of a potential-like representation. In a recent paper, Yavari and Goriely [2025b]
studied the geometric structure of curl forces using the work 1-form associated with the force field. By
applying the Darboux classification of differential 1-forms, they obtained the following local representations
of curl forces:

F(x) = -V(x) VU(x), n=2, (1.3a)
F(x) = -V(x)VU(x) - VW(x), n=3. (1.3b)

Thus, a two-dimensional curl force requires at most the two generalized potentials U and V, whereas a
three-dimensional curl force requires at most the three generalized potentials U, V', and W. For both rep-
resentations, curl F = —VV x VU, where in two dimensions the cross product is understood as its scalar
out-of-plane component. Hence, the force is a curl force precisely where VV x VU # 0. They also derived
equations for calculating these potentials. Determining the generalized potentials requires solving first-order
partial differential equations. Although these equations admit local solutions under suitable regularity as-
sumptions, globally defined continuous solutions are not guaranteed in general, and the generalized potential
V may vanish at some points in its domain. The same article examined the work performed by curl forces
in closed and cyclic motions. In particular, unlike dissipative forces, a curl force performs zero net work over
a cyclic motion followed by its reverse. It also investigated the accessibility properties of curl forces and
introduced, for every curl force, an associated conservative auxiliary force. The potential representation of
curl forces was subsequently generalized to arbitrary space dimensions by Kycia [2025].

The generalized potentials provide a representation of the original curl force, but do not by themselves
yield a Lagrangian for its dynamics. Moreover, the decomposition F = F. 4+ F,,. into conservative and non-
conservative parts is not unique. On any region of configuration space where the generalized potentials are



sufficiently regular and V # 0, a chosen decomposition determines an auxiliary conservative force and hence
an ordinary local Lagrangian and Hamiltonian for the corresponding auxiliary dynamics, but not for the
original curl-force dynamics. When pulled back to the original motion through the nonlocal time-integral
relations, the auxiliary Hamiltonian is constant along any trajectory segment on which the construction
remains well defined. This (segment-wise) conserved quantity is not the physical energy and depends on
the history of the original trajectory rather than only on its instantaneous phase-space state. It therefore
does not partition the original phase space into invariant level sets in the usual manner. In contrast, for an
arbitrary curl force, the present formulation defines a local Hamiltonian in terms of the dual fields, wherever
the corresponding Legendre map is locally invertible, with a pointwise algebraic dual-to-primal mapping.

The absence of an ordinary potential energy raises the question of whether curl-force dynamics can nev-
ertheless be described by a variational principle. Berry and Shukla [2015] showed that a special class of
curl forces admits Hamiltonians consisting of an anisotropic kinetic energy and a scalar potential; that con-
struction, however, does not apply to an arbitrary curl force. The underlying theory of quasi-Lagrangian
Newton and cofactor systems for nonconservative Newton equations with quadratic first integrals was de-
veloped by Rauch-Wojciechowski et al. [1999] and Lundmark [2003]. Connections between this framework
and planar linear Hamiltonian curl-force systems were studied by Guha [2018], while Ghose-Choudhury and
Guha [2019] extended the approach to certain planar quadratic and cubic curl forces. In this paper, we
develop dual variational principles for arbitrary curl forces by introducing variables dual to the position and
velocity, together with an auxiliary function, and constructing a pre-dual action involving both the primal
and dual variables. Part of the design of the variational principle involves a dual-to-primal (DtP) mapping,
whose substitution into the pre-dual action yields an action expressed entirely in terms of the dual variables.
The Euler-Lagrange (E-L) equations of the resulting dual action recover the original equations of motion
and the prescribed initial conditions. The formulation is illustrated using two nonlinear curl forces and the
classical Ziegler column. Our dual variational principles are based on constructing dual Lagrangians. We also
construct auxiliary dual Hamiltonians, albeit not single-valued in general, for the developed Lagrangians;
these Hamiltonians are not necessary for the existence of the variational principles.

The technique employed to generate the dual variational principles follows the general considerations re-
lated to Newtonian particle mechanics, including dissipative forces and anholonomic constraints, developed
in [Acharya and Sengupta, 2024a], with application to a particle chain in [Acharya and Sengupta, 2024b]. Ap-
plications of the approach to various nonlinear PDE theories are demonstrated in [Acharya, 2023b,a, Acharya
et al., 2024b,a, Acharya, 2025a, Singh et al., 2024], with the last work including dual variational principles
for finite Cauchy elasticity. Dual variational minimum principles for possibly heterogeneous, linear, Cauchy
elastodynamics are developed in [Acharya, 2026]. This is a surprising result since it is well-understood that
elastodynamics in its primal variables, and in the presence of a strain energy function, at most provides
an extremal principle. While still in its infancy, encouraging progress has also been demonstrated in ap-
proximating solutions of nonlinear differential equations related to continuum mechanics in [Kouskiya and
Acharya, 2024, Singh et al., 2024, Kouskiya and Acharya, 2025, Kouskiya et al., 2025]. These cases addressed
Euler’s nonlinear system of ODEs for the dynamics of a rigid body, nonconvex elastodynamics and statics of
a bar (without higher gradient regularization), the (inviscid) Burgers equation, and the problem of traveling
waves of a dispersive, nonlocal, nonlinear semi-discrete Burgers equation. Furthermore, Acharya and Ginster
[2025] show the application of the method to problems of Optimal Control, and Vorotnikov and Acharya
[2025] to the Nash system of Deterministic Game Theory.

This paper is organized as follows. In §2, we introduce the dual variables, construct the dual action,
and derive the corresponding auxiliary dual Hamiltonian for arbitrary curl forces. In §3, we apply the dual
variational formulation to two nonlinear curl force fields and the classical Ziegler column. Some concluding
remarks are given in §4.

2 A dual variational formulation for curl forces

Let Q be the finite-dimensional configuration space of the particle (2 = R™, n = 2 or 3). Its state is denoted
by z = (x,v) € TQ, where & € Q is the position of the particle and v € T Q is its velocity. Thus, TQ is the
state space of the particle. The corresponding dual state is denoted by ¢ = (€,71) € T2(TQ). Consequently,



(2,¢) € T*(TQ). In local coordinates (z*,v%) on TQ, the dual state has the representation ¢ = &; dz’+n; dv’.
Hence, £ is dual to the position coordinates «, whereas n is dual to the velocity coordinates v. The variables
x and v are tangent-state variables, while £ and 1 are cotangent-state variables. We refer to z as the state
and to ¢ as the dual state. The natural pairing between the state z and the dual state ¢ is given by

(€.2) = (& m) (x,v) =& z+n v=_Ea" +nv'. (2.1)

Let us assume that the particle is subject to the curl force F(x), with initial conditions x(0) = xo and
v(0) = vp. Its motion is governed by the following initial-value problem (IVP):

x—v=0,
d
Z(mv) ~F(x) = 0, (2.2)

x(0) =%, v(0)=vyp.

Remark 2.1. The formulation extends directly to a finite system of particles. In this case, x and v collect
the positions and velocities of all the particles, m is replaced by the corresponding mass matrix M, and F(x)
may include both external and interaction forces. The subsequent dual construction remains unchanged,
with mv replaced by Mv.

2.1 A dual action principle

Pairing & with the definition of velocity and ) with the balance of linear momentum motivates the introduc-
tion of the following pre-dual Lagrangian

£(X7V7£7n7éaﬁ;iv‘7) = 7X’€7mv'h*€’vfn'F(X)7H(X7Xavf‘7)a (23)

where H is, for the moment, an unspecified smooth function, and x = x(t) and v = v(t) are prescribed
position and velocity fields, referred to as base states. The pre-dual action is defined as

o~ T .
S[X,V7£,’l’]] = /0 I(X,V7£,’l’],£, ".753_(7‘_’) dt — X0 - 5(0) — Mmvyg - 77(0) . (24)

The terminal values £(T") and n(T') are prescribed; they may, in particular, be chosen to vanish.

We now eliminate the primal variables x and v to derive a dual functional with the desired properties.

For this, we require that the set of equations g—f =0 and g—f = 0, written explicitly as

%—H(x—xv—v)—ké—k[DF(X)]T~77:O,
x (2.5)
?)—i[(x—i,v—\_f)—i—mh—i—S:O,

be solved for x,v in terms of the remaining arguments of L. We assume that H is chosen such that (2.5)
can be solved, at least locally, for x and v. This defines the dual-to-primal (DtP) mapping

(x,v) = (X,V)(&,m, &, 9:%,V). (2.6)
Substitution of the dual-to-primal mapping into (2.4) defines the dual action
T
Slen) = | L& 6m& %9 dt = x0-€0) ~ v - 1(0). (27)
0

Since the dual-to-primal mapping satisfies 9L /9x = 0 and 9L /0v = 0, the dependence of X and V on the
dual variables does not contribute to the first variation of (2.7). Consequently,

T
55 = / [—2 6 — V06 —mV - o1 — F(R) - 517} dt — xq - 0€(0) — mvg - 61(0). (2.8)
0



Integrating by parts and using 6&(7T") = dn(T) = 0 gives us

55 = / (=) 06 + (m¥ — F(R) - 6] dt + [R(0) — x0] - 6E(0) +m [V(0) —vo] -6m(0).  (2.9)

Therefore, the Euler-Lagrange equations and natural initial conditions associated with the dual action are

mv —F(X)=0, (2.10)

2(0) =Xp, Q(O) = V.

Thus, every stationary point of the dual action, for any choice of the auxiliary potential H that allows the
definition of a DtP map, generates, through the dual-to-primal mapping, a solution of the original initial-
value problem.

A sufficient local condition for the existence of the DtP map is the nonsingularity of the Jacobian of the
left-hand side of (2.5) (or the Hessian of L) with respect to (x,v), and the satisfaction of the equations at
one point of the local neighborhood. Strict convexity of H facilitates this invertibility, although it is not
by itself sufficient for arbitrary values of 7 when F is nonlinear and if the auxiliary potential is restricted
to one fixed choice. As explained in detail in [Acharya, 2025b, Vorotnikov and Acharya, 2025], due to the
Lagrangian £ being necessarily affine in the dual variables, auxiliary potentials H can always be constructed
so that the DtP map equations (2.5) are satisfied at (x,v) = (X,Vv) when (n,7,£,€) = (0,0,0,0). This
feature endows an important global-in-time consistency property to the dual formulation—it shows that for
any solution to the IVP (for its whole class of initial conditions), there exists at least one dual functional
which admits an extremal whose DtP mapped image is given by the solution to the IVP being considered.
That dual functional is obtained by the type of H just discussed, with the base state chosen to be the primal
solution, and the corresponding dual extremal given by ¢ — (£(¢),n(¢)) = (0,0). An important practical
corollary of this argument is that for a base state close to a primal solution, the preceding 0-dual state
serves as a good initial guess for obtaining a dual extremal. Furthermore, the liberty in choosing the base
states and the auxiliary function H can be well-exercised to not only have a well-defined DtP map whenever
necessary in a solution procedure for obtaining a solution to the nonlinear equations (2.10), but even do so
utilizing a sequence of convex dual variational principles parametrized by base states, see, e.g., [Vorotnikov
and Acharya, 2025, Sec. 3].

Finally, it is worth noting here that Hamilton’s celebrated action principle does not recover the full set of
initial conditions of an initial-value problem (IVP), and in addition requires an acausal boundary condition
at final time T to be prescribed, typically on the position (cf., Gurtin [1964]). This is an issue of some
recent interest [Galley, 2013, Rothkopf and Horowitz, 2026], a remedy involving forward and backward in
time paths for a given initial-value problem. In the present dual formulation, no backward in time evolution
is required. Instead, final-time, Dirichlet boundary conditions are prescribed on the dual variables, and
due to the necessary presence of the time-derivatives of the dual variables in the DtP map by design of
the Lagrangian for a first-order initial-value problem, such a final-time specification does not obstruct the
recovery of the causal result for the primal variables at time 7. For instance, the values of &(T") and 7(T) in
the dual solution adjust for the specification of £&(T') and n(T) to recover the correct solution for X(7") and
v(T), when there is uniqueness of solutions to the primal IVP (2.2)(see solved examples in, e.g., Kouskiya
and Acharya [2024], Sukumar and Acharya [2025]). Even in the absence of uniqueness in the primal IVP,
any solution to the dual E-L system always generates a genuine solution to the primal problem through the
corresponding DtP map.



2.2 An auxiliary dual Hamiltonian

Let Id(E,n,é, ;1) = I(ﬁ,?,&,n,é, 7;X,V) denote the reduced dual Lagrangian. Since the dual-to-primal

. . . OL _ oL _ . .
mapping satisfies F |(x7v):(§ﬁ) =0and 3 |(x7v):(§,€) = 0, its canonical momenta are
6£d -
pe = — = —X, 2.11a
Sy (2.11a)
ach ~
Py on mv ( )

The Legendre map associated with £y is (S,n,é’,ﬁ;t) — (£,M,Pe, Pn;t). Whenever this map is locally
invertible at a specified point (é,h) in the dual-velocity space, the inverse function theorem guarantees
the existence of a unique local inverse in a neighborhood of the corresponding point (pg,ps) in the dual-
momentum space. Thus, after selecting the corresponding local branch, the dual velocities can be expressed
as follows: )

£=Ve(&npe,Pnit), 1= Vy(§,n,Pe, Pyit). (2.12)

If several velocity points yield the same momenta, each such point may determine a different local inverse
and hence a different local branch of the Hamiltonian. Local invertibility alone therefore does not define a
globally single-valued Hamiltonian. .

Positive definiteness everywhere of the Hessian of L4 with respect to (£,7) implies strict convexity in
the velocities and hence global injectivity of the Legendre map. An additional condition such as superlinear
growth in the velocities gives surjectivity onto the entire momentum space. When convexity fails, the
Legendre—Fenchel transform may eliminate dynamically important nonconvex features of the primal problem
inherited by the dual Lagrangian, such as energy barriers and saddle points, and is therefore not considered
here.

The independent variables of a dual Hamiltonian are therefore &, 1, p¢, and py, together with ¢ when
the reduced dual Lagrangian depends explicitly on time. A dual Hamiltonian is defined as

H3(§,Mm,Pe, Pnst) =Pe - Ve + Py - Vg — La(&,m, Ve, Vi t). (2.13)

Using the definitions of the canonical momenta and the pre-dual Lagrangian, the dual Hamiltonian is sim-
plified to read
Hy=€6-v+n - FX)+ HX—X,Vv—V), (2.14)

where X and Vv are understood as functions of (€,1m, pe¢, pn;t) through the inverse Legendre map. The
corresponding Hamilton equations are

P00

ope ' ¢ o€
(2.15)

N WY

opn = " on

Along a solution of (2.15), for as long as the solution remains within the domain of definition of the selected
locally defined dual Hamiltonian, its total time derivative is computed as

d 05 ., 0Hy . 0 . 0 . 03

Ay = 4 M+ P+ e Py

=9 T on M ope ¢ op, P o (2.16)
oM 0

= P &P MHE Pt Pt =

Consider a time interval on which the dual Hamiltonian (evaluated along the considered solution) is well
defined in a neighborhood, in momentum space, of the momenta corresponding under the Legendre map to



the initial velocity for that interval. If X and v are independent of time and F does not depend explicitly on
time, then 0.73/0t = 0, and hence

d
=0, (2.17)

along dual Hamiltonian trajectories (within the considered neighborhood of momentum space). This con-
served quantity is an auxiliary dual Hamiltonian; in general, it is not the physical energy of the particle.

Since H is freely chosen, on each sufficiently short time interval, the base states defining it may be chosen
to be constant in time and taking values of the primal position and velocity at the beginning of that interval.
In a small time interval, it is natural to expect to be able to find a dual extremal with such an auxiliary
potential H, given the corollary to the consistency property of the dual formulation discussed in Sec. 2.1.
By restarting the initial-value problem, using the flow property, and exploiting the freedom in the choice of
H, one thereby obtains a large family of concatenated-in-time, locally defined, explicitly time-independent
dual Lagrangians and corresponding Hamiltonians, each of which is conserved along the corresponding dual
trajectory segment and, through the DtP map, a segment of the corresponding primal solution. Thus, even
for dissipative or non-conservative primal systems that do not have a conserved physical energy, auxiliary
dual Hamiltonians that are conserved piecewise in time are readily available and may provide useful tools
for the analysis and computation of different aspects of the primal problem.

3 Examples

In this section, we illustrate the dual variational formulation developed in the previous section using two
nonlinear curl force fields and the classical Ziegler column. These examples demonstrate how the structure
of the force field determines the dual-to-primal mapping. In all the following examples, we will employ
the zero base state, which results in the DtP mapping not being uniformly valid for all possible dual states
t— (&(t),n(t)). In [Vorotnikov and Acharya, 2025, Sec. 3], and [Kouskiya and Acharya, 2024, 2025, Kouskiya
et al., 2025] it is shown how base state ‘resets’ can be utilized in rigorous as well as algorithmic contexts to
always operate with a well-defined DtP map.

3.1 A two-dimensional nonlinear curl force

Let us apply the dual variational formulation to the following two-dimensional curl force that was considered

in [Yavari and Goriely, 2025b)

F(r,y) = 0 (e, 2%). (3.1)

For convenience, let k = %, and choose the base state x = v = 0. The Jacobian of the force field is
DF(z,y) = —k . (3.2)

Let H = H(x,V) be a smooth function, and write the dual variables as § = (&;,§,) and n = (1z,7,). The
dual-to-primal equations (2.5) take the form

%I = & + k(Y na + 327 y) (3.32)
% = —éy +2kxyn, , (3.3b)
= il &, (3.30)
gi = i, — &, . (3.3d)



Provided that these equations can be solved locally for (x,y, v, vy), they define the dual-to-primal mapping
(x,v) = (X,V)(&,1n,&,7M). In order to obtain a more explicit representation, let us consider the quadratic
function

B

H(x,v) = S +97) + 502 +07), a8 >0. (3.4)

The dual-to-primal equations (3.3) are then simplified to read

ax = —&, + k(y?n. + 32%n,) (3.5a)
ay = —fy + 2kzyn, , (3.5b)
Bz = —mijy — &z (3.5¢)
Py = —mipy — &y (3.5d)
Thus, the velocity part of the dual-to-primal mapping reads
~ 1 .
v:—ﬁ(mn—kE). (3.6)
Eq. (3.5b) gives us '
~ &y
_ : 3.7
Y a—2kn, T’ (37)
provided that o — 2k n, Z # 0. Substituting into (3.5a) gives us the following algebraic equation for Z:
. kn, £2
D S VAN L L TR (3.8)

(o — 2k, 5)2

Therefore, any locally selected root of (3.8), together with (3.6) and (3.7) defines a local dual-to-primal map.
Egs. (3.5a) and (3.5b) can be written as G(z,y) = 0, where

oz 4 &y — kng y? — 3kn, z*
Gley) = | (39)

ay + & — 2kn, xy

In calculating the Jacobian with respect to (z,y), the dual variables €, n and their time derivatives are held
fixed. Thus, in particular, 9¢;/0x = 0¢;/0y = 0. The Jacobian of G with respect to (x,y) is written as

o —6knyr  —2kn.y

—2kn,y  a—2kn,x

Since 8 > 0, the velocity part of the dual-to-primal mapping is already invertible. Therefore, by the implicit
function theorem, the complete dual-to-primal mapping is locally well-defined whenever

a—6kny T —2kn, Y

(3.11)
—2kn.y  a—2kn,T
The corresponding reduced dual Lagrangian is
Li=-R-€E-mV-0—E-V+HknTyi+knd® - %(@2 +7?%) — §(5§+ﬁ;). (3.12)



Stationarity of the associated dual action recovers

(3.13)

together with the prescribed initial conditions. Hence, although this curl force does not possess an ordinary
potential energy, its initial-value problem follows from a variational principle expressed entirely in terms of
the dual variables. Notice that this construction uses the force field directly.

Remark 3.1 (Quadratic lifting). An explicit dual-to-primal map can alternatively be obtained by intro-
ducing the auxiliary primal variables » = y? and s = 2. In terms of the enlarged set of primal variables,
the force field reads

F(x,r,s) = —k(zr,xs). (3.14)

The original initial-value problem is then equivalent to the following differential-algebraic system

T—v, =0, y—vy, =0,
mig + kar =0, mo, +kxs =0, (3.15)
vy —r=0, 2?2 —s5=0.

All the nonlinearities in this enlarged system are quadratic. Let A and p denote the dual variables associated
with the algebraic constraints y?> —r = 0 and 22 — s = 0, respectively. The augmented pre-dual Lagrangian
is written as' ] ,

Lo = =&y — Y&y — MUy — MUy — EeVe — &y + knpxr + knyxs

3.16
+ Ay% —7) —|—u(x2 —8) — Ho(z,y,7,8,05,0y) . ( )

Consider the quadratic auxiliary function Hy = (22 + y2 + 12 + s?) + 2(v2 + v2), o, 8 > 0. Stationarity
with respect to the enlarged set of primal variables gives us

ax = —&p + kner + knys + 2ux, (3.17a)
ay ==& +2\y, (3.17b)
ar =kngxr — A, (3.17¢)
as = knyr — @, (3.17d)
Bugy = —mny — &, (3.17e)
Buy = —may — &, . (3.171)

The first four equations in (3.17) form the linear system

a=2u 0 —kne —kny| |z o

0 a—-2)x 0 0 y £,
=— . (3.18)

—kng 0 o 0 r A

—kny 0 0 « S I

IThis Lagrangian is obtained by pairing &, and &, with the kinematic equations, 7, and 1, with the momentum equations,
and A and p with the algebraic constraints. Integration by parts transfers the time derivatives of x, y, vz, and vy to the
corresponding dual variables; the resulting boundary terms are incorporated into the augmented pre-dual action.



Its determinant is a(a — 2)) [a(a —2u) — k2(n? + nz)] Therefore, whenever this determinant is nonzero,
the augmented dual-to-primal map is explicit and reads

T _ aér+k(nx>\+ny/‘) §=— fy
afo—2p) — K202 +n3) a—2X\" (3.19)
. knexT— A ~ knyT—p N 1, .
r=— §=—1— v=—=(mn+¢§).
o ! B

Substitution of this mapping into the augmented pre-dual Lagrangian gives a reduced dual Lagrangian
depending only on &, 7, A, p, 6 , and 7). Stationarity with respect to A and p recovers the algebraic constraints
72 —7 =0 and 2 — 5 = 0, while stationarity with respect to & and n recovers the original equations of
motion. Thus, the quadratic lifting converts the implicit nonlinear dual-to-primal problem into an explicit
linear algebraic problem in the enlarged set of primal variables. By introducing additional auxiliary variables,
this lifting procedure can be extended to polynomial nonlinearities of arbitrary degree. When the coefficient
matrix is singular, the dual-to-primal equations may have multiple solutions or no solution. In the former
case, an additional criterion is needed to select one of the solutions; this works for the dual variational

problem, but recovering primal solutions can require additional care related to considerations of regularity.

3.2 A three-dimensional nonlinear curl force

Let us apply the dual variational formulation to the following three-dimensional curl force that was considered
in [Yavari and Goriely, 2025b]

F(ZL‘,y,Z) - —(yz,2xz,zy) . (320)
The Jacobian of the force field is
0 z wy
DF(z,y,2)=— 12z 0 2z| - (3.21)
y x 0

We choose the base state X = v = 0 and write the dual variables as § = (&;,§,,&.) and 17 = (13, 1y,7.). For
a general smooth function H = H(x, v), the dual-to-primal equations (2.5) take the form

0H

e —&o + 22my + yns (3.22a)
aa% = & + 20y + T, (3.22b)
% = —& +yn. + 2y, (3.22¢)
gZ = iy — &a (3.22d)
gi R (3.22¢)
gz = —mn, — &, . (3.22f)

Provided that these equations can be solved locally for (z,y, z, vy, vy, v,), they define the dual-to-primal
mapping. To obtain an explicit representation, consider the quadratic function

H(x,v) = %(ﬁ +y? +2%) + g(vg +op+0v7),  @B>0. (3.23)
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The velocity part of the dual-to-primal mapping reads

G = —%(mh 1e). (3.24)
The position equations can be written as
«a -y —2ny| | £a
—n, a N yl =— fy . (3.25)
e AT T
Let -
a  =n. =2y
A(m) = -1 o} Nz | - (3.26)
=210y N « |

Whenever det A(n) # 0, the position part of the dual-to-primal mapping is given as X = —A~1(n) 5 . Thus,
the complete dual-to-primal mapping is written as

= -A(mE, V= —%wm Le). (3.27)

The corresponding reduced dual Lagrangian reads

~ ~ ~ ~ ~~ ~n O ~ ~ ~ ~ ~
Id:—x.é’—mv-n_§-v+nmyz+2nyxz+nzxy—§(x2+y2+22)—§(vi+vi+vg). (3.28)

Stationarity of the associated dual action recovers
(3.29)

together with the prescribed initial conditions. In contrast to the two-dimensional example (without the
quadratic lifting), the quadratic structure of the force makes the position part of the dual-to-primal mapping
linear and hence explicitly solvable away from the locus det A(n) = 0.

3.3 The Ziegler column

Let us consider the classical undamped Ziegler column, consisting of two massless rigid links of length ¢,
carrying point masses mi and ms, and connected by rotational springs of stiffnesses ¢; and cs. A tangential
follower force of magnitude P is applied at the free end of the second link [Ziegler, 1977, Kirillov, 2021], see
Fig. 1.

Let 6, and 6, denote the absolute rotations of the first and second links, respectively, measured from the
straight equilibrium configuration. Thus, the relative rotation of the second spring is 65 — 6;. The position
vectors of the two point masses are

r; = {(sinfy,cos6y), ro = £(sinf; + sin fy, cosf1 + cosbs) . (3.30)

The two rigid links are assumed to be massless. Therefore, the kinetic energy of the system consists
solely of the kinetic energies of the two point masses m; and mo. The velocity of the first mass is

11



Figure 1: The classical Ziegler column consisting of two massless rigid links of length £, point masses m1 and ma, rotational
springs of stiffnesses c¢1 and c2, and a compressive follower force of magnitude P. The angles 61 and 02 are the absolute
rotations of the two links measured from the vertical configuration, while 02 — 01 is their relative rotation. The spring of
stiffness c1 is moment-free when 61 = 0, while the spring of stiffness ca is moment-free when 62 — 61 = 0; thus, both springs
are moment-free in the initial vertical configuration.

;= {(cos b 0, —sind; 0.1),‘and hence r; -1 = Ezé% The velocity of the second mass is 2 = ¢( cos 6y 6, +
COS 92 92, —sin 91 91 — sin 02 92) Therefore,

Py - Ty = 02 9% + 9% + 2(cos B cos B2 + sin B sin 6s) 9192} = (2 [9% + 9% + 2cos(br — 62)916’2} . (3.31)
Thus, the kinetic energy of the system is given as
(SRS S R gU L S, .
T = 577111‘1 T+ §m2r2 s Yo = imlé 01 + §m2€ |:01 + 02 + 2008(61 - 02)9192} . (332)

Let g = (61, 602) denote the vector of generalized coordinates. The kinetic energy can be written as?

my + my mg cos(61 — 02)

1, .
T=354-M@q, M=~ : (3.33)
ma cos(f; — 602) m2
The elastic energy stored in the two rotational springs is
1 1 1 c1+c2 —C2
II= 5010% + 502(02 — 91)2 = iq -Keq, K. = . (3.34)
—C2 Co

The follower force is applied at the second mass, has constant magnitude P, and remains tangent to the

second link. Thus, P = —P(sinfa, cos ). Its generalized forces are obtained from its virtual work:?
8r2
=P, L =1,2. 3.35
Q=P (3.35)

2For m1,ma > 0 and £ > 0, the symmetric mass matrix M(q) is positive definite because its leading principal minors are
£2(m1 +ma) > 0 and det M(q) = £4ma[mq + masin?(01 — 62)] > 0.
3Note that the virtual displacement of the second mass is written as dro = %69@ where summation over i is understood.

Therefore, (W =P - fro =P - %69@ Comparing this expression with the definition §W = Q;60; gives us Q; = P - %
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A direct calculation gives us Q1 = P/¢sin(f; — 63), and @2 = 0. The second generalized force vanishes
because the displacement of the end point produced by varying 5 is perpendicular to the second link and,
therefore, perpendicular to the follower force. In contrast, varying #; moves the entire second link and
produces nonzero work.

To obtain the classical linearized Ziegler column, we linearize the equations of motion about the vertical
configuration #; = 0, = 0. The mass matrix evaluated at this configuration is

) mi 4+ mo Mo
M = M(0) = ¢ , (3.36)

mo mao

and the quadratic kinetic energy of the linearized system is T = %q - Mq. Linearization of the generalized
follower force gives us

1 -1
Qf = P/ q= Kfq. (337)

0 0

The linearized equations of motion are consequently written as Mq + K.q = K¢q, or, equivalently,

c1+co— Pl Pl—cy
Mg+Kq=0, K=K.—-K;= . (3.38)

—C2 C2
Notice that K. is symmetric, whereas K; and hence K are nonsymmetric. This asymmetry is a direct

consequence of the nonconservative follower force: the generalized force @)1 depends on both 67 and 65, while
Q2 vanishes. The generalized force in (3.38) is F(q) = —Kq. Since

oF, OF;
— — —— = K9 — Ko = PV 3.39
90, 90, 12 21 ) ( )

the follower load generates a curl force whenever P # 0.
Let v = q, and denote the dual variables by & = (£1,&2) and i = (n1,72). For a general smooth function
H = H(q, V), the pre-dual Lagrangian reads

L=-q&E-Mv-n—§¢-v+n -Kg—H(q,v). (3.40)
Stationarity with respect to q and v gives the dual-to-primal equations

oOH ; oOH . .
a—q=—£+KTTI7 aTZ—MTTI—ﬁz—MU—fa (341)

where the symmetry of the mass matrix M has been used. Provided that (3.41) can be solved locally for
(q,v), it defines the dual-to-primal mapping.
In order to obtain an explicit representation, consider the following quadratic function

1 1
H(q,v) = 74 Aq+ 3V Bv, (3.42)

where A and B are symmetric positive-definite matrices. The dual-to-primal mapping is then
da=A"'(K'n-§, vV=-B'(Mp+§). (3.43)

Substitution of (3.43) into the pre-dual Lagrangian gives the reduced dual Lagrangian

Ly= KTy~ &) A~ KTy~ &)+ 5 (M +€) B~ (M + ). (3.44)
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Thus, the dual action is written as

T
S[€,n] = /0 Ladt —qo - £(0) — Mvo - 1(0), (3.45)

where the terminal values €(T") and n(T) are prescribed. Stationarity of (3.45) recovers

q=y, Mv +Kq=0, q(0) =qop, v(0) =vg. (3.46)
Remark 3.2. A convenient choice is A = I and B = M2. Notice that the coefficients of € and #) in the dual
Euler-Lagrange equations are A~! and MB™'M, respectively. With the above choices, both coefficients
reduce to the identity. Thus, the principal part of the dual Euler-Lagrange system has the identity as
its coefficient matrix, making its elliptic character explicit and eliminating coupling between highest-order
derivatives.

Thus, although the nonsymmetric stiffness matrix of the Ziegler column prevents the existence of an
ordinary elastic potential, its initial-value problem admits an explicit quadratic dual action. In particular,
the choices A = I and B = M? reduce the coefficients of 5 and 7) in the dual Euler-Lagrange equations to
the identity. Thus, the principal part of the dual Euler—Lagrange system is an identity-coefficient, uniformly
elliptic second-order operator. The circulatory character of the follower force enters the dual formulation
through the transpose KT in the dual-to-primal mapping. Nevertheless, the second variation of the quadratic
dual functional is symmetric. Consequently, discretizations constructed directly from the dual functional
inherit this symmetry and lead to symmetric discrete algebraic systems. The resulting dual problem can be
solved directly on the full time interval. For long time intervals, the time-staging procedures introduced in
[Kouskiya and Acharya, 2025] provide a more efficient alternative by replacing a single large global system
with a sequence of smaller problems.

The corresponding auxiliary dual Hamiltonian reads

~ o1 1
%:5.0—n~Kq+§q-Aq+§v~BV, (3.47)

and is conserved along extremal dual trajectories, and therefore also along solutions of the primal system
(3.46). The dual dynamics of this linear curl-force system therefore admits a global single-valued Hamilto-
nian.

Remark 3.3. More generally, any dual Lagrangian for the linear primal dynamics for ¢ — x(t) € R®, n a
positive integer, of the type Mx + Dx + Kx = 0, x(0) = x¢, x(0) = vo, with given xg,vo € R", M € RY
and invertible, and K, D € R™*" without any further special properties, admits a global single-valued dual
Hamiltonian when the dual Lagrangian is parametrized by two R™*" symmetric positive definite matrices
A, B appearing in the auxiliary potential H(x,v) = %(X -Ax + v -Bv). The primal dynamics includes
conservative, non-conservative (e.g. curl), as well as dissipative forces.

4 Conclusions

In this paper, we presented a dual variational formulation for the dynamics of particles under curl forces.
Although such forces do not possess an ordinary potential energy and their equations of motion do not,
in general, follow from a standard variational principle, we showed that their initial-value problems can be
obtained from an action expressed entirely in terms of dual variables. The construction begins with a pre-
dual Lagrangian involving the primal and dual states and an auxiliary function H. Stationarity with respect
to the primal variables defines a local dual-to-primal mapping, whose substitution into the pre-dual action
gives the dual action. The Euler-Lagrange equations of this action recover both the original equations of
motion and the prescribed initial conditions.

The freedom in the choice of H generates a family of dual variational formulations for the same curl-
force dynamics. This function does not represent a physical energy; rather, it controls the structure and
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local invertibility of the dual-to-primal mapping. We also constructed an auxiliary dual Hamiltonian that is
conserved along stationary dual trajectories. This conserved quantity is associated with the dual variational
structure and, in general, is distinct from the physical energy of the particle.

The formulation was illustrated using nonlinear curl forces in two and three dimensions and the classical
Ziegler column. The nonlinear examples showed that the nonlinearity of the force is transferred to a pointwise
algebraic dual-to-primal problem. For the linearized Ziegler column, the mapping is explicit and the dual
action is quadratic, despite the nonsymmetry of the circulatory stiffness matrix. These examples demonstrate
that the absence of an ordinary potential energy does not preclude a variational description of curl-force
dynamics. Building on the works of Acharya and co-workers already mentioned, extensions of the present
formulation to systems of particles, continuum theories with non-conservative constitutive responses, and
numerical schemes based on dual actions remain topics for future work. Another promising direction is the
computation of periodic orbits in possibly chaotic curl-force systems, such as those considered in [Berry,
2025], for which a variational formulation is particularly well suited.
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