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Abstract 

We address dendrite growth resistance in solid electrolytes in all-solid-state Li-ion batteries. First, 

we introduce a dendrite-growth model in the electrical, ionic-flow, temperature, and stress fields 

in the solid-state electrolyte. The model analysis shows that the applied electrode potential 

generates field singularities at the dendrite/crack tip, driven by electrochemical ion-deposition 

pressure and the thermal-conductivity jump at the dendrite/electrolyte interface. An extended J-

integral is introduced to characterize the stress and temperature-gradient singularities and 

associated driving forces of the dendrite/crack tip in the heat-generating medium. These 

singularities are then used to construct universal threshold-current-density diagrams of 

dendrite/crack growth in solid electrolytes. From the universal diagram, the resistance to 

dendrite/crack growth is defined. This resistance depends on the dendrite/crack length, film 

thickness, and the properties of the electrochemically active solid-state electrolyte. These 

properties include ion conductivity, thermal conductivity, thermal expansion coefficient, elastic 

moduli, and toughness against dendrite/crack growth. The analyses show that the driving force 

from thermal stresses induced by Joule heating of the ionic current in the electrolyte is particularly 

significant for short dendrite/crack structures. The polarity of the temperature gradient in the 

electrolyte is found to be a primary factor in determining the threshold current density for short-

dendrite/crack growth. The analysis offers methods for testing the dendrite/crack toughness of the 

electrochemically active solid-state electrolyte. It also guides the design of battery-cell packing 

sequences to maximize resistance to dendrite/crack formation and growth along the cooling path. 
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1. Introduction 

Recently, we found that applying a moderate temperature gradient across a thin-film solid 

electrolyte (LLZTO) can triple the critical current density (CCD) of all-solid-state batteries 

(ASSBs) (Yu et al., 2026). Over the past decade, safe oxide- or sulfide-based ASSBs have been 

developed for high-energy-density applications (Mercier et al., 1981, Thangadurai et al., 2004). 

These batteries are non-volatile and highly resistant to catastrophic short-circuit failure caused by 

metal dendrite growth in their solid-state electrolytes (SSEs) (Sandoval et al., 2025, Manthiram et 

al., 2017, Janek and Zeier, 2016, Monroe and Newman, 2004, Monroe and Newman, 2005). 

Dendrite formation and growth are key factors in determining the cycle life and charging rate of 

ASSBs. To address this, researchers have focused on suppressing dendrite formation through 

lattice-structure optimization and targeted doping, thereby achieving higher charging-current 

densities in SSEs (Kwatek et al., 2020, Xia et al., 2016). More recently, it has been recognized 

that, unlike liquid electrolytes, dendrites in SSEs tend to generate internal stress fields that can 

lead to crack-like propagation (Porz et al., 2017, Fincher et al., 2022, Zhang et al., 2026). In this 

paper, we develop a theory of thermo-mechanical dendrite growth for which we refer to the crack-

like dendrite growth in SSEs as “dendrite/crack (d/c) growth.” While dendrite growth in liquid 

electrolytes is strongly influenced by operating temperature, the effect of temperature on d/c 

growth in SSEs is often considered minimal. However, we demonstrate that d/c growth in SSEs is 

sensitive to Joule heating of the ion current, the cooling path, and thus to temperature gradients, 

thermal conductivity, and thermal expansion in the electrolyte. Therefore, controlling temperature-

gradient in the SSE is crucial for designing all-solid-state batteries that resist dendrite growth. 

 

To model d/c growth in an SSE, we first analyze four static fields: electrostatic, ion flow, 

temperature, and stress. These fields surround a stationary d/c extruded into an SSE from a 

negative electrode (NE) of an ASSB during charging. This analysis shows how the NE-

dendrite/SSE interface distinguishes between stagnant and active Li deposition zones. It also 

reveals how the stagnant zone creates static fields focused on the d/c tip. These fields affect the 

criticality of d/c advancement. We identify the threshold current density (TCD) for d/c growth in 

solid electrolytes. TCD is the minimum far-field ion current density needed for a single d/c to grow 

in a thin-film SSE. By contrast, the commonly referenced CCD is the average ion current density 



that causes battery failure after the formation of complex dendrites. This failure can occur after 

multiple charge/discharge cycles (Lu et al., 2021). Our study focuses on lithium ions (Li⁺) as the 

charge carriers, with the dendrite as solid lithium metal. However, the formalism applies to other 

mobile metallic ions. The ion current in the SSE produces Joule heating. This phenomenon is 

similar to those well-studied in liquid and polymer electrolytes (Yuan et al., 2024, Tran et al., 

2022). 

The ion current also facilitates lithium deposition at the dendrite/electrolyte interface, causing the 

lithium dendrite to expand its volume within the confined opening of the SSE crack faces (Porz et 

al., 2017). The deposition process continues until the electric potential balances the pressure on 

the crack faces, the distribution of which is governed by the Butler-Volmer equation (Butler, 1924, 

Erdey-Grúz and Volmer, 1930). In this paper, the pressure distribution is assumed solely regulated 

by the elastic deformation of the SSE to balance the Butler-Volmer pressure. A long d/c develops 

an interface pressure below the dendrite metal’s yield stress. For an intermediate length d/c, the 

interface pressure and its gradient may induce plastic flow, and we will treat it elsewhere in a 

sequel paper. As a result, the pressure distribution on the SSE crack face creates a heightened 

triaxial tensile stress field near the d/c tip. This intensified stress field can be measured by a crack-

face-pressure(cfp)-induced stress intensity factor 𝐾𝐼
(𝑐𝑓𝑝)

. Additionally, the 𝐾𝐼
(𝑐𝑓𝑝)

 field encourages 

electronic lithium deposition and/or micro-cracking at near-tip grain-boundaries, leading to 

electrochemical embrittlement and/or micro-crack toughening (Pustorino et al., 2024, Zhang et al., 

2025). Recently, detailed athermal analyses of dendrite growth related to the 𝐾𝐼
(𝑐𝑓𝑝)

 field in LLZO 

have been discussed in literatures (Fincher et al., 2022, Porz et al., 2017, Mukherjee et al., 2023).  

This paper shows that ion-current Joule heating creates a significant temperature-gradient 

concentration near the d/c tip. This gradient coupled with thermal expansion leads to an additional 

stress focusing, beyond the 𝐾𝐼
(𝑐𝑓𝑝)

 stress field observed near the d/c tip, when the SSE is cooled 

from either electrode side. This additional concentration occurs when the thermal conductivity 

ratio of lithium metal to SSE is much greater than one. The typical range is 10 to 200 for lithium’s 

85 W/(m·K) thermal conductivity (Ho et al., 1972). The temperature gradient from heat flowing 

into or out of the dendrite generates a singular crack-opening or -closing thermal stress field. This 

field is characterized by the Joule-heating-induced thermal stress intensity factor 𝐾𝐼
(𝑡𝑠)

. Notably, 

this parameter 𝐾𝐼
(𝑡𝑠)

is much larger than the parameter 𝐾𝐼
(𝑐𝑓𝑝)

 for short d/c’s exposed to high ion-



current density. The Seebeck effect and the expansion of the SSE from temperature-dependent 

lithium-ion concentration may also influence the stress intensity field at the d/c tip (Sharafi et al., 

2016). However, these additional factors are considered negligible compared to the contributions 

from the 𝐾𝐼
(𝑡𝑠)

 and 𝐾𝐼
(𝑐𝑓𝑝)

 fields. The external stress intensity factor 𝐾𝐼
(𝑒𝑥𝑡)

 field from boundary 

tractions and body forces adds to the total stress intensity factor and affects dendrite growth. 

Concerning the near-tip field in an SSE and the d/c growth, the singular stress-intensity field has 

been directly observed using photoelasticity (Athanasiou et al., 2024, Fincher et al., 2026). Our 

recent experiments reported elsewhere (Yu et al., 2026) show that an external temperature gradient 

caused by positive-electrode (PE) cooling and NE heating can increase the CCD of a coin-cell 

battery by about three times. Previous studies have explored how temperature affects material 

properties (Sharafi et al., 2016, Hess, 2018). However, the thermal stresses affecting dendrite 

propagation under temperature gradients in SSEs are addressed here for the first time. 

Regarding the 𝐾𝐼
(𝑐𝑓𝑝)

, 𝐾𝐼
(𝑡𝑠)

, and 𝐾𝐼
(𝑒𝑥𝑡)

 fields, while the conventional J-integral (Rice, 1968) and 

the Irwin relation (Irwin, 1957) serve to evaluate the stress-intensity fields, the analysis of 

mechanical, thermal, and electrochemical multi-physics fields necessitates an extended J-integral. 

This paper introduces an extended J-integral specifically for d/c growth in SSE, that includes 

entropy and temperature distributions. The extended J-integral evaluates the parameters 𝐾𝐼
(𝑐𝑓𝑝)

 

and 𝐾𝐼
(𝑡𝑠)

 for two primary boundary conditions – a free traction and a partially fixed displacement 

- in simulating the lithium-ion current field within a thin-film SSE cooled from NE or PE. The ion 

current and associated heat generation create a stress field in the SSE and contribute to the d/c-tip 

energy release rate through the 𝐾𝐼
(𝑐𝑓𝑝)

 and 𝐾𝐼
(𝑡𝑠)

fields. For a small nominal d/c-tip process-zone 

size 𝑟0 ≪ 𝑎, we introduce a small-scale process-zone d/c growth criterion – a d/c begins to grow 

when the combined value, under a threshold (ion)-current density, 𝑖(𝑡𝑐𝑑), reaches the d/c-growth 

toughness.  

In this paper, we refer to 𝐾𝐼
(𝑡𝑠)

 for 𝐾𝐼
(𝑡𝑜𝑡𝑎𝑙)

− 𝐾𝐼
(𝑐𝑓𝑝)

− 𝐾𝐼
(𝑒𝑥𝑡)

. Here, 𝐾𝐼
(𝑡𝑠)

 is defined as a nominal 

stress intensity factor that asymptotically approaches ඥ𝐸∗𝐽(𝑡𝑠) near a d/c tip. Here, 𝐸∗ is the plane-

strain Young’s modulus and 𝐽(𝑡𝑠) the extended J-integral of the thermal stress field for a d/c tip 

with a small-scale process zone. In this zone, chemical 𝐿𝑖 deposition processes at the growing 

dendrite tip and nearby grain boundaries reduce the SSE’s dendrite-growth toughness (Pustorino 



et al., 2024). Some eigenstrain-producing mechanisms increase the toughness (Zhang et al., 2025). 

These phenomena illustrate two concepts: electrochemical embrittlement and micro-mechanical 

toughening. More recently, in a system of garnet-type solid electrolyte, toughness was measured 

to be decreased with the increasing current (Fincher et al., 2026). The parameter 𝜉 , hereafter 

referred to as the embrittlement/toughening factor (ET factor), quantifies the extent of these 

embrittlement and toughening effects, which are typically managed by doping with various 

chemical elements (Zhang et al., 2024) and controlling the grain and grain-boundary mechanical 

properties (Xie et al., 2024, Jia et al., 2024). Diverse dopants are used to stabilize the crystal 

structures of SSEs (Zhou et al., 2022, Xia et al., 2016). They can also modify their bulk properties, 

such as ionic conductivity, thermal conductivity, thermal expansion coefficient, and elastic moduli, 

or adjust the characteristics of the SSE/dendrite interface (Zhang et al., 2024, Sharafi et al., 2017b). 

However, the ET factor 𝜉 for d/c growth toughness 𝐾𝐼𝐶
(𝑑𝑐𝑔)

= 𝜉𝐾𝐼𝐶  of electro-chemo-mechanically 

active d/c tips in an SSE has not been well defined or measured. In this paper, we rigorously define 

the ET factor and provide a measurement method for it. Then, the ET factor is used to address 

dendrite growth resistance (DGR) by investigating the TCD for d/c growth. All analyses are 

presented on a non-dimensionalized, universal TCD (U-TCD) diagram, which displays a single, 

collapsed curve for various SSEs. The U-TCD diagram is expected to aid in strategic decisions 

regarding SSE material selection, manufacturing methods, dopant selection, structural design, 

external mechanical loading, and thermal management. 



2. Analysis of fundamental multi-physics continuum fields in SSE  

In this section, we analyze the stress, temperature and electrical fields, as well as the steady heat 

and ion flows driven by associated potentials applied to a stationary d/c in SSE, up to the onset of 

growth. From our analysis, we introduce an extended J-integral with multi-physical Helmholtz 

free energy potential to extract key parameters that establish a criterion for d/c growth. These 

parameters are influenced by the far-field ion-current density, the material properties of the SSE, 

the specimen's geometry, and the boundary conditions. To establish a universal relationship for 

d/c growth criticality, we analyze the driving force of 𝑖∞ with the extended J-integral for a set of 

the SSE material properties, a primary specimen geometry, and boundary conditions, as shown in 

Fig. 1(a). The primary SSE specimen geometry is a thin film geometry of thickness 𝑊 and height 

𝐻 for 𝐻 𝑊 ≫ 1Τ . Details of the boundary conditions are presented in Section 2.4. Figure 1(b) 

shows an optical image of a d/c extended from an NE tip in an LLZTO SSE. Figures 1(c) exhibits 

photo-elastic fringes around a d/c tip, revealing stress-singularity field near the d/c tip (Athanasiou 

et al., 2024). Here, we use the stress intensity factor of the singular field as a fracture-toughness 

parameter to calibrate the d/c growth resistance. The toughness is typically governed by d/c-tip 

embrittlement caused by isolated grain-boundary dendrite formation (Pustorino et al., 2024) and 

toughening via micro-crack formation (Zhang et al., 2025), respectively.  The two representative 

d/c-tip embrittlement and toughening processes are considered to result in the electro-chemo-

mechanical ET factor 𝜉. To establish a universal relationship between TCD and the ET factor, all 

governing equations are normalized, using Greek subscript indices, with Einstein’s summation 

convention, to represent the two-dimensional components 1 and 2. 

 

2.1 Equations of thermomechanical stress and deformation fields: 

Mechanical equilibrium of the stress field in SSE is represented in a normalized form as  

 
𝜕𝜎ത𝛽𝛼

𝜕𝑥ҧ𝛽
+ 𝑏ത𝛼 = 0 (1) 

 



where 𝜎ത𝛽𝛼 = 𝜎𝛽𝛼 𝜇Τ  with stress components 𝜎𝛽𝛼 and the SSE shear modulus 𝜇; 𝑥ҧ𝛽 = 𝑥𝛽 𝑊Τ  with 

spatial coordinates 𝑥𝛽 and the SSE film thickness 𝑊; 𝑏ത𝛼 = 𝑏𝛼𝑊 𝜇Τ  with body-force components 

𝑏𝛼. Then, the thermoelastic constitutive relation of the SSE is normalized as 

 𝜎ത𝛽𝛼 = ቊ
𝛿𝛽𝜉𝛿𝛼𝜂

(1 − 2𝜈)
+ 𝛿𝛼𝜉𝛿𝛽𝜂ቋ ቊ

𝜕𝑢ത𝜉

𝜕𝑥ҧ𝜂
− 𝜃ҧ𝛿𝜉𝜂ቋ (2) 

where 𝛿𝛽𝜉  is the Kronecker delta, 𝜈  the Poisson ration of the SSE; 𝑢ത𝜉 = 𝑢𝜉 𝑊Τ  with local 

displacement components 𝑢𝜉; 𝜃ҧ = 𝛼(𝜃 − 𝜃0) with thermal expansion coefficient 𝛼 of the SSE, 

local temperature 𝜃 in the SSE, and a reference temperature 𝜃0. 

 

2.2 Equations of ion-current flow: 

The electric field drives steady-state electrical current flow in the primary SSE specimen geometry. 

This electric current field is determined by Ohm’s law. In this context, current consists of electron 

and/or ion currents. However, in an SSE, the leaking electron current density is usually negligible 

compared to the ion current density. As a result, the current primarily depends on the ion 

conductivity for a given electric potential gradient. Therefore, the steady-state ion-current density 

is described by 

 𝑖ҧ𝛽 +
𝜕𝛷ഥ

𝜕𝑥ҧ𝛽
= 0 (3) 

where 𝑖ҧ𝛽 = 𝑖𝛽 𝑖𝑟𝑒𝑓Τ  with local ion-current density vector 𝑖𝛽  and a reference ion-current density 

𝑖𝑟𝑒𝑓 = ඥ𝜅𝑖𝑜𝑛𝜅𝑡ℎ 𝛼𝑊2Τ  for which 𝜅𝑖𝑜𝑛 and 𝜅𝑡ℎ are the ion and thermal conductivities of the SSE, 

respectively; 𝛷ഥ = 𝜙𝜅𝑖𝑜𝑛 𝑖𝑟𝑒𝑓𝑊ൗ , for electric potential 𝜙 . Additionally, charge conservation is 

required for the ion-current field, expressed as 

 
𝜕𝑖ҧ𝛽
𝜕𝑥ҧ𝛽

= 0 (4) 

2.3. Equations of heat flow: 

A steady-state heat flow field in SSE is governed by the Fourier law of heat conduction for the 

heat flux 𝑞𝛽 caused by Joule heating of 𝑖𝛽 as  



 
𝜕𝜃ҧ

𝜕𝑥ҧ𝛽
+ 𝑞ത𝛽 = 0 (5) 

for which 𝑞ത𝛽 = 𝛼𝑞𝛽𝑊 𝜅𝑡ℎΤ . Then, the requirement of energy conservation on 𝑞𝛽  for the heat 

generation of 𝑖𝛽′𝑠 Joule heating is expressed as   

 
𝜕𝑞ത𝛽

𝜕𝑥ҧ𝛽
− 𝑖ҧ𝛽𝑖ҧ𝛽 = 0 (6) 

2.4. Boundary conditions:  

Referring to Fig. 1(a), we consider four primary boundary conditions for a thin-film SSE with a 

single-edge d/c: (1) a straight film with (NEc & PEi), (2) a bent film free of traction with (NEc & 

PEi), (3) a straight film with (PEc & NEi), and (4) a bent film free of traction with (PEc & NEi). 

Here, (NEc & PEi) stands for NE cooling with PE-side insulation, and (PEc & NEi) for PE cooling 

with NE-side insulation. For the straight film, the normal displacement of the insulating face is 

held fixed to maintain flatness. In contrast, a traction-free film warps due to bending caused by 

temperature gradients in the SSE resulting from body Joule heating and boundary cooling. No in-

plane tensile/compression forces or bending moments are applied to the film's cross-section far 

from the d/c plane. The dendrite/SSE interface boundaries have a normal traction distribution 

 𝜎𝑛(𝑥1) = −
𝑧𝐹𝑖∞൫𝑥1 + 𝑅𝑖𝑛𝑡𝜅𝑖𝑜𝑛൯

𝑉𝑚𝜅𝑖𝑜𝑛
, 0 ≤ 𝑥1 ≤ 𝑎 << 𝑊 (7) 

where 𝑧 is the number of electrons involved in the unit electrode reaction, 𝐹 the Faraday constant, 

𝑅𝑖𝑛𝑡 the interface resistance, and 𝑉𝑚 the molar volume of the ion. Equation (7) comes from the 

condition of no deposition current on the dendrite surface when there is a steady ion current in SSE 

for a stationary d/c. This result uses the linearized Butler-Volmer equation (Butler, 1924, Erdey-

Grúz and Volmer, 1930) for low effective over-potential. Here, the traction is balanced by the 

electric potential distribution in the SSE as 

 𝜙 =
𝑖∞൫𝑥1 + 𝑅𝑖𝑛𝑡𝜅𝑖𝑜𝑛൯

𝜅𝑖𝑜𝑛
 (8) 

With this over-potential jump along the dendrite/SSE interface, the potential on the Li dendrite 

surface along the interface remains constant, the same as the NE potential. Turning to thermal 

https://en.wikipedia.org/wiki/Faraday_constant


effects, for the four primary boundary conditions, the thermal boundary conditions specify that the 

temperatures at the SSE/NE and SSE/dendrite interfaces remain equal and constant for 

𝜅(𝐿𝑖)
𝑡ℎ 𝜅(𝑆𝑆𝐸)

𝑡ℎൗ ≫ 1. Other than the SSE/dendrite boundary conditions, the temperature at the cooling 

face of the SSE is kept constant, while an adiabatic boundary condition is applied at the insulating 

face. Furthermore, analytical solutions of the bending curvature, and the stress, and temperature 

distributions on the film’s cross-section far away from the d/c plane for the four primary boundary 

conditions are presented in the Appendix. In contrast, details of the stress and temperature 

distributions near the d/c tip for the four primary cases are obtained using finite element method 

(FEM) analysis and are presented in the following section. 

 

2.5 FEM analysis of multiple stress-intensity fields of a dendrite/crack 

The coupled electro-thermo-mechanical partial differential equations (PDEs) governing the 

system are solved using the FEM in COMSOL Multiphysics 5.2 (COMSOL-Inc.). Specifically, 

the governing equations—force balance (solid mechanics), Fourier heat conduction (heat transfer 

in solids), and Poisson’s equation (electrostatic field)—are implemented through the Solid 

Mechanics, Heat Transfer in Solids, and Coefficient Form PDE modules, respectively. To capture 

the physical configuration, the computational domain in Fig. 1(a) models the upper half of the SSE 

as a plane strain problem, having dimensions of 1 mm thickness (W) and 6.35 mm (half) height 

(H). Within this domain, a lithium metal dendrite of variable length, denoted as a, is positioned 

along the symmetric axis, initiating from the NE side of the electrolyte. In this study, we employed 

LLZO as the solid for the SSE FEM model. The corresponding material properties—including 

Young’s modulus, Poisson’s ratio, thermal expansion coefficient, thermal conductivity, and ionic 

conductivity—are provided in Table 1. Boundary conditions were implemented as outlined in 

Section 2.4. To ensure accuracy, the convergence test for the FEM using an extended J-integral, 

defined in the next section, was performed with a mesh comprising approximately 100,000 

quadrilateral elements, which consisted of 570,000 nodes with non-uniform sizing. Notably, near 

the d/c tip, refinement allows for a minimum element size of 0.1 μm, enabling effective resolution 

of stress singularities and temperature gradients. 

Figure 2(a) illustrates the FEM analysis results of the near-tip stress distributions, labeled 𝜎𝑦𝑦
(𝑡𝑠)

, 

𝜎𝑦𝑦
(𝑐𝑓𝑝)

, and 𝜎𝑦𝑦
(𝑡𝑜𝑡𝑎𝑙)

, for 𝑎 = 1,10,100 𝜇𝑚, respectively, at the critical stress intensity 𝜉𝐾𝐼𝐶  (=



𝐾𝐼
(𝑐𝑓𝑝)

+ 𝐾𝐼
(𝑡𝑠)

) of 0.95 𝑀𝑃𝑎ξ𝑚 with 𝜉 = 0.58, for NE cooling of a straight SSE film. The 𝐾𝐼𝐶 of 

1.64 𝑀𝑃𝑎ξ𝑚  is a reported value based on nano-indentation fracture tests of an LLZO 

(Wolfenstine et al., 2013). The 𝜉  value of 0.58 is a theoretical DFT estimation of potassium 

fluoride (KF)-doped LLZTO (Zhang et al., 2024). The 𝜉 value for undoped LLZO would have 

been 0.12 (Sharafi et al., 2017b, Mukherjee et al., 2023). The results of 𝑎 = 1,10,100𝜇𝑚 

correspond to 𝜒𝑡𝑠ቀ≡ 𝐾𝐼
(𝑡𝑠)

𝐾𝐼
(𝑐𝑓𝑝)

ൗ ቁ = (7.032,0.152,0.001),TCD= (119.1,26.6,1.0) 𝑚𝐴𝑐𝑚−2 , 

𝐾(𝑡𝑠) = (0.83,0.13,0.001) 𝑀𝑃𝑎ξ𝑚 , 𝐾(𝑐𝑓𝑝) = (0.12,0.82,0.948) 𝑀𝑃𝑎ξ𝑚 , respectively. The 

findings indicate that the crack-tip opening displacement driven by thermal stress is significantly 

larger than that caused by cfp in the high 𝜒𝑡𝑠 case. Conversely, this trend is reversed in the low 𝜒𝑡𝑠 

case.  

Figure 2(b) explicitly displays the stress distributions 𝜎𝑦𝑦
(𝑡𝑠)

, 𝜎𝑦𝑦
(𝑐𝑓𝑝)

, and 𝜎𝑦𝑦
(𝑡𝑜𝑡𝑎𝑙)

 along the crack 

line for the three values of 𝜒𝑡𝑠 , for NE cooling of a straight SSE film. It shows 1 ξ𝑟Τ  stress 

singularities ahead of the d/c tips, where 𝑟 is a distance from the d/c tip. For the short d/c of 𝑎 =

1𝜇𝑚, the cfp distribution increases linearly with 𝑥1, as expected. It remains relatively low, with 

its maximum 78.9 𝑀𝑃𝑎 at the d/c tip.  This low maximum occurs because much of the stress 

intensity at the d/c tip is supported by the temperature gradient ahead of it. If the SSE had not been 

doped with KF, the maximum pressure would have reached a hypothetical value of 16.3 MPa. For 

the intermediate-length d/c of 𝑎 = 10𝜇𝑚, the maximum pressure is 230𝑀𝑃𝑎, while the undoped 

SSE would have a maximum pressure of 47.6 𝑀𝑃𝑎. In the case of the long d/c of 𝑎 = 100𝜇𝑚, the 

maximum pressure is 80 𝑀𝑃𝑎 , and an undoped SSE would show a maximum pressure of 

16.6 𝑀𝑃𝑎. These results seem to resolve a controversy regarding the previous athermal analysis 

(Mukherjee et al., 2023). That analysis suggested that the maximum cfp would reach 1 𝐺𝑃𝑎 for a 

short d/c.  

Figure 2(c) shows inverse-parabolic temperature distributions along the crack lines ahead of the 

d/c tips, exhibiting 1 ξ𝑥1 − 𝑎Τ  temperature-gradient singularities, for NE cooling of a straight SSE 

film. Joule heating raises the maximum temperatures in SSEs by 86, 4.3, and 0.01 K for the short, 

intermediate-length, and long d/c configurations, respectively. The singular temperature-gradient 

distribution produces an asymptotic singular stress distribution ahead of the d/c tip, as shown in 

Fig. 2(b). If the d/c were not there, there would be a nominal temperature gradient at 𝑥1 = 𝑎. The 



nominal temperature gradient and the thermally induced boundary tractions determine the thermal 

stress intensity factor 𝐾𝐼
(𝑡𝑠)

. 

Figure 2(d) exhibits FEM analysis results of the near-tip stress distributions 𝜎𝑦𝑦
(𝑐𝑓𝑝)

 and 𝜎𝑦𝑦
(𝑡𝑜𝑡𝑎𝑙)

 for 

𝑎 = 1,10,100 𝜇𝑚 at the critical stress intensity of 0.95 𝑀𝑃𝑎ξ𝑚, like those of Fig. 2(a), but for 

NE cooling of a film free of traction. The results of 𝑎 = 1,10,100𝜇𝑚  correspond to 𝜒𝑡𝑠 =

(1.679,0.048,0.0001),TCD = (202.7,30.4,0.9) 𝑚𝐴𝑐𝑚−2 , 𝐾(𝑡𝑠) = (0.6,0.06,0.001)  𝑀𝑃𝑎ξ𝑚 , 

𝐾(𝑐𝑓𝑝) = (0.35,0.89,0.948) 𝑀𝑃𝑎ξ𝑚, correspondingly.  

Figure 2(e) displays the stress distributions along the crack line like those of Fig. 2(b), but for the 

three values of 𝜒𝑡𝑠 of Fig. 2(d) for NE cooling of a film free of traction. For 𝑎 = 1,10, 𝑎𝑛𝑑100𝜇𝑚, 

the maximum cfp’s were 291.2, 233.9 and 74.4 𝑀𝑃𝑎 at the d/c tip, correspondingly. Similarly, 

the maximum pressure would have reached the values of 60.2, 48.4  and 15.4 𝑀𝑃𝑎  for the 

undoped SSE.  

Figure 2(f) shows inverse-parabolic temperature distributions, similar to those in Fig. 2(c), but 

with NE cooling of a film free of traction on both its faces. Joule heating raises the maximum 

temperatures in SSEs by 249.7, 5.6, and 0.01 K for the three lengths of 𝑎, respectively. The 

nominal temperature gradient at the d/c tip determines the thermal stress intensity factor 𝐾𝐼
(𝑡𝑠)

for 

the film free of traction. 

Figure 3(a) presents the FEM analysis results of the near-tip stress distributions 𝜎𝑦𝑦
(𝑐𝑓𝑝)

 and 

𝜎𝑦𝑦
(𝑡𝑜𝑡𝑎𝑙)

, similar to those in Fig. 2(a), but for PE cooling of a straight film. The results of 𝑎 =

(8,10,100)𝜇𝑚  correspond to 𝜒𝑡𝑠 = (−0.246, −0.138, −0.0007), TCD = (61.1,35.3,1.5) 

𝑚𝐴𝑐𝑚−2 , 𝐾(𝑡𝑠) = (−0.31, −0.15, −0.0007) 𝑀𝑃𝑎ξ𝑚 , 𝐾(𝑐𝑓𝑝) = (1.26,1.09,0.95) 𝑀𝑃𝑎ξ𝑚 , 

correspondingly. For the PE cooling, the thermal stress gradient tends to close the d/c tip, indicated 

by the negative sign of 𝐾(𝑡𝑠), in contrast to the opening stress field caused by the cfp can be driven 

by a 𝐾(𝑡𝑜𝑡𝑎𝑙) field of 𝑖∞ is very close to but shorter than 8 𝜇𝑚 for PE cooling. If the length is shorter 

than 8 𝜇𝑚, the required current density becomes so high that other mechanisms of dendrite growth 

would limit 𝑖∞. 



Figure 3(b) displays the stress distributions, 𝜎𝑦𝑦
(𝑐𝑓𝑝)

 and 𝜎𝑦𝑦
(𝑡𝑜𝑡𝑎𝑙)

, along the crack line for the three 

values of 𝜒𝑡𝑠 for PE cooling of a straight film, showing negative thermal-stress singularities ahead 

of the d/c tips. For the three lengths of 𝑎 = (8, 10, 100) 𝜇𝑚, the crack-face pressure distribution 

for PE cooling reaches its maximum 367.1, 284.3 and 78.4 𝑀𝑃𝑎 at the d/c tip, respectively. As 

the nominal temperature gradient for PE cooling tends to close the d/c tip, more cfp is required 

than that of NE cooling to achieve the total stress intensity factor at the critical value. 

Figure 3(c) shows near-tip inverse-parabolic temperature distributions along the crack lines ahead 

of the d/c tips, for PE cooling of a straight film. These distributions exhibit negative 1 ξ𝑥1 − 𝑎Τ  

temperature-gradient singularities. Joule heating raises the maximum temperatures in the SSE 

films by 22.7, 7.6, and 0.013 K for the short, intermediate-length, and long d/c configurations, 

respectively. 

Figure 3(d) exhibits FEM analysis results of the near-tip stress distributions 𝜎𝑦𝑦
(𝑐𝑓𝑝)

 and 𝜎𝑦𝑦
(𝑡𝑜𝑡𝑎𝑙)

 for 

𝑎 = 8,10,100 𝜇𝑚 at the critical stress intensity of 0.95 𝑀𝑃𝑎ξ𝑚, like those of Fig. 2(a), but for 

PE cooling of a film free of traction. The results of 𝑎 = 8,10,100𝜇𝑚  correspond to 𝜒𝑡𝑠 =

(−0.095, −0.05, −0.0001), TCD = (50.5, 34.5, 1.0) 𝑚𝐴𝑐𝑚−2 , 𝐾(𝑡𝑠) =

(−0.10, −0.05, −0.0001) 𝑀𝑃𝑎ξ𝑚, 𝐾(𝑐𝑓𝑝) = (1.05, 1.00, 0.95) 𝑀𝑃𝑎ξ𝑚, correspondingly.  

Figure 3(e) displays the stress distributions along the crack line like those of Fig. 3(b), but for the 

three values of 𝑅𝑡𝑠 of Fig. 3(d) for PE cooling of a film free of traction. For 𝑎 = 8, 10 and 100 𝜇𝑚 

the maximum cfp’s were 303.9, 258.9 and 78.4𝑀𝑃𝑎 at the d/c tip, correspondingly. Similarly, the 

maximum pressure would have reached the values of 62.9, 53.6 and 16.2 𝑀𝑃𝑎 for the undoped 

LLZO. 

Figure 3(f) shows near-tip inverse-parabolic temperature distributions, similar to those in Fig. 3(c), 

but with PE cooling of a film free of traction on both its faces. Joule heating raises the maximum 

temperatures in SSEs by 15.5, 7.23 and 0.013 K for the three lengths of 𝑎, respectively.  

 

     3. Extended J-integral to extract the stress-intensity field of a dendrite/crack 

As aforementioned, we consider the onset of the d/c extension in SSE to be determined by the 

critical stress intensity factor of the d/c,  



 𝐾𝐼
(𝑐𝑓𝑝)

+ 𝐾𝐼
(𝑡𝑠)

+ 𝐾𝐼
(𝑒𝑥𝑡)

= 𝐾𝐼𝐶
(𝑑𝑐𝑔)

= 𝜉𝐾𝐼𝐶 (9) 

This criterion is based on the postulate that the stress-intensity fields are superposable and the d/c-

tip energy release rate ℊ𝑡𝑖𝑝 is related to the total d/c-tip nominal stress intensity factor 𝐾𝐼 for a 

small-scale process zone size through the Irwin relation (Irwin, 1957), 

 ℊ𝑡𝑖𝑝 =
1 − 𝜈2

𝐸
𝐾𝐼

2 (10) 

Therefore, the stress intensity factor 𝐾𝐼 can be obtained by evaluating ℊ𝑡𝑖𝑝 with potential energy 

variation of the SSE for a virtual d/c growth. For the potential energy variation, the 

thermomechanical potential of the SSE is expressed as  

 𝛱(𝜺, 𝜃) = න (𝑓 + 𝑠Ƹ𝜃)𝑑𝐴
𝐴

− න𝒕ො ⋅ 𝒖 𝑑𝑙
Γ

 (11) 

for which 𝜺 represents strain tensor, 𝑓 Helmholtz free energy density, 𝑠entropy density, and 𝒕 

traction. The hat symbol on sො  and 𝐭Ƹ implies dead variable for variations of the potential. The 

Helmholtz free energy of the SSE is formulated as  

 𝑓൫𝜀𝑖𝑗 , 𝜃൯ = 𝜓 −
𝐶𝑉

2𝜃0

(𝜃 − 𝜃0)2 − 𝑠0𝜃 (12) 

where 𝐶𝑉 is the volumetric heat capacity, and 𝜓 is the strain-energy density represented as 

 𝜓 =
1

2
𝜆𝜀𝑘𝑘

2 + 𝜇𝜀𝑖𝑗𝜀𝑖𝑗 − 𝐵𝛼(𝜃 − 𝜃0)𝜀𝑘𝑘 (13) 

with 𝜆 and 𝜇 the Lam𝑒
´
 constants, 𝐵 the bulk modulus, and 𝜀𝑖𝑗 the strain. Here, the italic subscripts 

indicate 3D indices for which the summation convention is applied for repeated indices. The stress 

and the entropy are explicitly expressed as  

 𝜎𝑖𝑗 =
𝜕𝑓

𝜕𝜀𝑖𝑗
ቤ

𝜃

= 𝜆𝜀𝑘𝑘𝛿𝑖𝑗 + 2𝜇𝜀𝑖𝑗 − 𝐵𝛼(𝜃 − 𝜃0)𝛿𝑖𝑗 (14a) 

 𝑠 = −
𝜕𝑓

𝜕𝜃
ฬ

𝜀𝑖𝑗

= 𝐵𝛼𝜀𝑘𝑘 +
𝐶𝑉

𝜃0

(𝜃 − 𝜃0) + 𝑠0 (14b) 

Then, the energy release rate at the d/c tip is represented as  



 ℊ𝑡𝑖𝑝 ≡
𝜕𝛱

𝜕𝑥1
ฬ

(𝐴𝑖𝑛→0)

= 𝑙𝑖𝑚
𝐴𝑖𝑛→0

න ൭(𝑓 + 𝑠Ƹ𝜃)𝑛1 − 𝒕ො ∙
𝜕𝒖

𝜕𝑥1
൱

𝛤𝑖𝑛

𝑑𝑙 (15a) 

                          = න ൬𝜓𝑛1 − 𝒕 ∙
𝜕𝒖

𝜕𝑥1
൰

𝛤𝑐𝑓+𝛤𝑜𝑢𝑡

𝑑𝑙 − න ൬𝑏𝑖

𝜕𝑢𝑖

𝜕𝑥1
− 𝐵𝛼𝜀𝑘𝑘

𝜕𝜃

𝜕𝑥1
൰

𝐴𝑜𝑢𝑡

𝑑𝐴 (15b) 

for which the contours 𝛤𝑖𝑛 and 𝛤𝑜𝑢𝑡 are illustrated in Fig. 4(a), 𝐴𝑖𝑛 and 𝐴𝑜𝑢𝑡 are areas enclosed by 

𝛤𝑖𝑛  and 𝛤𝑜𝑢𝑡 , and 𝛤𝑐𝑓  is the crack-face contours. Equation (15b) is an extended J-integral 

expression (Rice, 1968, Wilson and Yu, 1979, Banks-Sills and Dolev, 2004). The body force 𝑏𝑖 in 

the second integral of Eq. (15b) is negligible for the primary boundary value problems considered 

here. When a far-field temperature gradient is applied, as illustrated in Fig. 4(a), the resulting 

thermal stress at the d/c tip produces 1 ξ𝑟Τ  stress and temperature-gradient singularities.  These 

singularities affect both integral terms in Eq. (15b). However, the extended J-integral, which 

includes the area integral, remains path-independent. Figure 4(b) demonstrates that the 

thermomechanical field of the FEM analysis indeed exhibits the path independence. It also shows 

that the separate path integral of the conventional J-integral, the first term in Eq. (15b), is not path-

independent. However, the conventional J-integral value approaches ℊ𝑡𝑖𝑝 when 𝛤𝑜𝑢𝑡 approaches 

𝛤𝑖𝑛 for 𝐴𝑖𝑛 → 0. Therefore, the near-tip nominal stress intensity factor can be obtained through the 

Irwin relation of Eq. (10) with ℊ𝑡𝑖𝑝 as the extended J-integral expressed in Eq. (15b). For a finite 

size of 𝐴𝑖𝑛 of the d/c tip process zone, the ℊ𝑡𝑖𝑝 can be closely approximated by 

 ℊ𝑡𝑖𝑝 ≈ න ൬𝜓𝑛1 − 𝒕 ∙
𝜕𝒖

𝜕𝑥1
൰

𝛤𝑖𝑛

𝑑𝑙 + න (𝑠 − 𝑠0)
𝜕𝜃

𝜕𝑥1𝐴𝑖𝑛

 𝑑𝐴 (15c) 

 

4. TCD criterion for SSE dendrite/crack growth and the universal TCD diagram 

In the previous section, we established the necessary condition, as given by Eq. (9), for a d/c to 

grow when the stress intensity factor at the d/c tip reaches its critical value. In Eq. (9), 𝐾𝐼
(𝑐𝑓𝑝)

 is 

generated by the crack-face pressure −𝜎𝑛(𝑥1) as expressed in Eq. (7). It can be expressed without 

loss of generality as  



 𝐾𝐼
(𝑐𝑓𝑝)

= ቊ𝛽 ቀ
𝑎

𝑊
ቁ + 𝛽ҧ ቀ

𝑎

𝑊
ቁ

𝑅𝑖𝑛𝑡𝜅𝑖𝑜𝑛

𝑎
ቋ

𝑧𝐹𝑖∞𝑎

𝑉𝑚𝑘𝑖𝑜𝑛 ξ𝜋𝑎 (16) 

where 𝛽(𝑎 𝑊Τ ) and 𝛽(𝑎/𝑊) respectively are crack-face-pressure and interface-resistance shape 

factors of the d/c length 𝑎 in the SSE film of thickness 𝑊. Regarding 𝐾𝐼
(𝑡𝑠)

, the temperature in the 

SSE is proportional to the Joule heating as expressed in Eq. (5) and the Joule heating is proportional 

to (𝑖∞)2 as given in Eq. (6). Therefore, the thermal stress proportional to the temperature leads to 

the expression, 

 𝐾𝐼
(𝑡𝑠)

= 𝛾± ቀ
𝑎

𝑊
ቁ ξ𝜋𝑎

𝛼𝐸∗(𝑖∞)2𝑊2

𝑘𝑡ℎ𝑘𝑖𝑜𝑛
 (17) 

where 𝛾±(𝑎 𝑊Τ ) are thermal-stress shape factors of the d/c length 𝑎 in the SSE film of thickness 

𝑊, and 𝐸∗ = 𝐸 (1 − 𝜈2)Τ  for Youngs modulus 𝐸 and the Poisson ratio 𝜈. The ± signs imply NE 

and PE cooling configurations, respectively. Fig. 5(a) displays the crack-face-pressure shape factor 

𝛽(𝑎 𝑊Τ )  and the thermal-stress shape factors 𝛾±
𝑓𝑖𝑥𝑒𝑑(𝑎 𝑊Τ )  for a straight SSE film and 

𝛾±
𝑓𝑟𝑒𝑒 (𝑎 𝑊Τ )  for a traction-free SSE film. The shape factors were obtained through FEM 

simulations for various 𝑎 𝑊Τ  values. Fore a PE cooling configuration, 𝛾−(𝑎 𝑊Τ ) has a negative 

value. The function 𝛽(𝑎 𝑊Τ ) is a slowly and monotonically increasing function with𝛽(𝑎 𝑊Τ ) →

1.53 for 𝑎 𝑊Τ → 0. The functions 𝛾±
𝑓𝑖𝑥𝑒𝑑(𝑎 𝑊Τ ) and 𝛾±

𝑓𝑟𝑒𝑒(𝑎 𝑊Τ ) are slowly and monotonically 

decreasing function from the values at 𝑎 𝑊 → 0Τ , with ൣ𝛾±
𝑓𝑖𝑥𝑒𝑑(0), 𝛾±

𝑓𝑟𝑒𝑒(0)൧ →

ሾ0.463,0.239,0.114,0.115ሿ. 

Next, the onset condition of d/c growth, Eq.(9), inserting (16) and (17) into (9), determines the 

threshold current density for the primary boundary value problem with 𝐾𝐼
(𝑒𝑥𝑡)

= 0 ; 

 𝑖𝑇𝐶𝐷
∞± = 𝛬1𝑖0 ቐ∓1 ± ඨ1 ± 𝛬2

(𝑍𝑖0)2𝜉𝐾𝐼𝐶

𝑎ξ𝑎
ቑ (18) 

where the upper and lower signs indicate NE and PE cooling, respectively, for both straight and 

traction-free SSE films. In Eq. (18), an SSE material parameter 𝑖0 has a dimension of charge-

current density, d/c geometric parameters 𝛬1  and 𝛬2  are dimensionless functions of 𝑎/𝑊, and 

another SSE material parameter Z has a unit m𝐴/(𝑐𝑚ξ𝑀𝑃𝑎). They are expressed as  



 𝑖0 =
𝑧𝐹𝜅𝑡ℎ

𝑊𝑉𝑚𝛼𝐸∗
 (18a) 

 (𝛬1, 𝛬2) =

ۉ

ۇ
൬𝛽 + 𝛽ҧ 𝑅

𝑖𝑛𝑡𝜅𝑖𝑜𝑛

𝑎 ൰ 𝑎

2ห𝛾±ห𝑊
,

4ห𝛾±ห𝑊

ξ𝜋 ൬𝛽 + 𝛽ҧ 𝑅
𝑖𝑛𝑡𝜅𝑖𝑜𝑛

𝑎 ൰
2

𝑎ی

 (18b) ۊ

 𝑍 = ඨ
𝜅𝑡ℎ𝜅𝑖𝑜𝑛

𝛼𝐸∗
 (18c) 

Then, plotting 𝐾𝐼
(𝑐𝑓𝑝)

𝐾𝐼𝐶ൗ  against the normalized far-field ion-current density, 𝑖∞ 𝑖𝑐ℎൗ , from Eq. 

(16), as 

 
𝐾𝐼

(𝑐𝑓𝑝)

𝐾𝐼𝐶
= 𝜂𝑐ℎ

(𝑐𝑓𝑝)±
ቆ

𝑖∞

𝑖𝑐ℎ
± ቇ (19) 

we can construct a universal threshold current density (U-TCD) diagram, Fig. 5(b) for NE cooling 

and Fig. 5(b) for PE cooling. Here, we scaled 𝑖𝑟𝑒𝑓 in Eq.(3) to the characteristic current density 

𝑖𝑐ℎ
± , to have the most reduced form of the U-TCD relationship, as 

 𝑖𝑐ℎ
± = 𝑖𝑟𝑒𝑓ඨ

𝐾𝐼𝐶

ห𝛾±ห𝐸∗ξ𝜋𝑎
=

𝑍

𝑊
ඨ

𝐾𝐼𝐶

ห𝛾±หξ𝜋𝑎
 (20) 

On the U-TCD diagram, Eq. (19) represents a series of straight lines with slopes 𝜂𝑐ℎ
(𝑐𝑓𝑝)±

 defined 

for various d/c lengths as  

 𝜂𝑐ℎ
(𝑐𝑓𝑝)±

=
𝛽𝑧𝐹𝑎𝑍

𝑊𝑉𝑚𝜅𝑖𝑜𝑛
ඨ

ξ𝜋𝑎

ห𝛾±ห𝐾𝐼𝐶

 (21) 

Thereafter, as we plot 𝐾𝐼
(𝑐𝑓𝑝)

𝐾𝐼𝐶ൗ = 𝜉 − 𝐾𝐼
(𝑡𝑠)

𝐾𝐼𝐶ൗ  of Eq. (9) against 𝑖∞ 𝑖𝑐ℎ
±ൗ , on the U-TCD 

diagram, we have a bounding limit on 𝐾𝐼
(𝑐𝑓𝑝)

𝐾𝐼𝐶ൗ  where Eq. (19) is also satisfied. Then, from Eq. 

(17), we have a parabolic relation,  



 
𝐾𝐼

(𝑐𝑓𝑝)
ቚ

𝑇𝐶𝐷

𝐾𝐼𝐶
= 𝜉 ∓ ቆ

𝑖∞

𝑖𝑐ℎ
± ቇ

2

 (22) 

which is plotted as a black dashed line in Fig. 5(b) for NE cooling and Fig. 5(c) for PE cooling. 

The ∓ signs represent NE and PE cooling configurations, respectively. Additionally, the limit 

curve, Eq. (22) for PE cooling in Fig. 5(c) splits to a dashed and dotted lines for different NE/SSE-

interface electrical resistances. Then, the grey regions shown in Fig. 5(b) and Fig. 5(c) represent 

the areas of 𝐾𝐼
(𝑐𝑓𝑝)

< 𝜉𝐾𝐼𝐶 − 𝐾𝐼
(𝑡𝑠)

 where the d/c remains stable and stationary under the applied 

current density 𝑖∞ , for the NE and PE cooling configurations, respectively. The two U-TCD 

diagrams are convenient to visualize variations of 𝐾𝐼
(𝑡𝑠)

, 𝐾𝐼
(𝑐𝑓𝑝)

, 𝑎, and 𝑖𝑇𝐶𝐷

∞
 at the critical onset 

state of an SSE’s d/c growth for given SSE properties, and useful for finding high dendrite-growth 

resistance (DGR) as will be discussed in the following section. The total DGR (t-DGR) is 

composed of resistance against the field concentration of a d/c-tip characteristic field (fc-DGR) 

and resistance against d/c growth kinetics in the d/c-tip characteristic field (gk-DGR), through 

multiplication. For simplicity, we refer to ‘DGR’ as the fc-DGR, and use ‘ET-factor’ to 

characterize the gk-DGR in the rest of this paper. 

 

 



5. Discussions 

As analyzed in previous sections, d/c-tip advancement is driven by long-range interactions. The 

electrode potential affects the localized process through electrical potential, ion flow, stress, and 

temperature fields in solid-state electrolytes (SSEs). These long-range interactions generate a 

nominal stress intensity factor that governs localized d/c-tip advancement. The ability of these 

interactions to produce this nominal stress intensity factor determines the nominal DGR of SSEs, 

while the effectiveness of this factor in initiating d/c-tip advancement is described by the ET factor 

𝜉 . In the following subsections, we discuss how the nominal DGR and the ET factor are 

represented on the U-TCD, and how they can be improved, measured, and used for studying high-

DGR fast-charging batteries. In this paper, the DGR implies the nominal dendrite growth 

resistance without dendrite yielding. 

5.1. On Universal Threshold Current Density Diagram (U-TCD): As discussed above, Eq. (22) 

sets parabolic limit curves. The convex black dashed curve A-B in Fig. 5(b) represents the limit 

for NE cooling for both straight and traction-free SSE films. In contrast, for PE cooling, the 

concave black dashed curve in Fig. 5(c) is for a straight SSE film while the concave dotted curve 

corresponds to a traction-free film. These limit curves represent the TCDs for d/c growth in SSEs 

on the normalized ൬𝑖∞ 𝑖𝑐ℎൗ , 𝐾𝐼 𝐾𝐼𝐶Τ ൰ plane of the U-TCD diagrams shown in Figs. 5(b) and (c). 

For these illustrations, 𝜉  was chosen, as an example, to be 0.58. This value is based on the 

theoretical prediction of a Li-dendrite/LLZO interface energy toughened by KF doping (Zhang et 

al., 2024).  

Three straight lines 0-𝐶1 , 0-𝐶2 , and 0-𝐶3  in Fig. 5(b) correspond to Eq. (19) on the U-TCD 

diagram for 𝑎 = 1,10, and 100𝜇𝑚 respectively. The red dashed line of 𝐾𝐼 𝐾𝐼𝐶Τ = 𝜉 would be the 

TCD limit line for athermal (or isothermal) analysis prediction (Mukherjee et al., 2023). For 

example, the athermal analysis predicts that d/c would start to grow at the state of F on the U-TCD 

diagram. However, the current thermomechanical analysis ensures the onset of 10𝜇𝑚 d/c growth 

at 𝐶2 for the NE cooling. It is surprising that the thermal effect is significant on TCD with only a 

few degrees (4.3K) overall variation in the LLZO SSE. Our thermomechanical analysis predicts 

d/c-tip states of (𝑖∞ 𝑖𝑐ℎ
±ൗ , 𝐾𝐼

(𝑐𝑓𝑝)
𝐾𝐼𝐶ൗ ) within the limit curve. This is depicted as a grey region in 



Fig. 5(b), and these states are stable and stationary for all admissible d/c lengths for the NE cooling. 

We plotted intersection points of Eq. (19) and Eq. (22) curves for various d/c lengths 

(𝑎 = 10, 100, 150, 200, 500, 800 𝜇𝑚)  for four different SSEs: lithium lanthanum zirconium 

oxide (LLZO), lithium phosphorus sulfur chloride (LPSCl), lithium aluminum titanium phosphate 

(LATP), and lithium phosphorus oxynitride (LiPON). All the data points for these SSEs lie on the 

universal limit curve, but at different locations for the same d/c lengths. This reflects different 

DGRs for different SSEs. Mukherjee D et al. (2023) conducted an athermal analysis of undoped 

LLZO, which is illustrated as a red dash-dot line of 𝜉 = 0.12 in Fig. 5(b). Their analysis identified 

the TCD points 𝑅1, 𝑅2, and 𝑅3  for 𝑎 = 50, 10, and 1 𝜇𝑚  on the U-TCD diagram in the same 

figure. In contrast, our thermomechanical analysis identified points 𝐶2

′
 and 𝐶3

′
 on the diagram, 

corresponding to points 𝑅2, and 𝑅3 . Thermal effects on the d/c with a length of 50 µm are 

negligible at point 𝑅1. 

Figure 5(c) shows the U-TCD for PE cooling. As the PE-cooling limit curves are concave up, PE-

cooling TCDs are much larger than those of NE-cooling TCDs for the same d/c length. Since the 

ion current generates heat at the NE/SSE interface due to finite interface electrical resistance, the 

temperature gradient at the SSE side of the interface is finite for the primary PE cooling 

configuration. For PE cooling, the near-interface temperature gradient influences the thermal stress 

intensity factor at the d/c tip. Thus, TCD limit curves in Fig. 5(c) are shown separately for different 

interface electrical resistances. The dashed limit curve of 𝜉 = 0.58 in Fig. 5(c) represents the case 

where the same interface resistance value of LPSCl, specifically 5 Ω·cm² (Sharafi et al., 2017a), 

was used for different SSEs. In addition, an interface resistance value of 50 Ω·cm² was tested to 

see the dependence of the limit curve on the interface resistance; this result is shown as a dotted 

curve. The chained curve in Fig. 5(c) corresponds to 𝜉 = 0.12, as for that in Fig. 5(b). The U-TCD 

limit curves in Fig. 5(b) and (c) show that PE cooling substantially increases the DGR. For LLZO 

under PE-cooling, the DGR diverges for a d/c length shorter than 8 𝜇𝑚 in this framework of linear 

thermo-elastic analysis. For this diverging DGR case, the DGR would be limited by nonlinear 

electro-chemo-thermo-mechanical responses of the SSE. 



5.2. On Dendrite Growth Resistance (DGR): Next, we consider DGRs, 𝑅𝑑𝑔
(𝑙)

 and 𝑅𝑑𝑔
(𝑠)

, of a long 

and a short d/c’s, respectively. Since Eq. (18) expresses 𝑖𝑇𝐶𝐷

∞
 as a function of 𝑎, we take the long 

d/c limit of Eq. (18) for 𝛬2𝑍2𝑖0
2𝑎−3/2𝜉𝐾𝐼𝐶 ≪ 1 and obtain 

 𝑖𝑇𝐶𝐷
∞(𝑙)±

= ቆ
1

ξ𝜋𝛽𝑎3 2Τ
ቇ 𝑅𝑑𝑔

(𝑙)
𝜉 (23a) 

where 

 𝑅𝑑𝑔
(𝑙)

=
𝑉𝑚𝜅𝑖𝑜𝑛𝐾𝐼𝐶

𝑧𝐹
 (23b) 

The parentheses term in Eq. (23a) is purely a geometrical factor of the d/c configuration for the 

long d/c limit TDC. Equation (23a) shows that 𝑖𝑇𝐶𝐷

∞(𝑙)
 is inversely proportional to 𝑎3 2Τ , and 

proportional to 𝑅𝑑𝑔
(𝑙)

 and the ET-factor, 𝜉. Equation (23b) reveals that 𝑅𝑑𝑔
(𝑙)

 represents DGR against 

crack-face loading, which is athermal and proportional to the lithium property (𝑧𝐹 𝑉𝑚Τ )−1, and the 

SSE properties, 𝜅𝑖𝑜𝑛 and 𝐾𝐼𝐶. Equations (23a & b) describe the TDC behavior near the point 𝐴 (or 

𝐴′
) on the U-TCD diagram in Fig. 5(b). In contrast, taking the short d/c limit of Eq. (18) for 

𝛬2𝑍2𝑖0
2𝑎−3/2𝜉𝐾𝐼𝐶 ≫ 1, we get the short-d/c-limit TDC,  

 𝑖𝑇𝐶𝐷
∞(𝑠)+ = ቆ

1

ඥ𝛾+(𝜋𝑎)1 4Τ
ቇ

1

𝑊
𝑅𝑑𝑔

(𝑠)
ඥ𝜉 (24a) 

where 

 𝑅𝑑𝑔
(𝑠)

= ඨ
𝜅𝑡ℎ𝜅𝑖𝑜𝑛𝐾𝐼𝐶

𝛼𝐸∗
 (24b) 

 

Equations (24a & b) depict the TDC behavior near the point 𝐵 (or 𝐵′
) on the U-TCD diagram in 

Fig.5(b). The parentheses term and 1 𝑊Τ  in Eq. (23a) are purely a geometrical factors of the d/c 

configuration for short-d/c-limit TDC. Equation (24a) indicates that 𝑖𝑇𝐶𝐷

∞(𝑠)
 is inversely proportional 

to 𝑎1 4Τ , and proportional to 𝑅𝑑𝑔
(𝑠)

 and the square root of the ET-factor, 𝜉. Equation (24b) discloses 



that SSEs have higher short-d/c-limit DGR for higher thermal conductivity and ion conductivity, 

and for lower thermal expansion coefficient and Young’s modulus.  

5.3. On Dendrite/Crack nucleation: TDC is a monotonically decreasing function of 𝑎 in Eq. (18) 

and Eq. (24a). Once a d/c is nucleated at a critical nucleation length 𝑎 = 𝑎𝑐𝑟
(𝑛𝑢)

, the dendrite growth 

becomes unstable under constant 𝑖∞, within a time scale limited by thermal diffusion and kinetic 

Li-deposition processes. Equations (24a & b) show that the d/c nucleation TCD, 𝑖𝑇𝐶𝐷

∞(𝑛𝑢)
, is 

determined by an extrinsic geometry parameter 𝑊, three semi-intrinsic d/c-growth parameters,  

𝑎𝑐𝑟
(𝑛𝑢)

, 𝜉,  and 𝐾𝐼𝐶 , and four intrinsic material-property parameters, 𝜅𝑖𝑜𝑛, 𝜅𝑡ℎ , 𝛼,  and 𝐸∗ . High 

𝜉, 𝐾𝐼𝐶 , 𝜅𝑖𝑜𝑛 , 𝜅𝑡ℎ , and low 𝑊, 𝑎𝑐𝑟
(𝑛𝑢)

, 𝛼, 𝐸∗ elevate the dendrite-nucleation TDC, 𝑖𝑇𝐶𝐷

∞(𝑛𝑢)
, of an SSE. 

The thinner the SSE, the higher 𝑖𝑇𝐶𝐷

∞(𝑛𝑢)
. Grain sizes, grain-boundary properties, and grain-boundary 

or interface dopants of SSEs can typically modify the semi-intrinsic d/c-growth parameters,  

𝑎𝑐𝑟
(𝑛𝑢)

, 𝜉, and𝐾𝐼𝐶. Atomic compositions, crystal structures, and bulk dopants typically determine 

the intrinsic material-property parameters 𝜅𝑖𝑜𝑛 , 𝜅𝑡ℎ, 𝛼, and 𝐸∗. 

In search of new effective SSEs, numerous SSEs of various atomic compositions and crystal 

structures have been developed (Song et al., 2026, Sakuda et al., 2013, Cai et al., 2024, Herbert et 

al., 2011, Hu et al., 2021, Yan et al., 2021, McGrogan et al., 2017, Chen et al., 2025, Wolfenstine 

et al., 2017, Cheng et al., 2021, Singh et al., 2022, Kim et al., 2022, Hupfer et al., 2016, Tian et 

al., 2019, Bock et al., 2020, Wang et al., 2024, Baba and Kawamura, 2016, Shi et al., 2023a, Shi 

et al., 2023b, Wang et al., 2018, Wang et al., 2025, Kwatek et al., 2020, Hubaud et al., 2015, Song 

et al., 2025, López-Aranguren et al., 2021, Jagannadham, 2016, Papakyriakou et al., 2021, 

Matijasevic et al., 2021, Minafra et al., 2020, Yu et al., 2015, Shao et al., 2016, Sahal et al., 2023, 

Pharr et al., 1992, Wolfenstine et al., 2013, Sastre et al., 2020). Among them, intrinsic material 

properties 𝜅𝑖𝑜𝑛 , 𝜅𝑡ℎ, 𝛼, 𝐸, 𝜈, and a semi-intrinsic d/c-growth parameter, 𝐾𝐼𝐶, of typical seven SSEs 

are tabulated in Table 1. The other two material parameters that affects 𝑖𝑇𝐶𝐷

∞(𝑛𝑢)
 are 𝑎𝑐𝑟

(𝑛𝑢)
 and 𝜉. The 

d/c nucleation length parameter 𝑎𝑐𝑟
(𝑛𝑢)

 heavily depends on the NE/SSE interface morphology, the 

SSE grain characteristics, and the electrochemical reaction chemistry at the interface. The ET 

factor 𝜉 is influenced by the near d/c-tip grain boundary mechanisms of electron leaking for Li 



island formation (Pustorino et al., 2024) and micro-crack toughening processes (Zhang et al., 

2025). Besides 𝑎𝑐𝑟
(𝑛𝑢)

 and 𝜉, we evaluated and tabulated 𝑍 and 𝑅𝑑𝑔
(𝑠)

 in Table 2 to show how the five 

material properties influence the DGR of the seven SSEs. The critical ion-current density for 

dendrite nucleation is proportional to 𝑅𝑑𝑔
(𝑠)

 and ඥ𝜉 , and inversely proportional to 𝑊  and 

approximately ቀ𝑎𝑐𝑟
(𝑛𝑢)

ቁ
1 4Τ

.  

5.4. On Long-Range Interactions in DGR: The semi-intrinsic material properties of SSEs are 

influenced by manufacturing processes. In contrast, the intrinsic properties reported in the 

literature tend to be more uniform among different samples. Therefore, the DGR, 𝑅𝑑𝑔
(𝑠)

, can be used 

to establish a DGR hierarchy amongst different SSEs. Among the seven SSEs considered, LPSCl 

exhibits the highest 𝑅𝑑𝑔
(𝑠)

 due to its very low Young’s modulus and high ionic conductivity, despite 

its low fracture toughness and high thermal expansion coefficient. The SSE with the next highest 

𝑅𝑑𝑔
(𝑠)

 is LAGP, which benefits from a very low thermal expansion coefficient and relatively high 

thermal conductivity, although it has low ionic conductivity. The addition of Tantalum to LLZO 

significantly enhances its 𝑅𝑑𝑔
(𝑠)

 primarily by improving thermal conductivity. LiPON, an 

amorphous SSE, surpasses LLZO in 𝑅𝑑𝑔
(𝑠)

 due to its high toughness, very high thermal conductivity, 

and relatively low thermal expansion coefficient. In contrast, LLTP has a lower 𝑅𝑑𝑔
(𝑠)

 value largely 

because of its high thermal expansion coefficient and low thermal conductivity. Finally, LPS-glass 

has a low 𝑅𝑑𝑔
(𝑠)

 value mainly due to its very low ionic conductivity and high thermal expansion 

coefficient. SSEs with favorable thermal properties for a higher 𝑅𝑑𝑔
(𝑠)

 value have generally been 

reported as chemically stable. As observed in the seven SSEs, the DGRs of different SSEs can be 

enhanced by various mechanisms. These mechanisms include providing favorable properties such 

as ion conductivity, thermal conductivity, thermal expansion coefficient, elastic modulus, and 

fracture toughness. Ion and thermal conductivities depend on the crystal structures, which give 

advantageous density distributions of phonon states for ion and heat conduction. Thermal 

expansion coefficient, elastic modulus, and fracture toughness are determined primarily by 

anharmonicity, stiffness, and stability of interatomic bonding, respectively. High DGR SSEs can 



be developed by designing proper SSE lattice structures that offer advantageous intrinsic 

properties and combinations thereof. 

In the above, although the five material properties involved in 𝑅𝑑𝑔
(𝑠)

 were regarded as relatively 

uniform among different samples for the sake of discussion, we anticipate that the SSE properties 

have some variability depending on their porosities, grain sizes, and residual stresses. Additionally, 

these properties also depend on their measurement or evaluation methods used. For example, the 

thermal expansion coefficient measured with an atomic-lattice-based method like XRD 

(Matijasevic et al., 2021, Wang et al., 2024, Hubaud et al., 2015, Hupfer et al., 2016) is 

overestimated compared to that obtained with a direct strain measurement method such as multi-

beam optical stress sensor  (MOSS) (Cai et al., 2024, Song et al., 2026) as shown for LLZTO in 

Table 1. The 𝛼 values cited in Table 1 are based on neutron diffraction for LPSCl (Minafra et al., 

2020); XRD for LAGP (Matijasevic et al., 2021), LLZTO (Wang et al., 2024), LLZO (Hubaud et 

al., 2015), and LATP (Hupfer et al., 2016); MOSS for LLZTO (Song et al., 2026) and LiPON (Cai 

et al., 2024);  DFT-MD for LPS glass (Baba and Kawamura, 2016). Although the variability of the 

LLZTO values measured with XRD and MOSS is evident, it does not alter the hierarchy order as 

shown in Table 1.  

5.5. On the Toughness of Electro-Chemically Active SSE : Equations (24a & b) show that 𝑖𝑇𝐶𝐷

∞(𝑠)+
 

is proportional to ඥ𝜉𝐾𝐼𝐶 , where 𝜉𝐾𝐼𝐶 represents the toughness of an electro-chemically active SSE 

with the purely mechanical toughness 𝐾𝐼𝐶  of the SSE in the inactive state. The toughness is 

typically measured by nanoindentation, while 𝜉𝐾𝐼𝐶 could not be measured consistently. Regarding 

the measurement of 𝜉𝐾𝐼𝐶 , we consider a general temperature distribution in an SSE under 

simultaneous cooling from both NE and PE sides, as shown in Fig. 6(a4). The temperature 

distribution is given by Eq. (A1) in the Appendix. The peak temperature is located at 𝑥1 = 𝑊𝑒 <

𝑊 for a general both-side cooling as depicted in Fig. 6(a4), and can be derived from (A1) as  

 𝑊𝑒 =
𝜅𝑡ℎ𝜅𝑖𝑜𝑛(𝜃𝑊 − 𝜃0)

(𝑖∞)2𝑊
+

𝑊

2
 (25a) 

Here, 𝑊𝑒 is an effective thickness of SSE under both-side cooling, which is equivalent to the SSE 

thickness of NE cooling, shown in Fig. 6(a1), for their temperature profiles. Inserting the 

expression of 𝑊𝑒 in Eq. (25a) into the thickness 𝑊 in Eqs. (24a & b), we get an expression,  



 (𝜃𝑊 − 𝜃0)𝑐𝑟 =
𝜉𝐾𝐼𝐶

2𝛼𝐸∗𝛾+ξ𝜋𝑎
 (25b) 

for a short d/c of length 𝑎 ≪ 𝑊𝑒. By measuring the critical temperature difference between PE and 

NE for the onset of d/c growth, we can get the toughness of the electro-chemically active SSE, 

𝜉𝐾𝐼𝐶, using Eq. (25b). This measurement method will help address the high 𝜒𝑡𝑠-number growth of 

a short d/c under high ionic current density, as it is technologically vital for critical d/c growth 

initiation during fast charging. Furthermore, the quantitative measurement of the ET-factor 𝜉 will 

be particularly helpful in studying the nano- and micro-mechanisms of SSE toughening against 

d/c growth. The measurement will clarify material degradation mechanisms that depend on current 

history (Han et al., 2019) and test the validity of computational predictions (Tian et al., 2019). The 

study is critically needed in developing high DGR SSEs by designing material structures from an 

atomic scale to a microstructural scale. 

5.6. On High-DGR Battery Packing: In previous sections, DGRs in SSEs have been found to be 

sensitive to the cooling direction in SSEs. Schematics of parabolic temperature profiles in an SSE 

are presented in Fig. 6(a1) for NE cooling, 6(a2) for PE cooling, 6(a3) for symmetric cooling, and 

6(a4) for asymmetric cooling. Figure 6(b1) illustrates a schematic of thin-film battery packaging 

for NE cooling of high-capacity, low-voltage batteries. Figures 6(b2) and 6(c) illustrate the 

schematics of packing for PE cooling in high-capacity, low-voltage batteries. Figure 6(d) 

illustrates a schematic of bipolar battery packing for PE-side cooling in low-capacity, high-voltage 

applications. Our study results show that PE-side cooling results in high DGR, particularly for 

short d/c’s that originate from flaws at the NE/SSE interface. Insulation boundary conditions for 

NE and PE cooling are achieved by unit mirror-symmetry packing of thin battery film pairs in 

series, as shown in Fig. 6(b1) and 6(b2). Alternatively, they are achieved by separating thin battery 

films stacked in the same direction with a thin sheet of an insulator, as shown in Fig. 6(c). Bipolar 

packing can utilize heat flow from neighboring cells to enhance DGR. 

Besides controlling the thermal and the cfp stress intensity factors, 𝐾𝐼
(𝑡𝑠)

 and 𝐾𝐼
(𝑐𝑓𝑝)

 with heat flow 

directions, using nonplanar geometries of battery packing can further augment DGR. For example, 

a battery roll, as shown in Fig. 6(c), can be an effective solution. Augmentation is achieved by 

controlling 𝐾𝐼
(𝑒𝑥𝑡)

, which is induced by ion-current Joule heating, which would generate a self-

regulating contact pressure at the inner boundary of a low-thermal-expansion casing. Normal 



stacking pressure on planar thin-film battery packing hardly improves DGR. In contrast, lateral 

pressure substantially increases DGR. However, it can also cause buckling and splitting 

delamination in thin-film batteries. External pressure on a rolled battery, on the other hand, partly 

converts into in-plane lateral pressure, which boosts the DGR of the battery without causing 

battery-film delamination. Curvature changes and strains in SSE, caused by heat flow and used to 

self-regulate battery DGR, are provided in the Appendix.. 

 

Conclusion 

In this paper, we present a thermo-mechanical analysis of dendrite growth resistance in SSEs. 

Through the analysis, we constructed a universal threshold current density (U-TCD) diagram, one 

for NE and the other for PE cooling of a thin-film SSE. The construction is based on our 

experimental observations that a preexisting d/c starts to grow at a TCD in an SSE. For the 

construction, we analyzed the electrical potential, ion flow, temperature, and stress fields of 

stationary d/c’s in primary SSE specimen geometries, and found that the stress and the 

temperature-gradient fields have 1 ξ𝑟Τ  singularities near the d/c tip. 

For a stationary d/c, ion deposition at the dendrite/SSE interface is stagnant and the interface 

overpotential balances the crack face pressure (cfp) of the d/c. The overpotential does not allow 

electric-potential or ion-flow focusing singularities at a stationary d/c tip. Instead, the crack face 

pressure generates stress-field focusing singularity of a cfp stress intensity factor 𝐾𝐼
(𝑐𝑓𝑝)

, and the 

thermal-conductivity jump across the dendrite/SSE interface promotes temperature-gradient-field 

focusing singularity at the d/c tip.  

Our extended J integral applied to a heat-generating thermoelastic field revealed that the Irwin 

relation (Irwin, 1957) is asymptotically valid at the d/c tip. However, the heat energy directly 

released through the singular temperature-gradient field caused by the configuration motion of the 

d/c tip vanishes at the d/c tip. Instead, the singular temperature-gradient field yields a stress 

singularity through thermal expansion, characterized by a thermal stress intensity factor 𝐾𝐼
(𝑡𝑠)

at 

the d/c tip. Then, the 𝐾𝐼
(𝑡𝑠)

 field, together with the 𝐾𝐼
(𝑐𝑓𝑝)

 and 𝐾𝐼
(𝑒𝑥𝑡)

 fields, releases energy at the 

d/c tip during d/c growth. 



Analyzing the dendrite-growth criticality with 𝐾𝐼
(𝑡𝑠)

, 𝐾𝐼
(𝑐𝑓𝑝)

, and 𝐾𝐼
(𝑒𝑥𝑡)

, we identified material 

properties that govern the DGR of SSEs. For a long d/c, TCD is inversely proportional to 𝑎3 2Τ  for 

𝑎 the d/c length, and proportional to the long-d/c DGR, 𝑅𝑑𝑔
(𝑙)

. The DGR represents an athermal 

DGR against crack-face loading, which is proportional to the SSE properties, 𝜅𝑖𝑜𝑛 and 𝐾𝐼𝐶, and 

does not depend on the SSE thickness. For a short d/c, if the metal dendrite does not yield, TCD 

is inversely proportional to 𝑎1 4Τ  and the thickness, 𝑊, and proportional to the short-d/c DGR, 

𝑅𝑑𝑔
(𝑠)

ቆ= ට𝜅𝑡ℎ𝜅𝑖𝑜𝑛𝐾𝐼𝐶

𝛼𝐸∗ ቇ. 

The short d/c DGR is technologically important because it determines the flaw sensitivity of  SSE 

TDC. SSEs exhibit higher 𝑅𝑑𝑔
(𝑠)

 with higher thermal and ion conductivities, and with lower thermal 

expansion coefficient and Young’s modulus. 𝑅𝑑𝑔
(𝑠)

indicates how well the SSE limits the thermal 

stress focusing at the d/c tip. We surveyed seven SSEs, and the favorable level of 𝑅𝑑𝑔
(𝑠)

 for limiting 

the field focusing depended on various combinations of the five properties. 

Besides the DGR that limits field focusing, d/c growth is also resisted by the d/c tip toughness of 

the chemically active SSE. We define the ET factor, 𝜉, as the ratio of the d/c-tip fracture toughness 

of the electrochemically active SSE to that of the inactive SSE. We then demonstrated that the 

TCD is proportional to 𝜉 for the long d/c limit and to ඥ𝜉 for the short d/c limit, if the metal dendrite 

does not yield. 

As an application of the thermo-mechanical analysis of SSE, we revealed that the DGR of thin-

film SSE is extremely sensitive to the heat flow direction in the SSE. PE cooling substantially 

increases the SSE TCD. Furthermore, the heat-flow direction and battery-film curvature control 

provides the design strategy of thin film battery packing for high-DGR self-regulation.  
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4. Appendix: Curvature and stretch strain of a traction-free SSE film caused by ion current 

 

The solution of the heat conduction equations, Eqs. (5) and (6), for uniform ion current density, 

𝑖∞, for general surface cooling, is given as  

 𝜃 − 𝜃0 = −
(𝑖∞)2

2𝜅𝑡ℎ𝜅𝑖𝑜𝑛
𝑥1

2 + ቊ
𝜃𝑊 − 𝜃0

𝑊
+

(𝑖∞)2𝑊

2𝜅𝑡ℎ𝜅𝑖𝑜𝑛
ቋ 𝑥1 (A1) 

where 𝜃0  and 𝜃𝑊  denote the temperature at 𝑥1 = 0𝑎𝑛𝑑𝑊 , respectively. Subsequently, 

kinematically admissible linear thermoelastic strains are expressed in terms of the bending 

curvatures can be expressed in terms of the bending curvatures, 𝛫2 and 𝛫3, and the stretch strains, 

𝜀22
0  and 𝜀33

0 , as 

 𝜀22 = −𝛫3 ൬𝑥1 −
𝑊

2
൰ + 𝜀22

0  (A2a) 

 𝜀33 = −𝛫2 ൬𝑥1 −
𝑊

2
൰ + 𝜀33

0  (A2b) 

Thereafter, stress components 𝜎22(𝑥1), 𝜎33(𝑥1), and strain 𝜀11(𝑥1) can be obtained for 𝜎11 =

𝜎𝑘𝑙 = 0, for 𝑘 ≠ 𝑙, from the linear thermoelastic constitutive relation, 

 𝜀𝑖𝑗 =
(1 + 𝜈)𝜎𝑖𝑗

𝐸
+ ቄ−

𝜈

𝐸
𝜎𝑘𝑘 + 𝛼(𝜃 − 𝜃𝑅)ቅ 𝛿𝑖𝑗 (A3) 

where 𝜃𝑅  is a reference temperature. Then, for a traction-free film under plane-strain deformation 

(𝛫2 = 𝜀33
0 = 0) , no net axial force and no bending moment conditions, ׬ 𝜎22𝑑𝑥1

𝑊

0
=

׬ 𝑥1𝜎22𝑑𝑥1
𝑊

0
= 0, result in 

 𝜀22
0 =

(1 + 𝜈)𝛼

2
ቊ𝜃𝑊 + 𝜃0 − 2𝜃𝑅 +

(𝑖∞)2𝑊2

6𝜅𝑡ℎ𝜅𝑖𝑜𝑛
ቋ (A4a) 

 𝛫3 = −
(1 + 𝜈)𝛼(𝜃𝑊 − 𝜃0)

𝑊
 (A4b) 

For the primary NE cooling of a traction-free SSE film under plane-strain deformation, boundary 

conditions,  𝜃0 = 𝜃𝑅  and 
𝑑𝜃

𝑑𝑥
ቚ

𝑥1=𝑊
= 0, lead to  



 
𝜃𝑊 − 𝜃𝑅

𝑊
=

(𝑖∞)2𝑊

2𝜅𝑡ℎ𝜅𝑖𝑜𝑛
 (A5a) 

 𝜀22
0 =

(1 + 𝜈)𝛼(𝑖∞)2𝑊2

3𝜅𝑡ℎ𝜅𝑖𝑜𝑛
 (A5b) 

 𝐾3
(𝑁𝐸𝑡𝑓)

= −
(1 + 𝜈)𝛼(𝑖∞)2𝑊

2𝜅𝑡ℎ𝜅𝑖𝑜𝑛
 (A5c) 

 𝜎22
(𝑁𝐸𝑡𝑓)

=
𝐸𝛼(𝑖∞)2

2(1 − 𝜈)𝜅𝑡ℎ𝜅𝑖𝑜𝑛
ቆ𝑥1

2 − 𝑊𝑥1 +
𝑊2

6
ቇ (A5d) 

For the primary NE cooling of a straight SSE film, 𝛫3 vanishes, 𝜀22
0  is the same as (𝐴5𝑏), and the 

straightening bending stress is added to (𝐴5𝑑) to have 

 𝜎22
(𝑁𝐸𝑠𝑡)

=
𝐸𝛼(𝑖∞)2

2(1 − 𝜈)𝜅𝑡ℎ𝜅𝑖𝑜𝑛
ቆ𝑥1

2 − 2𝑊𝑥1 +
2𝑊2

3
ቇ (A5e) 

In a similar manner, when considering the primary PE cooling of an SSE under plane-strain 

deformation, boundary conditions,  𝜃𝑊 = 𝜃𝑅  and 
𝑑𝜃

𝑑𝑥
ቚ

𝑥1=0
= 0 , yield 𝜀22

0  the same as (𝐴5𝑏) , 

𝐾3
(𝑃𝐸𝑡𝑓)

= −𝐾3
(𝑁𝐸𝑡𝑓)

, 𝜎22
(𝑃𝐸𝑡𝑓)

= 𝜎22
(𝑁𝐸𝑡𝑓)

, and  

 
𝜃0 − 𝜃𝑅

𝑊
=

(𝑖∞)2𝑊

2𝜅𝑡ℎ𝜅𝑖𝑜𝑛
 (A6a) 

 𝜎22
(𝑃𝐸𝑠𝑡)

=
𝐸𝛼(𝑖∞)2

2(1 − 𝜈)𝜅𝑡ℎ𝜅𝑖𝑜𝑛
ቆ𝑥1

2 −
𝑊2

3
ቇ (A6b) 

The result shows that the stresses 𝜎22’s caused by Joule heating on both sides of a traction-free 

SSE film are the same and always tensile, as expressed as 
𝐸𝛼ቆ𝑖∞ቇ

2

𝑊2

12(1−𝜈)𝜅𝑡ℎ𝜅𝑖𝑜𝑛
. 

 



 

Table 1. Mechanical, electrical and thermal properties of electrolyte materials 

Materials Young’s 

modulus 

[𝐺𝑃𝑎] 

Poisson’s 

ratio 

[-] 

Fracture 

toughness 

[𝑀𝑃𝑎ξ𝑚] 

Ion 

conductivit

y [𝑚𝑆/𝑐𝑚] 

Thermal 

conductivit

y [𝑊/(𝐾 ⋅

𝑚)] 

Thermal 

expansion 

coefficient 

[E-6/𝐾] 

LPSCl 4.7 

(McGroga

n et al., 

2017) 

0.37 

(McGroga

n et al., 

2017, 

Singh et 

al., 2022) 

0.23 

(McGroga

n et al., 

2017, Song 

et al., 

2025) 

2.825 

(Wang et 

al., 2018, 

Shi et al., 

2023a) 

0.575 

(Cheng et 

al., 2021) 

25* (Minafra et 

al., 2020) 

LAGP 125 

(Papakyri

akou et al., 

2021) 

0.27 

(Cheng et 

al., 2021) 

0.89 (Yan 

et al., 

2021) 

0.105 

(Wang et 

al., 2025) 

2 (Cheng et 

al., 2021) 

1.78** 

(Matijasevic et 

al., 2021) 

LLZTO 147 (Yu et 

al., 2015, 

Hu et al., 

2021) 

0.24 (Yu et 

al., 2015, 

Hu et al., 

2021) 

1.5 (Hu et 

al., 2021) 

0.2 (Chen et 

al., 2025) 

1.6 (Cheng 

et al., 2021, 

Wang et al., 

2024) 

11.3† (Song et 

al., 2026)-17.1** 

(Wang et al., 

2024) 

LiPON 77 

(Herbert et 

al., 2011, 

Pharr et 

al., 1992) 

0.25 

(Herbert et 

al., 2011, 

Pharr et al., 

1992) 

2.13 (Sahal 

et al., 

2023) 

2.6E-3 

(López-

Aranguren 

et al., 2021) 

7 

(Jagannadh

am, 2016) 

4.1†  (Cai et al., 

2024) 

LLZO 150 

(Wolfensti

ne et al., 

0.26 

(Wolfensti

ne et al., 

1.63 

(Wolfensti

0.175 (Shao 

et al., 2016, 

Kim et al., 

0.47 (Bock 

et al., 2020) 

13.1** (Hubaud 

et al., 2015) 



2017, 

Deng et 

al., 2015) 

2017, Deng 

et al., 

2015) 

ne et al., 

2013) 

2022, Shi et 

al., 2023b) 

LATP 115 

(Wolfensti

ne et al., 

2017) 

0.26 (Deng 

et al., 

2015) 

0.89 (Yan 

et al., 

2021) 

0.405 

(Kwatek et 

al., 2020) 

0.47 (Bock 

et al., 2020) 

31** (Hupfer et 

al., 2016) 

LPS glass 20 

(Sakuda et 

al., 2013) 

0.3 

(Sakuda et 

al., 2013) 

0.23 

(McGroga

n et al., 

2017) 

5.5E-2 

(Song et al., 

2026) 

0.65 

(Cheng et 

al., 2021) 

9.5‡  (Baba and 

Kawamura, 

2016) 

Note: * Neutron Powder Diffraction method; ** X-ray Diffraction method (XRD); †Multi-beam 

Optics Stress Sensor (MOSS); ‡ Molecular Dynamics (MD) - Density Functional Theory (DFT) 

computational method 

 

 

 

 

Table 2. Calculated material dependent parameters 

Materials Plane-strain 

modulus 

[𝐺𝑃𝑎] 

Z-value 

[m𝐴/

(𝑐𝑚ξ𝑀𝑃𝑎)] 

DGR 𝑅𝑑𝑔
(𝑠)

 

[𝑚1 4Τ ⋅ 𝑚𝐴/

𝑐𝑚] 

LPSCl 5.4 10.9 5.24 

LAGP 134.8 2.96 2.79 

LLZTO 156.0 1.02 – 1.26 1.25 – 1.54 

LiPON 82.1 0.735 1.07 



LLZO 160.9 0.627 0.80 

LATP 123.3 0.720 0.68 

LPS glass 22.0 1.31 0.63 

 

 

where Z-value is defined as 𝑍 = ට𝜅𝑖𝑜𝑛𝜅𝑡ℎ

𝛼𝐸∗ , and DGR value is defined as 𝑍ඥ𝐾𝐼𝑐. 

 



Figure Captions  

Fig. 1. Primary SSE specimen geometry with a stationary dendrite/crack: (a) A schematic of an 

NE cooling configuration of a thin-film SSE with a dendrite/crack, (b) An optical image of 

dendrite/crack grown out of NE in LLZTO SSE under charging process, (c) A Color map of the 

difference in principal stresses at the tip of a progressing dendrite in LLZTO, observed by 

employing the principle of photoelasticity. Stress concentration effect can be observed directly. 

Adapted with permission from (Athanasiou, Fincher et al. 2024). Copyright 2024 Elsevier Inc. 

Fig. 2. FEM analyses of stress and temperature fields near a d/c tip at the critical stress intensity 

of 0.95 𝑀𝑃𝑎ξ𝑚 in a LLZO SSE under NE cooling in a straight ((a)-(c)) and a traction-free ((d)-

(f)) SSE films: (a)&(d) 𝜎𝑦𝑦  distributions near d/c tip regions; three columns for different 

𝜒𝑡𝑠 ቀ≡ 𝐾𝐼
(𝑡𝑠)

𝐾𝐼
(𝑐𝑓𝑝)

ൗ ቁ’s of (1, 10, 100 𝜇𝑚) d/c lengths; three rows for thermal-, cfp-, and total-

stress distributions, (b)&(e) 𝜎𝑦𝑦 along d/c for different 𝜒𝑡𝑠’s (dotted lines) and 1 ξ𝑟Τ fitting (solid 

lines), (c)&(f) Temperature and temperature gradient along d/c for different 𝜒𝑡𝑠’s. 

Fig. 3. FEM analyses of stress and temperature fields near a d/c tip at the critical stress intensity 

of 0.95 𝑀𝑃𝑎ξ𝑚 in a LLZO SSE under PE cooling in a straight ((a)-(c)) and a traction-free ((d)-

(f)) SSE films: (a)&(d) 𝜎𝑦𝑦  distributions near d/c tip regions; three columns for different 

𝜒𝑡𝑠 ቀ≡ 𝐾𝐼
(𝑡𝑠)

𝐾𝐼
(𝑐𝑓𝑝)

ൗ ቁ ’s of (1, 10, 100 𝜇𝑚 ) d/c lengths; two rows for cfp- and total-stress 

distributions, (b)&(e) 𝜎𝑦𝑦 along d/c for different 𝜒𝑡𝑠’s (dotted lines) and 1 ξ𝑟Τ fitting (solid lines), 

(c)&(f) Temperature and temperature gradient along d/c for different 𝜒𝑡𝑠’s. 

Fig. 4. Extended J-integral contour and its path independence in an active SSE under NE cooling: 

(a) A schematic of extended J-integral contour paths and enclosed area𝐴, (b) Path dependence of 

the contour and area integral parts, and path independence of the total extended J-integral. 

Fig. 5. Universal threshold current density (U-TCD) diagrams: (a) Shape coefficients of the crack-

face-pressure and the thermal stress intensity factors as functions of a normalized d/c length for 

four different cooling and loading boundary conditions, (b) U-TCD diagram for NE cooling of a 

straight SSE film, (c) U-TCD diagram for PE cooling of a straight SSE film. 

Fig. 6. Thermal-management configurations of ASSB cooling to enhance dendrite growth 

resistance (DGR):  (a) Schematics of temperature profiles in an SSE; (1) NE) cooling, (2) PE 



cooling, (3) symmetric cooling, and (4) asymmetric both-side cooling, (b) Battery packaging 

configurations for (1) negative and (2) positive electrode cooling with mirror-symmetry cell pairs 

in a parallel circuit.  (c) A rolled battery configuration for PE cooling; a thin battery film is self-

separated by a grey cooling film and a dot-patterned thermal and electrical insulation film, (d) 

Bipolar battery packing with PE cooling.  
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